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1. Introduction

Recently, there has been growing interest in Hamiltonian simulation of the lattice gauge theory
(LGT), aiming to avoid the infamous sign problem in the conventional Monte-Carlo method. How-
ever, naive classical implementations of Hamiltonian simulation often suffer from exponentially
growing computational costs as system size increases. To overcome this problem, quantum com-
puting has been studied extensively in recent years since a seminal paper [1] (see also e.g. [2, 3] for
recent reviews). Among several applications, the preparation of the ground and thermal state is im-
portant to probe properties of the theory, such as quantum phases. Imaginary time evolution (ITE)
has been used for both purposes. However, implementation of (nonunitary) imaginary time evolu-
tion using a quantum computer is not straightforward, due to the unitary nature of quantum gates.
Several attempts have been made in this context, including quantum-classical hybrid approaches
using variational [4] and non-variational [5] methods, and post-selection-based methods [6]. The
non-variational method proposed in Ref. [5], called quantum imaginary time evolution (QITE),
approximates the imaginary time evolution by a unitary operator determined by solving a linear
equation classically, and the coefficients are obtained by a quantum computer. While the QITE can
be applied to a general Hamiltonian, including that of LGTs, the computational cost depends on the
details of the model considered. Therefore, resource estimation for a specific Hamiltonian would
be important in practice.

In the context of LGTs, Refs. [7, 8] obtained the thermal phase diagram of one-dimensional
models using the QITE along with thermal pure quantum states. Ref. [9] also proposed a continuous
variable version of QITE, which is applied to one-dimensional scalar field theory. Furthermore,
Ref. [10] proposed the QITE for a qubit-qumode hybrid system and applied it to the two-dimensional
quantum electrodynamics.

In this paper, we apply the QITE algorithm (original qubit version) to obtain the ground state
energy in the simplest two-dimensional LGTs, the pure Z, LGTs. Specifically, we perform (classical
and noiseless) numerical simulations for the QITE and compare the results with those from the
Suzuki-Trotterized ITE (without unitary approximation), and the density matrix renormalization
group (DMRG) [11]. We find that the QITE results are consistent with the DMRG results to within
0.1%, at least for small systems and coupling values in the regime we study. Additionally, we
employ dimensionality reduction of the linear equation using symmetry, which reduces both the
number of measurements and the number of gates. Precisely, we apply a general method proposed
in [12] to LGT-specific local constraints (Gauss’s law), and show that measurement cost can be
reduced drastically, while keeping the accuracy. We believe this reduction is important for the
hardware implementation of large-scale simulation in the future.

This paper is organized as follows. First, we will review the general framework for the QITE
algorithm [5] and the reduction using symmetry [12] in Section 2. Section 3.1 gives the definition
of the Hamiltonian of a pure Z, LGT. Then, we will explain the QITE and the symmetry reduction
specifically in the Z, LGT in Section 3.2. With these setups, Section 4 shows the results for the
numerical simulations. Finally, we will summarize our results and give some future directions in
Section 5.
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2. Quantum imaginary time evolution

2.1 Ground state preparation via imaginary time evolution

The imaginary time evolution (ITE) is defined as

lYre(T)) = exp(=TH) [Yinit) (D

where |init) is a chosen initial state. Let |Q) be the ground state of a target Hamiltonian ', and

suppose that we choose |¥init) such that | (¥init|Q) | # 0. Then, the ITE with the infinite imaginary
time limit gives the target ground state as,

1
N ([yre(7)))

where N (|¢)) is a normalization factor defined by N (|¢)) = +/{¥|¢). In practice, we truncate the
imaginary time as |¥11g(Tmax)), Which gives an approximation of the ground state.

_}EEOMITE(T» =1Q), [Yme(r)) = [Y1TE(T)) | 2

2.2 Quantum algorithm for imaginary time evolution

We explain an implementation of the ITE using a quantum algorithm proposed in [5], which
we call guantum imaginary time evolution (QITE). The QITE consists of two steps. First, the entire
evolution is decomposed into small pieces by the standard Suzuki-Trotter decomposition. More
precisely, we divide the Hamiltonian as

M
H=Y hm, 3)
m=1

where we assume that each term 2™ is at most k-local with a constant k. With this notation, the
first-order Suzuki-Trotter decomposition is given by

M Nstep
e TH — (l_l e_5Th(m)) +0(67%), 4)

m=1

where 07 = 7/Ngep With a positive integer Ngep.We sequentially act M Nep terms in (4) on the
initial state |Winit).

The next step is to approximate each term e=0Th™

using unitary operators. Let us denote
an approximated state at k-th time step and (m — 1)-th Hamiltonian decomposition by |‘i’;,k’m_l)>
(k€{1,2,--+ ,Ngep},m € {1,2,---M}) 2. The next target state is given by

= (k;m)y . _ 1 —sthm) g (k,m=1)
IlﬁITE > T N(e_é,rh(m) |\i,(k,m—l)>)e |lPP > ’ (5)
P
L 1 - ke
|\P§,’"’" Dy = —|IP;>’"'" Dy (6)

NPy

'We also assume that the ground state does not have degeneracy.
2For m = 1, we define |‘?(Pk’0)) = |‘?(Pk_1’M)) for k > 1 and |‘?;,1’0)) = |¢init) for k = 1. Besides, the notation # will
be defined later.
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The QITE algorithm approximates the normalized state |z,l/I (k, m)) by a (unitary) real-time evolution
via an operator Ap as

W) (akm)) o= eiorAnatn) glml)y )
where we defined the unitary operator Ap as
Ap(a®m) = > af™a, ®)
ocP

and P, which we call the Pauli pool, is a subset of Pauli strings {7, X, Y, Z }®N a4 with N being the total
number of qubits. We will omit the Pauli pool dependence when it is clear. The coefficient @ %™
can be obtained by minimizing the distance between the two states

(k, k,
D(a*™) = — || ™) = 1) P ©
Expanding the minimization condition up to the first order of 67 gives the following linear equation
for {a(k m)}

Z S(k ,m) (k m) _ (k,m) . oeP, (10)

where the matrix elements are defined as

{S(k’"f) =2Re(o0’),

0,0

(11)
b,(,k’m) ) Im(o’h(’"))/w/(e‘z‘”h(m)) .

In the above expressions, we denote (O) = <\P7(Dk’m_ D |O |‘i’;,k’m_l) . One can solve the linear
equation (10) via a classical solver to have a solution denoted by @ ¥ . We define the corresponding
m)

operator as A,fok .= Ap(a®™)) and denote the resulting state by

5y (k, k,m) = (k,
) = 1P @ ™)) (12)
We repeat this procedure |‘i‘7(ok’m_l)) — |‘i‘§(ok’m)) for each Hamiltonian term 4™ and Suzuki-Trotter

step. The pseudo code of the QITE algorithm is given in Algorithm 1.
In the numerical simulation, we use the second-order Suzuki-Trotter decomposition,

M 1 Nslep
_ (m) _ (m)
ne sth'"™ /2 l_[ e sth'"™ /2 , (13)
m=1 m=M

which can be implemented similarly by doubling the terms /™) and replacing time step with 67/2.

Algorithm 1 QITE algorithm

I 0T « Tmax/Nstep > |\i](k:1,m:0) (0)) < [Winit)
2: for k = 1 to Ngep do
3: form =1to M do

4 |li;(k,m—l)> — |{I'1(k,m—l)>/N

5 Construct S p(k-m) via Eq. (11) and find @*™ by solving Eq. (10)
6: Alkm) Yo df,k”")a, |\i}(k,m)> - e—iérﬁ(k’m) |q;(k,m—1)>

7 end for

8 |li](k+1,m=0)> — |(P(k,M)>

9: end for
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2.3 Reduction of Pauli pool

In this subsection, we review a general method to reduce the dimension of the Pauli pool
according to Ref. [12]. First, we specify the domain of a given Pauli pool.

Definition 2.1 (Domain of a Pauli pool). We define the set of qubits on which at least one of the
elements in a Pauli pool acts as the domain of the Pauli pool. The size of the domain 9, denoted
by | D], is defined by the number of qubits in D.

To obtain the coeflicients in the linear equation (10) using the Pauli pool £ with the domain
size D, we need to evaluate O(p) coefficients with p := 4P — 1 for b; and O(p?) coeflicients
for S7, which both increases the number of total measurements and gates. Although it was shown
in Ref. [5] that the domain size D is bounded by O(C?), where C is a correlation length, for a
nearest-neighbor local Hamiltonian on a two-dimensional square lattice, the exponential increase
of measurement cost with D is a bottleneck of this algorithm. In order to reduce this cost, one can
use the following two propositions, which are obtained in the previous work [12].

The first proposition utilizes the reality of the coefficients in the linear equation (11).

Definition 2.2. We denote the number of Y operators in a Pauli string & € # by numy (o).
Additionally, we define the Pauli pool whose elements consist of Pauli strings with odd numbers of
Y as Poqq := {0 € P | numy (o) is odd}.

Proposition 2.3. Suppose that all elements of the matrix (vector) representation of |‘i‘;)k’m_l)) and
hU™ in the computational basis are real. Then the QITE via the original Pauli pool ? is equivalent

to that via the reduced Pauli pool Pgqq, i.¢€., |‘i’;)k’m)) = |‘i‘g<;:") ).

Importantly, the right-hand side |‘i‘;>k;’:)) is derived from the linear equation (10) with replace-
ment P — Pyqq. This implies that both the measurement cost for the coefficients S, b and gate cost

—-i0TA

for e are reduced.

The second reduction method uses symmetry.

Definition 2.4. Let S be a symmetry group. For a given Pauli pool #, we define the symmetrized
Pauli pool as Ps := {o € P | 0 = sos',Vs € S}.

Proposition 2.5. Let us denote the model Hamiltonian as H and a symmetry group as S. We then
assume the following conditions.

» (symmetry of initial state) The initial state satisfies s [Winit) = |Winic) for all s € S.
* (symmetry of Hamiltonian) The Hamiltonian satisfies [H,s] = 0 forall s € S

« (symmetric decomposition) Each term in the Suzuki-Trotter decomposition satisfies [, 5] =
Oforallm=1,...,Mands € S.

With these conditions, the QITE state at a step (k,m) from the original Pauli pool ¥ is equivalent
to that from the symmetrized Pauli pool Pg, i.e., |‘i’5(ok ’m)) = |‘i‘;>’;m)>

We will apply these propositions to the LGT model in the next section.
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3. QITE in Z; lattice gauge theory

3.1 Hamiltonian

We consider a pure Z, gauge theory on a two-dimensional square lattice. The lattice is
composed of Ny links where the gauge fields live and N sites. We can put static fermionic
matters at each site, but we will not do this in this paper. Each site is specified by Cartesian
coordinate . = (ny,ny) for n, € {0,1,--- ,NE_— 1}, where NX  is the number of sites in each

direction. An operator O acting on the link between n and n + e, (1 = x, y) are denoted by Oy, ,,
where e, is a unit vector in y-th direction. The Hamiltonian is given by 3

H==>" (Xnx+Xny) =1 ) Wy, (14)

n

Al

n+ey,y *

Wy = ZnxZnsey.y Zi

n+eg+ey,x

5)

The first term is called the electric term and the second is the magnetic term. The physical states
must satisfy the following conditions, called Gauss’s law constraints,

8n Iphys> = (_l)qn |phyS> > 8n = Xn—em,ewXn,ean—ey,ean,ey (16)

where g, specifies a static charge on the vertex n. We set ¢,, = 0 in this paper, but the following
argument can be applied to any values of ¢g,,. Additionally, we use open boundary conditions on
all boundaries. Specifically, if a site 7 is at a boundary and a link (1 — e, u) does not exist,
we define Xp_e, , = 1. Then Gauss’s law operator (16) becomes a three (two) body operator at
boundaries (corners) of the rectangular lattice.

3.2 QITE and Pauli pool reduction

In this subsection, we will apply the general procedure explained in Section 2.3 to the Z, LGT
and show that it reduces the size of a Pauli pool. First, we decompose the Hamiltonian into subterms
as {h™},, = {Xn.e,tn.u YU {Wn}n and apply the second-order Suzuki-Trotter decomposition

to e"7H. We also use the ground state of the electric term, denoted by |Qq) := |+)®Nink

, as an
initial state.

Under these setups, we employ the propositions given in Section 2.3. First of all, one can
show that the assumptions in Prop. 2.3 are satisfied for our settings. Therefore, the Pauli pool £
is reduced to Poqq. We can further reduce the resulting Pauli pool using symmetry via Prop. 2.5.
The symmetry group we consider is generated by Gauss’s law as G = <g1, g2, ,gnsne>, where
Hsite 1S the number of sites involved in the domain of £. Also, we split elements in the Pauli pool as
o = ox ® o%, where oy is a tensor product of X and / operators, and oy is a product of Y and Z
operators. Then one can show that Pg = {0 € P | ox forms a set of closed loops}, where the set

of closed loops can be disjoint. Finally, combining these two reductions leads to

Pg.odd := Pg N Podd (17)

= {o € P | o forms a set of closed loops and numy (o) is odd} . (18)

3The convention of the coupling in this article is different from the one used in the standard Kogut-Susskind
Hamiltonian [13]. The small coupling in our convention corresponds to the strong coupling (confining regime) in the
standard one.
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The number of elements (denoted by | e |) in the reduced Pauli pool Pg 044 is given by
|Pg,odd(@)| = 2lmink (D)[=1 o (2|np1aq(D)| -1), (19)

where we explicitly write the dependence of the domain 9 and define the number of links (plaque-
ttes) involved in the domain D by nijink (plag) (D). Explicit values of the right-hand side of Eq. (19)
for concrete examples are given in Tab. 1. We observe a significant reduction using these methods,
which saves the number of measurements for Eq. (11) and the number of gates in the resulting
real-time evolution (7).

shape of domain D D = |D| 1P\ I®P] |Pg.oddl
4 255 8
7 16383 192
10 1048575 2048

Table 1: The number of elements in each Pauli pool for specific domains. The first (from the left) column
shows the shape of domains, and the second gives their size. The number of elements without any reduction
is presented in the third column, and that with reality and symmetry reduction is shown in the rightmost
column.

4. Numerical simulation

4.1 Tensor network simulation settings

To understand the algorithmic errors, we perform tensor network simulations of the QITE.
Specifically, we use the matrix product state (MPS) where the systematic errors are controlled by
the bond dimension and singular value decomposition (SVD) cutoff. We take the bond dimension
large enough so that the systematic errors in the MPS representation are negligible, and the results
can be used to study quantum algorithm errors in the absence of quantum noise. The gate operations
in the QITE are implemented by the time evolving block decimation (TEBD) algorithm [14], and
the coeflicients (11) are evaluated in MPS representations, then the linear equation (10) is solved via
the standard solver. As references, we compare the QITE results with those from the following two
methods. The first one is the Suzuki-Trotter (ST) decomposition of the imaginary time evolution.
This only involves the ST and TEBD errors and factors out the unitary approximation error in QITE
from these errors. The second is the density matrix renormalization group (DMRG) [11], which is
the variational method using MPS to obtain the ground state energy. It provides a reference value
for validating the QITE and ITE results *. We set the SVD cutoff in TEBD for QITE (ITE) to 10~14
(10712, Besides, the DMRG parameters are given as follows: the SVD cutoff is 10~!2, the number
of sweeps is 5, and the maximum bond dimension for DMRG is 200. All simulation codes are
implemented using a tensor network library Itensor. jl [16].

4To be more precise, we perform the DMRG study using the transverse field Ising model on the dual lattice, which is
shown to be equivalent to the pure Z, LGT [15].
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4.2 Simulation results

In this section, we present simulation results for fixed system size (N, Nsyite) = (3,3) with
open boundary conditions. The initial state is the ground state of the electric field term given
as Qo) = |+)®Mink, We also fix the maximal imaginary time as Tyax = 2.0, for which we confirm
the convergence. The domain of a Pauli pool at each step is defined as follows. For a plaquette term
Wi, the domain is a set of qubits that the plaquette acts on. On the other hand, each link (n, e,) is
involved in the two adjacent plaquettes. We define the domain for a term Xy, ¢, by a set of qubits

that these two plaquettes contain.
107 102

QITE At=0.05 —
102 ke QITE A1=0.0125 —=— o --®

. ST At=0.05 104 F T TR dei -S4
109 F e ST A1=0.0125 ,,_-;,f' -4
. o 10 B Ve
10 .\’\ - II“
w 10° kﬁ w 10°

107 | . o QITE AT=0.05 - -® -
0o QITE AT=0.0125 - -® -

10} ST At=0.05

‘ ‘ i ‘ ST AT=0.0125

0 05 1 15 2 0 1 2 3 4 5

T A

Figure 1: Relative error of classically simulated QITE and TEBD for (N;gte,Nsyite) = (3,3) with open
boundary conditions. The initial state is the ground state of the electric term, and the Pauli pool is composed
of the set of plaquettes. The left plot shows relative error as a function of imaginary time 7 with the coupling
value A = 0.5 fixed. The right plot shows the dependence of the relative error on the coupling value A for

7 =2.0.

We implement both the QITE and the Suzuki-Trotter decomposition of ITE using the TEBD, and

E(7)-Epmrg
Epmra
are computed. The left panel of Fig. 1 shows the relative errors £(7) as a function of 7 (0 <

compare results with the DMRG energy. At each time step, the relative errors (1) =

T < Tmax = 2.0) for the small coupling value 4 = 0.5. The value of time steps is varied as
At € {0.05,0.0125}. For all the cases, one can observe that the relative errors converge to the value
below 1076 for 7 = 2.0, which is further improved with increasing the number of steps. Moreover,
the QITE results agree with those from the Suzuki-Trotter decomposition of ITE, which shows that
the QITE can approximate the Suzuki-Trotterized ITE, even for the limited Pauli pool, at least for
the small coupling value.

Then, the dependence of coupling values is studied, and is shown in the right panel of Fig 1.
We see that the accuracy gets worse with increasing the value of A (except for a few points for
At = 0.0125), as expected from the fact that we use the weak-coupling ground state as an initial
state. However, the relative errors for coupling values in 0.5 < 4 < 5.0 are still below 0.1 %. One
can also observe that increasing the time steps improves the results for all coupling values.

5. Conclusion

In this work, we have applied the QITE algorithm and resource reduction using symmetry to
the two-dimensional pure Z, lattice gauge theory and verified its performance via tensor-network
simulations. First, we identified the set of Pauli operators that commute with symmetry generators.



Ground state Energy of The Two-dimensional Pure Z, Lattice Gauge Theory via Quantum Imaginary Time
Evolution Minoru Sekiyama

For example, the number of elements in a Pauli pool with a single plaquette domain can be drastically
reduced from 255 to 8. The reduction factors are even more substantial in the remaining cases.
Furthermore, the numerical simulation was performed using TEBD. The QITE results are compared
with the Suzuki-Trotterized ITE (without unitary approximation) and the DMRG. We confirmed
that the energy obtained from the QITE agrees with the DMRG up to 0.1% errors for the coupling
value 0.5 < 4 < 5.0. However, we found a trend that the greater the A, the greater the errors €. The
improvement in the large coupling regime is left for future work. Besides, we observed that the
errors can be decreased by increasing the number of time steps.

Several future directions can be considered. First, using a similar tensor-network simulation,
we can study the system size dependence of accuracy. This is essential to see if the QITE still works
for the large-scale system, and to take the thermodynamic limit. For larger systems, we may need
larger Pauli pools. In this case, the reduction of the Pauli pool using the quotient group explained
in Ref. [12] helps further reduction. We leave this for future work. In the large coupling regime, it
would be more efficient to use other initial states, such as the ground state in the strong-coupling
(magnetic) limit. Moreover, to study the effects of noise, a noisy simulation or implementation on
the current hardware is also valuable. Finally, extension to the non-Abelian LGTs would also be
important for LGT simulations.
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