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Within the aim of understanding quantum chromodynamics through simulation, an increasingly
studied approach is that of quantum computation and simulation. Challenges exist in encoding
the minimal and physical degrees of freedom for a non-Abelian gauge theory and maintaining
physical or gauge-invariant dynamics in a simulation. In this work, the Loop-String-Hadron
(LSH) formulation of the 1+1-dimensional SU(3) lattice gauge theory is used to define an efficient
mapping of SU(3) invariant degrees of freedom onto qubits. It is shown that the required number
of qubits in the LSH basis is significantly reduced compared to its IRREP basis counterpart. While
the non-Abelian Gauss laws of the SU(3) theory are automatically satisfied by the usage of LSH
variables, the remnant constraints on the consistency of the flux numbers still exist. During time
evolution, the noise can accumulate and take the state out of the sector of the Hilbert space where
the constraint is satisfied. With this motivation, an oracle algorithm is constructed to be applied
to the qubits for checking the local constraint at a given link. Costs in terms of qubit and gate
number, and circuit depth, are found.
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1. Introduction

One of the frontiers in modern theoretical physics is that of understanding the dynamics of
non-Abelian gauge field theories, as SU(3) is at the basis of Quantum Chromodynamics. In the
regimes where analytic or perturbative solutions cannot be obtained, understanding the dynamics
and deriving predictions has mainly been tackled through lattice gauge theory (LGT) computer
simulation. Research on LGT has, since its beginnings in the 1970s [1], advanced in a few
directions. The widely used conventional method is Monte Carlo simulation [2]. More recently,
new directions gained traction, including tensor networks computation [3].

In this paper, the Hamiltonian approach [4] is followed. Though its primary method, diago-
nalization, is computationally limited, its central merit is in observing real-time dynamics directly
while avoiding the sign problem. In recent history it has received renewed interest due to the
advent of quantum simulation, which it naturally works with. The idea of simulating physical
theories on quantum computers originated and developed decades ago [5, 6] and has seen a renewed
interest within the last decade due to hardware development [7, 8]. Qubits encode actual probabil-
ity amplitudes, faithfully simulate entangled states and superpositions, and scale linearly with the
Hilbert space dimension, while the number of classical variables grows exponentially. To correctly
represent theoretical quantum field theory models on lattices and then on quantum computers, ap-
propriate formulations must be defined, and the qubit mapping must be efficient. There have been
many works in this area, developing LGTs and tailoring them for quantum simulation [9, 10].

In non-Abelian LGT, gauge invariance has to be ensured. This amounts to the removal of
unphysical states [4]. An efficient implementation with Loop-String-Hadron (LSH) [11] formalism
isused. Itconstructs a basis where the non-Abelian Gauss law constraints are automatically satisfied.
Only a simple Abelian law remains to be checked for each link [11, 12]. Hamiltonian evolution
cannot break gauge invariance, but quantum noise can. The Abelian check in the 1-dimensional
case is done by the oracle presented in this work. The essential principle is the same as in a previous
work for the SU(2) case [13].

2. SU(3) lattice gauge theory coupled with fermions

2.1 Kogut-Susskind formulation: constraints on the irrep basis

Hamiltonian lattice gauge theory was first formulated by Kogut and Susskind [4], and here a
brief summary is given for the 1+1 dimensional SU(3) case [11]. The lattice variables are staggered
fermion operators ¢ “(r) on sites, gauge fields U“g(r) on links, and chromoelectric field strengths
E{(r), Ex(r) onlink ends (Figure 1). The SU(3) LGT Hamiltonian is built from the gauge-invariant
contractions of these operators to reproduce the desired quantum field theory in the continuum limit.
The argument r denotes the position in the lattice and s the side of a link, left (L) or right (R). Greek
letters denote the color indices a € {1, 2,3}, while the Latin letters are used for adjoint indices
a € {l,2,...,8}. To span the Hilbert space, a group Fourier transform basis of the gauge group
can be considered, with elements |p, q; I, 1 2, Yi,Ir, 1 fé, Yg), involving two Casimir numbers and
three projection numbers at each end of each link.

A local gauge transformation is applied to a site and its adjacent ends of links. The physical
Hilbert space contains only the states which transform into themselves under any local SU(3)
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Figure 1: Kogut-Susskind variables for a 1-dimensional lattice

transformation. These gauge transformations cannot change the value of Casimirs, but only that
of projections. Consequently, the physical Hilbert space can be found by looking at states which
have equal left and right Casimirs on any link, with of the projection numbers summed over. This
corresponds to contracting the color indices on the operators, leaving only Casimirs as dynamic
variables, describing the amount of chromoelectric flux.

In one spatial dimension, the local gauge transformations are generated by the operators

G*(r) =E*(L,r) + EX(R,r = 1) + ¢, () (T 4P (r), (1)
where T? are SU(3) generators. The generators commute with the Hamiltonian
[H,G*(r)] =0, 2
and act in the gauge-invariant Hilbert space as
G*(r)|¥)=0 Va,r, 3)

since transformations generated by G?(r) leave such states |¥) unchanged. These constraints are
called Gauss laws. Due to (2), time evolution will never take a state from this sector out of it. States
inside it are called gauge-invariant, and contain loops, strings, and hadrons. Each contracted pair
of indices must be local to a single lattice site, thus connecting the transformation of the gauge field
and the adjacent fermion, which transform with the same group element.

2.2 LSH basis in 1+1 dimension

While it is true that the original variables come from making analogies with the continuous
QFT case, one can always undergo a change of variables without changing the model [14]. The
prepotential formulation [15] uses this to reformulate the theory in terms of SU(3) Schwinger boson
variables that are all local to the lattice sites. After obtaining the irreducible form, Schwinger
bosons are used to form the Loop-String-Hadron basis of variables by careful contractions with the
fermionic operators. This separation into on-site variables introduces the Abelian Gauss law (AGL)
constraint, requiring that the IRREP should be the same for the two ends of the link by hand. This
comes down to the Abelian Gauss law constraints [11]

(Na(L,r) = Np(R,r + 1)) |¥) = (Ng(L,7) = Na(R,r + 1)) |¥) = 0. “

Now the focus can be shifted to each lattice site, at which the fermion content and the Schwinger
bosons from both sides are transformed with the same gauge group element. By contracting
these operators, a Hilbert space basis can be constructed as the tensor product of gauge-invariant
single-site spaces with Abelian Gauss law constraints in between.
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Using such contractions, one gets a formulation in terms of combinations of fermionic and
bosonic operators that change the content of a site and the flux coming out of it in a diagrammatic
way (Figure 4 in [11]), or act as number operators. For example, an operator may create one of the
three kinds of fermions at a site, and along with it a unit of one type of flux emerging from that
site into one direction. Other operators would create only a flux line passing through the site, or a
hadron without emerging flux, etc. Importantly, they define an orthonormal basis that allows for
efficient qubit digitization

lnp,ng;vi, vo, vi)r. ®)

The three kinds of fermions are named 1, 0, and 1. The bosonic quantum numbers np and no can
take values of any nonnegative integers and represent the two kinds of chromoelectric flux passing
through the site r (loops). The three new fermionic variables v; determine both the fermionic
content of the site (including hadrons) as well as the type (P or Q) and direction (1 or 1) of any
flux lines that might be emerging from the site in either direction (strings). Thus, the LSH degrees
of freedom can easily be visualized as rules for the presence of string ends at each site (based on
fermion numbers), and two types of flux lines traversing the lattice until another such end terminates
them. This is illustrated in Figure 2a. For each of these quantum numbers, there is a gauge-invariant
number operator of the same name. The details of this construction are given in [11].

Site r

(vi vo vi )

0 0 0 oooO

001 ocooe

0 1 0>o—s—oe lnp,no:vi,vo,vi)r =12,3;0,1,0)
01 1 0e e« f N

1 0 0<eo O O O—@—6—1—<«—

1 0 l«® O €

1 1 0>9 @ O

1 11 e e e

np=2 -——
Lo =3 —F— ) (b) An example of a site configuration. Incoming flux is

given by P = 3, Q = 3, while outgoingis P =2, Q0 =4, as

(a) Ilustration of how the two kinds of flux, P and Q, can ) :
can be seen by the number of thick and dashed lines. The

be generated on either side of a site by combinations of

fermionic numbers v;, vp and v;. The bosonic quantum change at the site is defined by the fermionic numbers.

numbers np and ng define the number of flux lines that
pass through the site.

Figure 2: LSH site configurations and flux generation.
The remaining Abelian Gauss law requires that the total amounts of flux lines (of each type)
coming away from a site match those that enter the next. These include flux lines passing through

the site, and the strings created at the site. For the left 1 and right 1 side of each site, these are
defined as

P(Lr)=np(r) +vo(r) (L =vi(r)),  P(Lr)=np(r)+vi(r) (1 -vo(r)),

(6)
Q(Lr) =no(r) +vi(r) (L=vo(r)),  Q(L,r)=ng(r) +v(r) (1 -vi(r)).
Now the Abelian Gauss law has the simple form
P(l,r+1)=P(1,r), Q(Lr+1)=0(1,r). @)
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Figure 3: Example of two neighbouring sites satisfying the non-Abelian Gauss law. The extra Q-type flux
line generated by the first site simply passes through the second as a contribution to its ng.

The AGL is never broken by Hamiltonian evolution, which is in agreement with the idea of
having a physical sector of the entire Hilbert space. But, with any bit-flip error, as will be clear in
the next section, one AGL will be violated. This can be deduced from (6) and (7). Thus, the whole
class of single-bit errors during quantum computation can be detected by inspecting the AGL at all
links.

3. Mapping to qubits

In this section, the qubit number requirement for encoding the lattice variables is analyzed to
show the advantage of having Gauss laws implicitly solved by LSH.

3.1 IRREP basis mapped to qubits

In the original Kogut-Susskind formulation there are 3 fermionic degrees of freedom per site,
just like in LSH, but the bosonic numbers do not automatically satisfy the non-Abelian Gauss laws.
Because of this, the IRREP basis projection degrees of freedom cannot be separated or summed
over. The naive approach therefore requires the encoding of the full IRREP basis up to a cutoff
dimension, not just the Casimir numbers. A rough calculation is given here.

A state of the link connecting sites r and r + 1 can be written as |p, ¢; I, I, YL, Ir, I, YR)r.
p and g are related to P and Q of (6) by

p=P+0, q=P. 3

To have an equivalent cutoff in the two mappings, P and Q values are limited to 2" — 1, meaning
N qubits are used to represent each using a simple binary base encoding.

Next, each combination of I, I,, and Y values on the two sides of the link also needs to be
mapped to a unique sequence of qubit values. Their number is the square of the IRREP dimension,

d = %(p+l)(q+1)(p+q+2) = %(P+Q+1)(P+1)(2P+Q+2). ©))

For the maximal values of P and Q, the dimension is

_ 1 N _ N _ N _
dmax = 522" =D+ HEY -1+ DB - 1) +2) (10)

:3'23N+1_5‘22N+2N.

2

max>

The maximal number of states per IRREP is then d and the number of qubits to encode them is

Nsrates = |—10g2 dznax-l’ (11)
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Figure 4: The qubit cost of encoding the state of SU(3) LGT with fermions on a 1-dimensional lattice as
a function of the number of sites L, for two cases of the field cutoff in terms of qubit number N. Qubit
digitization of the LSH formulation is compared to that of the naive Kogut-Susskind IRREP basis in terms
of the number of qubits required to map the dynamic variables.

which is rounded up since the number of qubits is an integer. For N > 2 we have
Nstates = 6N +5. 12)
Along with 3 qubits for fermions and 2N qubits for P and Q, we have

ngliits = (8N + 5)niinks + 3nsites (13)

This is compared to the LSH cost in Figure 4.

3.2 LSH degrees of freedom mapped to qubits

In the LSH formulation each site has 3 fermionic and 2 bosonic degrees of freedom, which
can be directly mapped onto qubits of a quantum computer. Each boson is mapped to N qubits,
defining a cutoff A = 2V — 1. The total number of qubits per site is

%gi:(yv+&mmy (14)

The 2V — 1 cutoff can be surpassed by the flux values, as they equal the bosonic number plus
potentially one from the fermion configuration, giving a maximum of 2V. If the next site doesn’t
immediately absorb this additional flux line, it will be added to the bosonic number at that site,

making it overflow its cutoff and create an error. The fact that N qubits are used per bosonic number
(in a binary number encoding fashion) therefore limits the bosonic numbers to

A=2N—1, (15)

though the flux itself can be equal to 2% if its string ends are at neighbouring sites.
In conclusion, since all variables in LSH are on-site, we simply have 2N + 3 qubits per site, N
for each bosonic and 1 for each fermionic number. This gives a maximal field of 2.
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Figure 5: The oracle which computes the Abelian Gauss law and puts the result into the flag qubit |F). The
design is heavily inspired by a previous work on the SU(2) version of the theory [13]. The main difference is
in additional second layers of adders and comparators, a consequence of the fact that SU(3) is a rank 2 group.

4. Oracle to check gauge invariance

A simple way to detect any single-bit-flip error is by noticing a violation of the Abelian Gauss
law. The idea behind this paper is that the AGL can be phrased as an operator acting on the system’s
qubits, and expressed as a quantum circuit. The result of the operator is binary: either the law is
satisfied or it isn’t. The oracle presented here (Figure 5) takes in the qubits of two adjacent sites,
along with some auxiliary qubits, evaluates the AGL, and leaves a designated qubit in one of its
basis states based on the result. The rest of the qubits are then reverted to their original state. The
flagged qubit holds the information about whether the AGL is broken or not. It can then be used
in further computation to alter the rest of the simulation or discard the results when the law was
violated.

4.1 Algorithm

The oracle consists of the computation of the two sides of the AGL, a comparator for these
results, a controlled change of the flag qubit’s state, and a reverse computation of all qubits except
the flag. The first part uses double-controlled NOT gates, where one of the controls is activated by
state 0 and not 1 (easily implemented as a Toffoli gate with an X gate before and after it), for the
fermionic terms, and adder subcircuits (labelled A) for adding them to the bosonic terms (see Eq.
6). The resulting qubits for each type of flux P and Q of the two sites are individually compared
(cf. Eq. 7) by N + 1 pairwise CNOTs, CX(n+1). There are two such sets of CNOT gates, called
comparators, one for each type of flux. The additional qubit beyond the N qubits for encoding np
and ng is the final carry bit from the addition, and will be zero if the state is within the cutoff. The
oracle, however, doesn’t see this and simply compares the numbers even if the addition has made
them overflow the cutoff (alternatively, one could measure the carry bit to see if the state is within
the cutoff). At this point in the circuit, all of the results of the CNOTs are in state O iff the AGLs
are satisfied. The set of X gates that come next, X(2n+2), flips all of them. The controlled X gate
CCN*DX flips the state of the flag qubit |F) iff all of the control qubits are in state 1 (which is now
the case iff the AGLs are satisfied). The rest of the circuit applies all of the gates in reverse, except
for CEN*IX.

Since the C?N*2X gate can only change the flag qubit |F), the reverse computation returns
all other qubits to their original states and entanglement. However, the state of |F') is flipped into
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Figure 6: Adder subcircuit for N = 3. The fermionic term’s qubit | f) is added to the bosonic number’s
qubits. N ancilla qubits serve as the carry bits, and the last carry bit is the overflow-bit in the result. The
subcircuit uses N CNOT gates and N Toffoli gates. A~! is its inverse, applying the same gates in the reverse.

|F = 1) in the parts of the overall superposition for which the AGLs are satisfied. The state |F' = 0),
on the other hand, becomes entangled with the parts where at least one of the AGLs is broken.

4.2 Component requirement

For minimizing noise on hardware, it is of utmost importance to have as few qubits, gates, and
layers of gates as possible. Gates and layer depth are evaluated for a circuit’s decomposition into
single-qubit and two-qubit gates. Exact decomposition depends on the hardware in question, but
the two-qubit gate count and depth are usually independent of the hardware. As two-qubit gates
introduce the most time and entanglement, and therefore noise, only those will be considered here.

The required resources depend on the size of the simulated system and on the cutoff value A of
the chromoelectric fields. The lattice size sets the number of sites and oracles, while A determines
the number of qubits per site and the number of quantum gates used to implement the subcircuits.
One can also change the implementation of the adder subcircuits. It is assumed here that adders
are implemented as in Figure 6, while the multi-controlled NOT gate is decomposed into Toffolis
using lemma 7.2 of [16].

Just as in [13], the algorithm doesn’t actually require exact Toffoli gates most of the time.
Instead, gates that differ from exact Toffolis by phases on individual qubits (Toffoli-congruent
gates) are acceptable, as these phases get uncomputed in the second half of the circuit when using
the inverse of the same gates. Such gates can be implemented with 3 CNOT gates [16]. Only
Toffolis in the decomposition of the multi-controlled CX gate, which does not get uncomputed,
have to be exact, as it must not introduce relative phases in the overall state. They are implemented
by 6 CNOTs. The CNOT equivalent counts are shown in Table 2.

4.3 Depth

The final number to calculate in this analysis is the depth of the circuit in terms of parallelizable
layers of gates. This is the most important one regarding decoherence due to noise growing in time.
The physical depth depends on the specific hardware. Here we focus on logical depth. The
decomposition of Toffoli-congruent gates, and inspection of parallel layers is done as per [16]. The
counts are shown in Table 3.
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Resource Count

Site state qubits 2N +3 c ; CNOT | Toffoli | CNOT equi
Ancillas per site IN+2 O | — | e
Total qubits in an oracle | 8N + 11 ]

. Multi-controlled X | O AN — 8 | 24N — 48
Sites , L Other parts AN +4 |8 AN +28
Oracles (= links) L=l Oracle 12N +4 | 12N | 60N —20
Adders per oracle 8
Multi-C X’s per oracle 1 Table 2: Gate counts for subcircuits and the oracle assuming

N > 3.

Table 1: Resources for encoding the state

and applying oracles to all links.
Circuit CNOT depth
Explicit Toffolis 2x3
Adders 2xX (3N +1)
Comparators 2x1
Multi-controlled NOT | 24N — 48
Oracle total 30N - 38

Table 3: Two-qubit (CNOT) gate layer depths of subcircuits and of the oracle. N > 3 is assumed.

5. Discussions and outlook

Qubit digitization of SU(3) lattice gauge theory with fermions on a 1-dimensional lattice was
laid out using the Loop-String-Hadron framework. It is clearly more efficient than naive IRREP
digitization, and it leaves only the Abelian Gauss law to be checked. The proposed oracle for
checking the law on each link was explained, and its qubit, gate, and depth costs were analyzed.

The oracle could eventually serve as a tool for error correction or a criterion for discarding
results as unphysical, perhaps as part of a larger circuit simulating QCD dynamics. Work is
being done on the time-evolution circuit as well as on development of LSH for higher-dimensional
lattices. In lower dimensions, some of the phenomena intrinsic to quarks and the strong force can
be observed, but the ultimate objective is to build towards simulation of lattice QCD in its full form.
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