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We perform the first quantum computation of parton distribution function (PDF) with a real
quantum device by calculating the PDF of the lightest positronium in the Schwinger model with
IBM quantum computers. The calculation uses 10 qubits for staggered fermions at five spatial
sites and one ancillary qubit. The most critical and challenging step is to reduce the number
of two-qubit gate depths to around 500 so that sensible results start to emerge. The resulting
lightcone correlators have excellent agreement with the classical simulator result in central values,
although the error is still large. Compared with classical approaches, quantum computation has
the advantage of not being limited in the accessible range of parton momentum fraction x due to
renormalon ambiguity, and the difficulty of accessing non-valence partons. A PDF calculation
with 3+1 dimensional QCD near x = 0 or x = 1 will be a clear demonstration of the quantum
advantage on a problem with great scientific impact. This work is a shortened version of our
previous study [1].
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1. Introduction

Parton distribution functions (PDFs) describe how momentum and spin of a hadron are dis-
tributed among the partons (i.e., quarks and gluons) in the infinite-momentum frame of the hadron.
They are crucial inputs in the discovery of the Higgs boson and in the search for new physics at the
Large Hadron Collider (LHC). Many mid-energy facilities worldwide, such as a future electron-ion
collider (EIC) [2] at Brookhaven, are trying to determine these PDFs and their three-dimensional
generalizations.

These parton distributions are defined as lightcone correlators. To compute them using lattice
Quantum Chromodynamics (QCD) is highly non-trivial. Because to avoid the “sign problem" in
Monte-Carlo simulations, the lattice QCD is defined in the Euclidean space where the lightcone
does not exist. Different approaches are developed to tackle this problem, including hadronic tensors
[3], axuiliary quarks [4], current-current correlators [5, 6], smeared operators [7], large-momentum
effective theory (LaMET) [8, 9], gradient flow [10, 11], pseudo-PDFs [12], and operator product
expansion (OPE) [13].

Among these approaches, LaMET is the most explored. Since its first calculation in lattice
QCD [14], a lot of progress has been made [15]. LaMET relates a PDF f to its quasi-PDF f , which
is the Fourier transform of an equal-time correlator, in the limit of infinite hadron momentum P,
through a factorization theorem, which is an OPE in inverse powers of P;:

F _ [l dy QCD Adep M?
f(x’PZ) - _1mc(y yP )f(y lu)+0((xp )25((] X)P )2’ P2)' (1)

x and y are the momentum fractions of the parton in the hadron infinite momentum frame, with

negative x(y) corresponding to the PDF of the antiparton. u is the renormalization scale in the
modified minimum subtraction scheme (MS), typically chosen to define PDFs. Aqcp ~ 200 MeV
is the scale when the strong coupling constant becomes of order one, and M is the hadron mass.
The power corrections (M?/ Pg)" can be corrected for all powers of n [16].

In principle, the matching factor C, a Wilson coeflicient, is computable in perturbative
QCD. However, soft gluons cause the IR renormalon ambiguity [17] of order AéCD /(xP;)?* and
AéCD /((1 = x)P,)? to be canceled by power corrections. This is because the large momentum
expansion does not converge anymore when the momentum of the parton (xP,) or the rest of the
partons ((1 —x)P,) becomes soft. Therefore, LaMET cannot provide reliable PDF extractions near
the endpoints of x.

Interestingly, this restriction is no longer there if the PDFs are computed through lightcone
correlators on a Minkowski lattice on a quantum computer.(For recent reviews on applying quantum
computations to high energy physics, see [18-21].) Then the PDF f(x, 1/a) with lattice spacing a
can be related to the PDF £ (x, x) in MS scheme as

f(x, —)—/ |dy| ( >/w)f(y ﬂ)+0(aAan) 2

where the In (ua) term in C in one loop is just the familiar Altarelli-Parisi kernel. No renormalon
ambiguity causes the breakdown of the power expansion in a. Because C compensates for the
difference f(x, 1/a)— f(x, u) = 6 f(x, 1/a, i), where the counterterm & f imposes the lattice cutoff
and dimensional regularization at the same time so that the combination f(x, u) + 6f(x, 1/a, u)
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can have the dimensional regularization removed without any consequence. Since ¢ f has no soft
modes, there is no IR renormalon ambiguity in C to be canceled by the power corrections. This
conclusion is verified with direct computation using the typical dressed gluon propagator by a chain
of vacuum-polarization diagrams. Technically, when the longitudinal parton momentum is taken
to infinity as required in a lightcone PDF, the dressed gluon diagrams relevant for IR renormalon
computation all vanish.

In this work, we use IBM quantum computers to calculate the PDF of the lightest bound state
in the simplest quantum gauge theory—a vector positronium state in Quantum Electrodynamics
with 1+1 dimensions(D) (QED,). In QED,, the electric potential between an electron-positron pair
is linear. Therefore, the positronium is confined like a meson in 3+1D QCD.

In QED, the theory is super-renormalizable. The UV cut-off of the lattice theory 1/a can be
removed smoothly by taking a — 0. The lightcone PDFs in the continuum and on the lattice are
both finite and the matching formula of Eq.(2) becomes

f(x)+0(a), 3)
f(x,a—0). “)

f(x,a)
or, f(x)

2. Hamiltonian Formulation for QED,

The QED; Lagrangian density in the continuum is defined as follows:

1 _
L= _ZF/.WF'HV + l//(llp - m)w7 (5)

where  is the Dirac fermion, D, = 0, +ieA,, is the covariant derivative, A is the gauge filed, e
being the coupling constant between the both fields ¢ and A. The electromagnetic tensor defined
as Fy, = 0,A, — 0,A,.

Imposing an open boundary condition in the x-direction such that A'=0 (the axial gauge) can
be achieved on all the gauge links, then the Hamiltonian density is

H = ndy - L= %Ez — iyl o + myy, (6)

where we have dropped the A°(J° — 8, E) term by applying the Gauss’s law:

0L 0 (10
= =JY_9 FH0 =
. J' =0y 0 @)

2.1 On a Lattice

For the Hamiltonian density of Eq.(6) in axial gauge with an open boundary condition in the
x-direction, we use staggered fermions and the Jordan-Wigner transformation to map the continuum
Hamiltonian onto a lattice system with 2L stagger sites, where each site can be represented by a
qubit. The resulting lattice Hamiltonian has the following form:

L I 2 L-1 J
1 B m . e‘a 2
H = o g [o-]f’o-jJrl +h.c.] + ) E [(—1)]Zj + I] + D) Z [ Z Qk] (8)
Py j=—L+1 j=—L+1 k=—L+1
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where Gauss’s law
E(xi) —E(xk-1) —eQx =0 9)

has been used with electric field E(x_; ) = 0 at the boundary, where charge at k" qubit Q; defines
as,

O = 3|z + -1)11]. (10

One should work in the limit of m, e <« 1/a with 1/a the UV cut-off scale. We will set the lattice
spacing between two staggered sites @ = 1 from now on.

3. Parton Distribution Function

The PDF of the positronium:

“dmn-P _;
= [ e (an

where

D) =D -2) = 5 (PIOG1,2)IP) (12)

denotes the matrix element of the light-cone operator O(z;, z2) evaluated between positronium
states with momentum P. The operator O(z, z») is defined as

O(z1,22) = Y(zin)n-yWy(zin, 2on) (z2n), (13)

1 -1
where n# = (1, —1) is a lightlike vector and the gamma matrices 7071'7 = )’O ()’0 +’}’1) = ( 11 )

The Wilson line

—ie fzzl n-A(z)dz

W,(zin,z2n) = e (14)

makes the operator of Eq.(13) gauge invariant. The lightcone operator of Eq.(13) with (z;,22) =
(z,0) and z = 2k can be written as

i2kH + —-i2kH - * + —i2kH -
0(z,0) = ¢ {Zj2k710:2ke WL Zoaog + 250 e T Wan Zooy
+ —i2kH - + —-i2kH -
Zi2k—lo——2ke ! W3,n-ZOO-1 - Zj2k0-_2k+1e ' W4,n~Z—10_() }9 (15)

where Zx = (—iZ_p+1) -+ (—=iZk_1)(—iZy) from Jordan-Wigner transformation. The W;_4 ,
Wilson lines can end at even or odd staggered sites and make +90 degree zigzag turns instead
of going straight in 135 degrees in the spacetime diagram. In the axial gauge, Wi_4 , becomes
identical. The Wilson line carries the same charge as the fermion when applying Gauss’s law
and this has been explained in our previous work [1]. In the axial gauge, the Wilson line is the
multiplication of gauge links in the time direction with

k
A== > Qulk—m)+ck+d, (16)

m=—L+1
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Figure 1: (Left) The imaginary part of D(z) for lattice size 2La = 10a, (ea, ma) = (0.3, 0.5) with DD, PT
and ODR error mitigation. The standard error is insensitive to the batch number N that the 4,000 shot results
are distributed into. The results for N = 4,5, 8 are shown. (Right) The ODR normalization enhancement
factor used in the left plot is shown as a function of the length of the Wilson line z.

which yields the expected relation A°(x;)—A®(xx_1) = —E (xx—1). In the absence of the background
E field, ¢ = 0, and we set the arbitrary constant d = 0. This construction can be readily generalized
to higher dimensional non-abelian theories without having to take a derivative on each time slice as
suggested in Ref. [22]. For a Wilson line in the #-z direction, one can take the axial gauge Az =0
under an open boundary condition, with » an internal space index. Then Ag can be solved from
E) =F)P =-0%A).

On a lattice,the continuum definition of Eq.(12) needs to be changed to

D(z1-z22) = L(P|O(z1,22)|P), a7

where L is the number of physical spatial sites (which is half of the staggered sites in 1+1 D) such
that Eq.(11) remains unchanged. In a discrete theory, the state |P) is normalized to unity and the
operator O(0, 0) is the local current density whose matrix element is proportional to 1/L. In the
continuum limit, the normalization of (P|O(z, 0)|P) has an extra factor of 2n - PLa.

The lattice artifact from using a Zigzag Wilson line instead of a straight one can be investigated
by a lattice perturbation theory calculation. The loop integrals are all finite even if @ — 0 is taken
before the integrations are performed—a consequence of QED, being super-renormalizable. This
leads to Eq.(3).

4. Results

We use 10 qubits to describe a system of 10 staggered fermion sites (corresponding to 5
physical spatial points) plus one ancillary qubit put at the center by choice to perform matrix
element computations following the prescription of [23, 24]. Our original program, which has a
gate depth close to 5,000, does not yield a sensible result. The gate depth is a crucial parameter of
a quantum circuit to obtain a sensible result. Five optimization measures were used to reduce this
depth, as described in our previous work [1]. We now present the results obtained after applying
these measures.

In the left plot of Fig.1, the imaginary part of D(z) for lattice size 2La = 10a, (ea, ma) =
(0.3,0.5) is shown. The result is based on 4,000 shot calculations of D(z) with giskit built-in
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Figure 2: (Left) Combined result of the imaginary part of D(z) with DD+PT+ODR from ibm_sherbrooke
and ibm_kyiv with 4,000 shots each. The triangles are results from a classical simulator. (Right) The f(x)
result from the Fourier transform of the D (z) result presented in the left panel.

functions of DD and PT together with 16,000 shot calculations of the ODR! factor, both run on
the ibm_sherbrooke quantum computer. The bitstring result is divided into N = 4,5, 8 batches
to compute the standard error. If the underlying error distribution is Gaussian, the standard errors
would be N independent. This seems to be the case except for the points at the boundaries where
the errors of N = 4 and 8 are about 50% larger than those of N = 5.

In the right panel of Fig.1, the ODR normalization enhancement factor used in the left panel
is shown as a function of the length of the Wilson line, z. The z = 2 result is interpolated with
quadratic fits.

In the left panel of Fig.2, the 4,000 shot N = 4 result of D(z) in Fig.1 is combined with
another 4,000 shot result from ibm_kyiv using the Cochran(1977) weighted standard error formula
of Ref.[26]. This formula yields results consistent with the bootstrap method. The combined result
is consistent with Fig.1, but with standard errors reduced by about one-half. This is because the
standard error, SE, is related to the standard deviation, o, through SE = 0 /v/Nghos With Nghots
being the number of times (shots) the quantum computation is carried out. Since o o< 1/vNgpors,
then SE oc 1/ Nghos. This result is consistent with the classical simulator result marked by triangles,
with their central values almost coinciding for points away from the boundary. This suggests that
our error mitigation is working, although the errors are still large.

In the right panel of Fig.2, we take the Fourier transform of the combined D (z) result to obtain
the PDF f(x) using Eq.(11) and the positronium mass Ma = 1.617 £+ 0.002 from the difference of
the Hamiltonian expectation values between the first excited state and the ground state (vacuum)
using a classical simulator. The distribution outside the physical region x = [—1, 1] is consistent

'The Operator Decoherence Renormalization (ODR) [25] is computed for the positronium matrix element of the
operator (z = 2k)

. 4 . . 11
0'(2) = ezkHefzkH{O_JelkHe—tkHWO’rzl Woz,no'(;}’ (18)

which is similar to O(z,0) of Eq.(15) but with the Wilson line going forward in time along the lightcone direction then
coming back to where it started. The matrix elements of O(z,0) and O’(z) have similar two-qubit gate counts—the
difference is less than 8% for z = 4 and both have DD and PT(randomization=100) implemented. The ODR matrix
element L{P|O’(z)|P) would be one if there were no errors. The deviation from one is used to calibrate the normalization
of D(z).
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with zero. The total momentum carried by the partons is

1
/ 1 dxxf(x) = 104495 (19)

where the errors are asymmetric because the positivity of x f (x) is imposed in the error computation.
It is encouraging that the central value agrees with the sum rule” at the 4% level, although the error
is still large.

Our result also yields the number of fermion anti-fermion pairs in the positronium:

1
/def(x) = 1.3779%, (21)

where the positivity of f(x) for x = [0, 1] is imposed in the error calculation. This integral is not
a conserved quantity. Its value depends on ¢/m and the renormalization scheme and scale. In our
QED; calculation, f(x) depends on 1/a, although the theory is super-renormalizable. In the heavy
fermion and continuum limit (¢/m — 0 and a — 0), one expects that there is just one fermion pair
in the lightest positronium since the potential energy is much smaller than 2m, pair production is
highly suppressed. For finite e¢/m, one expects fol dxf(x) > 1. At finite a and finite volume, this
bound might be modified [27]. Our central value is consistent with this bound, although the error
is large, while the results of the 1+1 D Nambu-Jona-Lasinio model are below this bound [24, 28].

In our calculation, all the partons, valence or not, are accounted for since they all show up in
the positronium state. There is no difference in the resource requirement to compute the valence or
nonvalence PDFs, which is an interesting distinction from lattice QCD approaches.

In this work, the errors presented are all statistical. As discussed above, the standard errors
scale as 1/Nshots, Which can be reduced with more resources. For example, if Ngyos = 160, 000
(20 times more than this work) is available, then the momentum sum rule statistical error can be
reduced to 4%.

Systematic errors, such as the discretization errors and the finite volume effect, require more
advanced quantum computers to reduce them. Numerically, we find the number of two-qubit gate
depths scales as L*, with L the physical size, in the D (z) computation. This factor comes from having
O(L) time evolution steps, each step has O(L?) two-qubit couplings in the Hamiltonian. For our
L = 5 calculation, the two-qubit gate depths for z = {—4,-2,0,2,4} is {529,367,112,319, 615},
respectively. With the limitation of 5,000 gate depths on current machines, one is limited to L < 10.
However, with the Starling machines scheduled to be available in 2029 according to the IBM
Quantum Roadmap, L ~ 100 becomes possible. With the next-generation Blue Jay machines with
1B two-qubit gates and 2,000 qubits available in 2033+, L = 588 is possible. It would be interesting
to explore what can be achieved for QCD in 3+1 dimensions with these machines.

2The sum of momentum fraction carried by the fermion and anti-fermion in the positronium state is given by

1 1
()= [ e = [ ant e+ w1 =1 0)

1

where, anti-fermion (g) PDF satisfy f5(|x]) = —f, (=|x[).
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5. Conclusions

We have carried out the first quantum computation of PDFs with a real quantum device. We
calculate the PDF of a positronium in QED in 1+1 dimensional spacetime with IBM quantum
computers. The calculation uses 11 qubits for a lattice system of 5 spatial sites (or 10 staggered
sites) and one ancillary qubit. We have applied several error mitigations including the by now
standard DD, PT and ODR procedures, and some steps specially developed in this work to preserve
the symmetries of the problem. The most critical and challenging part, is to reduce the number of
two-qubit gates from close to 5,000 (the maximum number executable in Eagle R3 machines) in
the initial stage to around 500, such that sensible results start to emerge.

The resulting lightcone correlators have excellent agreement with the classical simulator result

in central values except at the spatial boundary, although the error is still large. The parton

+0.66
4'—0.76

the expected result of unity, although the error is still large. The number of electron-positron pairs

0.89
1.02°

spacing, in the computation. But the result suggests that not only valence partons have contributed

momentum is 1.0 times of the positronium momentum, with the central value very close to

in our positronium state is 1.37* This quantity depends on the resolution scale, or the lattice
to the computed PDF. The errors listed are only statistical. They scale inversely with the number of
shots and can be further reduced with more resources.

With the planned Starling (Blue Jay) machines, calculations with 20(117) times more sites than
our system become possible. The tensor network result of Ref. [27] suggests that our finite volume
effect can be largely(completely) removed if we double(triple) the volume, and if the lattice artifact
is incentive to e/m, then it can be removed if we reduce a by half. So, the remaining systematics
are expected to be removed if we increase the site number by a factor of 6. However, for 1+1 D
problems, classical approaches, such as the tensor network [27-29], could already be very powerful.
Hence, a quantum advantage is expected to come from problems of higher dimensions.

We have also explored what advantage a quantum computer can have over the most powerful
classical lattice QCD approach, LaMET. The feature of being free from renormalon ambiguity,
such that there is no restriction on the accessible momentum fraction x, is probably the most
significant. Also, accessing non-valence PDFs without the difficulty of disconnected diagrams
could be practically important. These advantages are likely to be carried over to higher-dimensional
parton distribution studies such as GPDs and TMDs.

Finally, a PDF calculation with 3+1 dimensional QCD near x = 0 or x = 1 will be a clear
demonstration of the quantum advantage in a problem with great scientific impact [30].
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