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The deconfined quantum critical point (DQCP) exemplifies a phase transition beyond the Landau
paradigm, yet its true nature remains debated. We investigate a family of Sp(N)-symmetric
fermionic candidate models for SU(2) QCD in three dimensions, which is a possible effective
description of the DQCP—using the recently proposed fuzzy sphere regularization. This method
offers a powerful lens to probe the model’s critical behavior. Employing quantum Monte Carlo
simulations of the generalized Sp(/N)-symmetric models, we probe the conformal window of the
gauge theories, with the fuzzy sphere formalism significantly reducing finite-size-effects.
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1. Introduction

Gauge theories are key to fundamental descriptions of nature, from the QED and QCD theories
which make up the standard model, to more emergent theories arising in quantum materials. Essen-
tial to their form are interactions between the gauge fields and matter fields, and so nonperturbative
understanding of them is desirable. Lattice field theory has shown great success in teasing out
the physics [examples]. However, there remain plenty of challenges. Finite size effects arise from
limited lattice sizes and broken spacetime symmetries which are only restored in the continuum
limit.

In particular, there is an outstanding problem of the conformal window for SU(2) QCD in 3D.
In coupling matter to gauge fields, the flavor number of fermions determines whether the RG-flow
leads to a fixed point. Large-N calculations tell us that there is some critical N, for which N > N.
gauge theories are conformal, but the N, is unknown. The conformal window of QED in 3D has
been studied on the lattice [1-6] and via € and large-N expansions [7—14]. The lattice calculations
of SU(2) QCD in 3D [15, 16] suggest that N, lies between 4 and 6 SU(N).

We approach this problem using a numerical method based on a regularization that differs
from the lattice known as the fuzzy sphere. In this technique, the regularization is formed out of
the degenerate states that make up the lowest Landau level resulting from a magnetic monopole
with flux 2s + 1. The number of degenerate states in the lowest Landau level (LLL) is proportional
to the flux and these are the states of the system. The finite number of “orbitals” defined by these
states is the analog of the finite lattice size, and the continuum limit for the fuzzy sphere can be
reached by increasing the flux in the magnetic monopole. The benefit of such a discretization is
that the real space operators are in continuous space and thus rotational symmetries no longer have
to be restored in the continuum. The price is that operators at different locations in space no longer
commute. This is the “fuzziness” of the fuzzy sphere. Another key advantage is that studying
theories on a sphere allows for clear signatures of conformal symmetry due to properties such as
the state-operator-correspondence. This method appears to have largely reduced finite size effects,
as seen in its application to the Ising model, where 16 orbital systems led to scaling dimensions all
within 1% of the conformal bootstrap values.[17]

In this work, we apply the fuzzy sphere formalism to study a family of Sp(N) models, where
Sp(N) denotes the group of 2N X 2N unitary symplectic matrices, at half-filling and even N. At
the microscopic level these models consist of 2N flavors of interacting fermions, but in the IR they
flow to 3D SU(2) QCD with N fermions. This can be understood by recognizing that such models

realize the NLSM-WZW on
Sp(N)
Sp(N/2) x Sp(N/2)

extended to the strongly-coupled region. This theory then matches with N-flavor 3D SU(2)
QCD [18]. We note here that the N = 2 case corresponds to the SO(5) DQCP through matching
the anomaly of the non-linear sigma model (NLSM) on Sp(2)/(Sp(1) x Sp(1)) = S* with a level-1
Wess-Zumino-Witten (WZW) term [19, 20]. The N = 2 theory was studied on the fuzzy sphere
through exact diagonalization (ED) and the results were consistent with pseudo-criticality. [18, 21]
The N = 4 theory was also already studied through exact diagonalization (ED) on the fuzzy sphere
and the data for that larger N value suggested the presence of conformal symmetry. However, this
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study was limited to small lattice sizes due to the exponential cost of the sign problem, and this cost
also prohibited any explorations of larger N.

Here, we go beyond the exact diagonalization limits of previous fuzzy sphere studies through
a QMC fuzzy sphere study of a series of larger N values for the Sp(N) models. These models have
an SU(N) symmetry making them particularly well-suited to QMC study because the configuration
weights take the form det(M)™, where M represents the fermion determinant of a flavor-pair. A
particle-hole symmetry ensures that there is no sign-problem, so we have a polynomial-time fuzzy
sphere calculation.

In these proceedings, we summarize recent QMC simulations on the fuzzy-sphere to study the
Sp(N)-symmetric models at arbitrary N.[22] We present the numerical results for the phase diagram,
the conformal correlators, the scaling dimension Ay of a leading operator, and the state-operator
correspondence. Similar to previous fuzzy sphere studies, we find that there are limited finite size
effects even at small values of Ny, allowing for a useful summary calculation of intermediate N
values and a picture of the conformal window. We particularly highlight signatures of CFTs that
are accessible to QMC fuzzy sphere methods, in contrast to the fuzzy sphere ED perspective.

2. Model

The Sp(N)-symmetric Hamiltonians consist of a density-density interaction and a pair-pair
interaction [18, 21] between 2N-flavors of fermions:

H = / d’r (Un(r)2 - %A*(r)A(r)). (D)

The density-density interaction is SU(N)-symmetric in the fermion flavors, and the pair-pair inter-
action is what reduces the overall symmetry to Sp(N), since

0 1n ) o

A=y'Qy, Q= 1y 0

The ¢ operators are for the 2N fermions on a sphere in the lowest Landau Level (LLL) basis, which
comes from the Hamiltonian of a magnetic monopole with 45 magnetic flux. This monopole
causes there to be a highly degenerate ground state with degeneracy Now = 2s + 1. In the LLL
orbital basis the fermion operators take the form

1 S
HOEE IR O 3)
m=-—s
where YS(,Sn) (r) are monopole spherical harmonics, m = —s, ..., s is the Landau orbital label, and
the radius of the sphere is R = N(ir/bz .

In addition to an SO(3) rotation symmetry and the Sp(/N) global symmetry, the models also
have an anti-unitary particle-hole symmetry

P c#l—)cfnijk, i —i. 4)

In [22], we match the symmetry and anomaly of these models with the nonlinear sigma model

with Wess-Zumino-Witten level-1 to show that they should realize SU(2) QCD3 with N flavors of
fundamental fermions.
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Figure 1: Main: RG-invariant observables € 4 () /% a(n/2) as a function of the coupling V for Sp(10),
Sp(4), and Sp(2) models. Insets of (b) and (c): The V-value at which the RG-invariant observable
Ga(m)/Ca(y], = mn/12) has a crossing as a function of 1/vNo, for pairs (Nor — 2, Norb)-

3. Results

The order parameter that detects breaking of the symmetry in (4) is the anti-symmetric density

A .

operator, nj;

1 (r) =y @Myl -yl QY - Lyl (52)
With quantum Monte Carlo, we can measure real-space equal-time two-point functions

Go(y) = {(no(r1)) no(r2)) (6)

where 7y is the angular distance between the two points. The details are given in our paper. [22]
We can also measure the imaginary-time-displaced correlator of a given angular component

%0.1(1) = ((n0.10(7)) "'10.10(0)), 7

which we can use to extract energy gaps in the spectrum.
To detect evidence of criticality, we compute the ratio of equal-time correlation functions at
two distinct spatial distances,

A=Fa(y12)/Calyyy).

Because this ratio is dimensionless, it is RG-invariant and approaches distinct values in different
phases. It exhibits crossings for different system sizes at critical points [23], in a similar manner to
the Binder cumulant [24].

We set y12 = n in the numerator and show this observable for several values of y{, in the
denominator in Figure 1. For both Sp(10) and Sp(4), we observe a crossing of A in system sizes,
indicating a critical point V. (Figure 1a,b). AtV < V., 1 increases with system size and approaches
1 in the symmetry-broken phase. For V > V., 1 decreases with system size and converges to a
different finite value. We estimate the crossing point V, for different size pairs (Nowp — 2, Norb)
at multiple choices of y{, in the Figure 1a,b insets through a polynomial fit of the curves in their
vicinity. For all 712 =mn/12 (m =4,5,6,7,8), the crossing point converges to the same value —
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V. = 0.5 for Sp(10) model and V.. =~ 0.8 for the Sp(4) model — with increasing system size. This
result suggests a continuous phase transition with scale-invariance at the crossing point separating
a spontaneous symmetry broken phase and a critical QCD phase.

For comparison, A increases monotonically with system size for all parameter ranges with no
crossing point in the Sp(2) model (Figure 1c), suggesting a symmetry-broken phase throughout the
phase diagram. This is consistent with the pseudo-criticality for the SO(5) DQCP [21].

We now turn toward evidence of conformal symmetry rather than only scale-invariance. At a
conformal fixed point, any gapless local observables no(r) on the fuzzy sphere can be written as
the linear combination of CFT operators in the same representation of global symmetry and parity.
To the lowest order, n4 and ny are used to express the fermion bilinear operator in the CFT and the
temporal component of the conserved symmetry current:

na(r) = const. X ¢(r) + ...

ny(r) =const. X J*(r) + ... ®)

To leading order, the equal-time two-point correlation function €4(y;2) should behave like a
power-law [25, 26]

Galyr) = (na(rna(rz))

I const. x (p(h1)p(h2))s24r

—2A
= const. X R™?A¢ (2 sin %) ’ .

©)
where fi; = r;/r; is the unit vector. We note that the R = Né r/132 -dependence is a consequence of scale-
invariance, while the y>-dependence is a consequence of conformal invariance. To compare with
the conformal form, we cancel the constant factor by normalizing €4 (y12) by its value at v = 7,
and compare G4 (y12) /€ () with the conformal correlator (sin %) —2A¢ With increasing system
size, the measured correlator on the fuzzy sphere converges towards the known conformal correlator
form (Figure 2a,d).

The scaling dimension A4 can be extracted from the equal-time correlation functions. Starting
from Eq. (9), we employ two methods:

1. Fix the size R and examine the dependence on the angular distance y1,. The Ay can then be
measured through the logarithmic derivative of the equal-time correlation function

_10log@a(y12)

Ap(y12,V,R) = > dlogrns
_ _ ag 129108 @a(y12) (10)
2 oy

where r1 = 2R sin(y12/2) is the conformal distance. We emphasize that this method of
extracting A utilizes the power of conformal symmetry, such that the traditional finite-size-
scaling with respect to system size is not needed [26].

2. Fix the angular distance 1, and examine the dependence on the size R. At a certain 7y,

Baly1n) ~ R4, (an



Simulating 2 + 1D N-flavor SU(2) quantum chromodynamics on the fuzzy sphere Emilie Huffman

conformal symmetry A, from ~15-dependence A, from R-dependence
10 [Spuuy V = 10.0, fitted to A, = 1.90] °
D8 R s S N R SO S-v vaur=9 P - S-Sy - S~
— 2.0
30 S 1
v\:: 20 = = exact conformal
— unitarity bound
10 - A,
a 6 Nyp=5
0 . © Nyp,=T
O Now =9
) [smn‘ V =120, fitted to A, = 1.11] 6~ Nop =11
40 5 ¢= Nowy= 13
19 —$— N =15
30 E 0.9 —— Now =17
8 =06 N —+= Ny =19
=20{ § To3 <106 4 Ny-21
N 0.0
10
0
0 2 4 6 0 2 4 6 8 10 0 2 4 6 8 10

Y12 %4 vV

Figure 2: The conformal correlator €4(y12) and the extracted scaling dimension Ay for (a—c) the Sp(10)
model and (d-f) the Sp(4) model. (a,d) The real-space correlator (9) G 4(y12) of the density operator n4
as a function of the angular distance y2, measured at (a) V = 10 and (d) V = 12. The dashed lines mark
the best-fit conformal 2-pt function. Insets of (a,d). The scaling dimension extracted through Eq. (10) as a
function of 1. The dashed line marks the best-fit conformal 2-pt function. (b,e) The scaling dimension A4
as a function of V extracted through y1,-dependence (11). (c,f) The scaling dimension A4 as a function of V
extracted through R-dependence (10). The dashed grid-line marks and the grey shade marks the finite-size
scaling result of Ay and its error-bar. The red grid-line marks the unitarity bound A = 1/2.

so a power-law fit of €4 as a function of R = N;r/bz directly gives Ag. This relies on

scale-invariance and not necessarily conformal symmetry.

The Ay measured through yi;-dependence is in general a function of angle >, parameter
V and system size R. As a quantitative check that the measured correlator exhibits conformal
symmetry, we first show that its value is approximately independent of |, over a wide range of
distances, with deviations appearing only in the short-distance region v, < 1 dominated by the
regulator (Figure 2a,d, insets). We find that in extracting Ay from Eq. (10), yi2 slightly smaller
than 7 empirically suffers from greater finite-size-effects and QMC statistical error than vy, that
are a bit further away from . From here, we fix yj2 = 77/9, where the finite-size-effects have
been empirically seen to be smaller. We examine the dependence of A¢, on V (Figure 2b,e). For
different values of V within the critical QCD phase, the extracted scaling dimension scales towards a
common value in the thermodynamic limit. Performing a finite-size scaling analysis across multiple
V values, we obtain Ag = 1.10(1) for Sp(4) and 1.75(2) for Sp(10). As an additional consistency
check, in the symmetry-broken phase this analysis yields 54, < 1/2 violating the unitarity bound.
From the alternative method based on R-dependence, the fitted scaling dimension A is consistent
with those extracted from y;2-dependence (Figure 2c.f).

These QMC calculations have the nice property that their computational costs depend only
weakly on the number N of flavors. Figure 3a illustrates this fact, with the QMC acceptance ratio
remaining close to flat with increasing N. Thanks to this advantage, we are able to access the model
at large N up to N = 16. For each N, we extract the scaling dimension Ay through Eq. (10), for
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details see [22]. With increasing NV, the results approach the large-N expansion (Figure 3b).

a. QMC Acceptance rate for Sp(N) Theories b. Ay for Sp(N) Theories
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Figure 3: (a) QMC acceptance rate as a function of N for Sp(N) theories with Ny, = 15. There is very
little reduction in acceptance even for N = 20. Error bars are smaller than the point size. (b) The scaling
dimension Ay as a function of N calculated from the conformal correlator. The dashed line is the large-N
expansion result [27].

Finally, because these simulations are on a sphere, we can make use of the CFT property of
state-operator correspondence to further verify conformal symmetry and extract scaling dimensions.
Each eigenstate of the Hamiltonian at the conformal fixed point has a one-to-one correspondence to
a CFT local operator. The state and the operator have corresponding Lorentz spin and representation
under global symmetry, and thus the excited energy is proportional to the scaling dimension

\%
Ep - Ey = EA(D (12)

where v is a model-dependent light speed. For quantum Monte Carlo, the excited states can be
accessed through the time-displaced correlation functions of the angular components of the density
operator no jo in certain representation O = S, A, T of the Sp(N) symmetry. At zero-temperature,
they can be expressed in terms of the spectral decomposition

CgO,l(T) = <(n0’1()(T))TnO’lo(0)> = Z |<q)0,l|n0,10|0>|2€_(E®_EO)T

where the sum is taken over the excited states |®p ;) in the O representation with Lorentz spin /.
To the leading order at large 7, the rate of the exponential decay yields the scaling dimension Ap ;
of the the lowest scaling operator in the corresponding sector

Go0.:/(T) = const. X e~ WIR)TAOL 4 subleading . (13)

The subleading terms encode other operators in the same representation with the same Lorentz
spin, e. g., certain descendants like d,,0"O; which have a higher scaling dimension and therefore
decay faster. In the anti-symmetric representation A, the lowest states are the primary ¢ and its
descendants 0! - - - 9* ¢. In the symmetric representation 7, the lowest states are the conserved
symmetry current J# and its descendants 9! - - - 9#-1 J#. Conformal symmetry thus predicts

AA,1=A¢+I, AT,l=1+l.
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Figure 4: The operator spectrum by state-operator correspondence for the lightest operators in each symmetry
sector as a function at different system size N. The data are extracted through the time-displaced correlator
for (a,b) the Sp(4) model at V = 6.0. Panel (a) plots the multiplet 3¢ of ¢ in the A sector; (b) plots the
multiplet 9'~'J of J in the T sector. (c) Equal-time data for Sp(4). It fits well to an exponential (black line).

Figure 4 illustrates the results for the Sp(4) theory. In Figure 4ab, we have scaled all energy
spectrum such that the lowest energy gap in the ¢ Sector is equal to 1.1 from the table in Figure 3.
The data approaches the CFT conformal multiplet predicted values as Ny, increases, an encouraging
consistency from the time-displaced data. In Figure 4c, we plot some representative data for a time
displaced correlation function to extract ¢ as well as an exponential fitting function. The errors are
small enough that the line is thicker than them. Here we see the very nice aspect of these fuzzy
sphere correlation functions that high-quality data is obtained even at scales as small as 10722

4. Conclusions

In these proceedings, we have defined on the fuzzy sphere a family of Sp(N) symmetric models
which correspond to SU(2) quantum chromodynamics (QCD) with N flavors of fermions in three
space-time dimensions. They are also a generalization of SO(5) deconfined quantum criticality at
N = 2. These fuzzy-sphere models are sign-problem-free and therefore accessible with large-scale
quantum Monte Carlo simulations. Moreover, they are well-suited to determinantal QMC due to
their SU(N) symmetry among the 2N microscopic flavors of fermions and thus many aspects of
the calculation are independent of the flavor number.

For N > 4, we find evidence for the phase diagram containing a symmetry-broken phase and a
critical QCD phase separated by a continuous phase transition. By computing real-space equal-time
correlators as well as time-displaced correlators that probe excited states, we identify signatures
of conformal symmetry in the critical phase, including conformal two-point functions and integer-
spaced conformal multiplets. From the conformal correlator, we extract the scaling dimension A4
of the leading operator in the rank-2 traceless anti-symmetric tensor representation, which serves as
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the order parameter for the phase transition. Because N enters the QMC formulation as a parameter

instead of the number of fermions simulated, we are able to reach up to N = 16. Our results on

the fuzzy sphere in the large-N are consistent with the perturbative large-N calculation. Finally,

our time-displaced data is consistent with the state-operator correspondence, another independent

check of the CFT phase. The reduced finite size effects of the fuzzy sphere setup lead to very nice
results close to the IR limit even at the small system sizes of Ny, = 5 to 21.
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