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One must exercise care in calculating entanglement entropy of gauge theories, because the local
Gauss’ laws prevent a tensor-product decomposition of the Hilbert space into spatial regions. In this
work, we study entanglement entropy in lattice SU(2) gauge theory using the loop formulation
together with the Casini-Huerta-Rosabal (henceforth, abbreviated as CHR) algebraic entropy
approach. The loop formulations involve a set of canonical transformations that trade the Kogut-
Susskind link variables and the local Gauss’ laws for the physical loop variables and a single
global Gauss’ law. Within this framework, we reformulate the CHR entropy directly in the
physical Hilbert space. We identify the regional algebras and the center, which, in the loop
formulation, is not generated by boundary-localized operators, but instead reduces to a global
Casimir of the regional algebra. This structure reveals that the area law of entanglement entropy
cannot be determined solely from the gauge constraints. The gauge constraints decompose the
reduced density matrix into superselection sectors, and the locality of correlations in the physical
states gives rise to the area law. Thus, the analysis separates the algebraic structure dictated by

Gauss’ constraints from the geometric origin of the area law.
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Entanglement entropy in SU(2) lattice gauge theory using a dual loop formulation S. Adarsh

1. Introduction

Entanglement entropy is an important measure of quantum correlations contained in quantum
field theory systems. For ordinary systems on the lattice, computing it is a straightforward exercise,
because the Hilbert space factorizes into

H =Hy ® Hy, ey

where Hy and H; are associated with regions V and its complement V. Thus, one could compute
the entanglement entropy by finding the reduced density matrix of the region V. However, gauge
theories require greater care than ordinary field theories, because the gauge constraints obstruct a
direct factorization of the Hilbert space into a tensor product. Any naive attempt to compute the
entanglement entropy of a gauge theory using the familiar method will fail.

Several approaches have been proposed to address the non-factorization of Hilbert space. One
that is particularly important for this work is the Casini-Huerta-Rosabal algebraic entropy approach
[1]. In this approach, entropy as associated with an algebra of operators supported in the spatial
regions. The algebra usually possesses a non-trivial center (that is, operators, not equal to the
identity, that commute with all elements of the algebra). The presence of a non-trivial center
decomposes the reduced density matrix into superselection sectors, and the entropy gets split into a
Shannon term, associated with the probabilities of these sectors, and a von Neumann entropy term
corresponding to the quantum probability within each sector.

Most analyses of the entanglement entropy have been carried out in the Kogut-Susskind link
picture. Because it is the local Gauss’ laws along the boundary that cause the non-factorization
of the Hilbert space, we have a boundary-local center, for example, the electric flux crossing the
boundary. While the idea is extremely useful, it leaves the local Gauss’ laws unsolved and obscures
the fact that the boundary-local centers arise naturally from the local Gauss’ laws. It also leaves the
center-choice (electric or magnetic) ambiguous. In addition to the CHR formulation, alternative
approaches to entanglement entropy in gauge theories include extended Hilbert space constructions,
edge-mode descriptions, and related frameworks [5—11].

In this work, we study entanglement in lattice SU(2) gauge theory using the loop formulation
[2—4]. The loop formulation involves a set of canonical transformations that solves the local Gauss’
laws at every site, and trades link variables for independent loop holonomies ‘W), and their conjugate
loop electric fields & (p), and what remains of the gauge constraints is only a single global residual
constraint. This allows us to formulate the problem entirely in the physical Hilbert space. We aim
to reformulate the CHR entropy after solving the local Gauss’ laws explicitly, in the loop picture and
see how the superselection sectors and the scaling of entanglement entropy arise in this framework.
Our main result is that, in the loop picture, the center reduces to a global operator, and hence, the
entropy scaling is determined by the locality of correlations rather than the gauge constraints.

2. A Brief Survey of Loop Formulation

We work on a finite spatial lattice in (2 + 1)-dimensions. The gauge group is SU(2). In the
usual Kogut-Susskind picture, the dynamical variables are the link variables U, associated with each
link ¢, and their associated left and right electric fields E¢ (7, 0) and E4(F + ¢, £), where 7 = (x, y)
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on the lattice, and ¢ can be { or 7 (that is, the horizontal or vertical unit vectors respectively). They
satisfy the following commutation relations.

a a

[Eil(F,é\),U[] :—% Uy [Ef(l—")+é, é\),U[] :Ug% )
Here, 0%’s are the Pauli matrices. Local Gauss’ laws impose gauge invariance. At site 7,

G(F) = ). (ES(F.i) + E<(7,1)) = 0. 3)

i=1,2

The canonical transformation converts the link variables to loop and string variables, denoted
by W and T, respectively. In terms of the link variables, the ‘W and T are given by

=[] ve [] ve
teyx(p) teyy(p) 4)
W, =T(F U, T (7).

where, for a plaquette p (with the bottom-left corner at 7 = (x, y)), the path y,(p) runs from (0, 0)
to (x,0) along the 7 direction, and 7y, (p) runs from (x,0) to (x, y) along the j direction,, and U,
is the ordered product of link variables around the plaquette p, taken counter-clockwise, with base
point 7.

The conjugate momentum E, corresponding to the string variables,

ES(F) = ) (BL(R0) + E4(FD) = G*(7), )

i=1,2

is the local Gauss’ laws at each point, and hence equal to zero. Also, writing the theory in terms
of the new variables naturally decouples the string variables completely. Thus, one can write the
theory in terms of the loop variables ‘W (p) and their conjugate electric fields ¢ (p) given by

ELp) == > Ra(S(p,5) EL(S: ). (©)
)

Fr—

the point 7}, on boundary of the lattice, and

In the above equation, y,_ ., denotes a path along the J-direction from the point 7" = 7 4+ + J to
N

S, ) =TE+ N Uginy || Ve ™

where the plaquette label p and 7 are related as already stated, U (7+}, 1) 1s the link variable corre-
sponding to the link in the 7 direction starting from the point 7 + J, and y;J )_)3 denotes a path along
the j-direction from the point 7" = 7 +i+ j = (x + 1,y + 1) to the site 5 = (x + 1,’). The new
variables obey the commutation relations

(B4, W) = =S WD) opg, (XD W@ = WP S 0p (®)
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The loop operators & allow us to identify a completely gauge-invariant basis. The only residual
gauge constraint is that at the origin, which now plays the role of a global constraint:

G =) (EX(p)+E(p)) =0. ©
p
Consequently, the loop formulation allows one to work directly in the physical Hilbert space, by
doing away with all the redundant degrees of freedom. For a detailed understanding of the loop
formulation, see [2—4].

3. Regional operator algebras and the center in the loop picture

In the loop picture, we could now treat the problem of entanglement entropy as a purely
algebraic one. We introduce the notation

J= Y B +E(p).  Teu= ) Ep)+E () (10)

pev pev

where &, (p) = (EX(p), E2(p), E3(p)), so that the Gauss’ law in Eq.
(9) reads Jin + Joxe = 0.

The next task is to bipartition the spatial region into an ‘interior’ region V and an ‘exterior’
region V, and to find the algebra of gauge-invariant operators local to each region. To specify
the regional algebra Ay and Ay, we note that we can have many choices. In the Kogut-Susskind
picture, the choices for the algebra Ay consist of all the gauge-invariant operators strictly supported
in V plus those generated by the electric flux operators (electric-center choice) or the magnetic flux
operators (magnetic-center choice) of the boundary. The boundary electric Casimirs and the
boundary Wilson loops form the centers for the two cases, respectively. Fig. 1 illustrates the spatial
bipartition and the center defined by J;ZH = fe%(t.

Each of these choices yields a different center Z(Ay ), and hence a different CHR decomposi-
tion. In conventional Kogut-Susskind link picture, it is the local Gauss’ laws along the boundary
that prevent the factorization of the Hilbert space. Hence, it forces one to choose a boundary-local
electric- or magnetic-center definition for the regional algebra. However, in the loop picture, all
local constraints are solved, and only a global constraint remains. Hence, a boundary-local center
is no longer a structural requirement nor a natural choice.

For the above reason, we choose the algebra Ay to be the one with the non-trivial center given
by

Z(Ay) = Ay N A, = {f(T2)} an

where A, denotes the algebra of all operators that commute with Ay, and { f (jnzlt)} denotes the
set of gauge-invariant operators generated by ‘71r21t With this operational definition, Ay consists of
all the gauge-invariant operators supported in the interior region V. This indicates the fact that,
after solving the local Gauss’ laws, the only operator that commutes with the full gauge-invariant
algebras of both the regions V and V is that generated by J:IZH This choice naturally arises from the
global Gauss constraint. Also, it does not raise ambiguity about the boundary operators.

One can see that the center given by Eq (11) does actually commute with all elements by noting
that J¢ + J¢

is the generator of the residual global gauge-transformation. Hence, it commutes
int ext
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Region V

No boundary-local center

Region V

jint = ZpGV g (p)

w(p')

|

l |
c ( / jext = Zpef/ g(p)
(

Global Gauss law : Jig + Juxe = 0

Figure 1: Spatial bipartition of the lattice into regions V and V in the loop formulation, where é( p) =
é+ (p) + & (p). The global generators fim and fext satisfy fim + fext = 0, and the center of the algebras are
defined by their Casimirs. Unlike the link formulation, no boundary-local center degrees of freedom arise.
(Note that the truncation of tails of the loop variables is for the sake of clarity.)

with all gauge-invariant operators. Now consider a gauge-invariant operator Oy supported in the
region V. By the above argument, [J.¢ + J%, Oy] = 0. But since, J 4, is supported only in the

int ext’ ext
region V, its commutator with Oy is trivially zero. Hence, [J.%, Oy] = 0. Consequently, ‘Iirzn also

commutes with Oy. Also, to see that jlﬁt is an element of the algebra Ay, note that Ay contains
all gauge-invariant operators supported in V. Hence, Jirzn, which is gauge-invariant, should be an

element of Ay. One can follow a similar line of argument for Jeit and make similar observations.

Now, by the global Gauss constraint, one can see that flﬁt = J2.. Thus, it emerges as the center for

ext’
both the regional algebras in the loop basis.

4. Superselection sectors and CHR entropy

Given the center of the algebras is generated by J2  the physical Hilbert space admits decom-

int’
position labeled by its eigenvalues,

Honys = D H, @ H. (12)
J

where j denotes the eigenvalues of flit and the corresponding multiplicities arise from the allowed
recoupling channels. The above decomposition follows from the fact that fnzn commutes with
both Ay and Ay, and the operators belonging to both the regions cannot change the value of j.

Consequently, the Hilbert space splits into superselection sectors labeled by {;}.
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When expressed in the eigenbasis of the J:rzn, the density matrix becomes block diagonal, and
hence, the reduced density matrix of the region V takes the form

pv=EPriny (13)
J

where p; is the probability of the sector labeled by j, and pg )

sector. One can find the CHR entropy of the state corresponding to the spatial bipartition as

is the density matrix within the

Sov) ==, pjlnp;+ > piS(py). (14)
J J

The first term is the classical Shannon entropy associated with the probabilities of the superselec-
tion sectors, and the second term corresponds to the average von Neumann entropy within each
superselection sector.

The block decomposition given in Eq. (13) and the probabilities p; in Eq. (14) can be obtained
from a density matrix p using the idea of group-averaging that projects onto the physical Hilbert
space. The projector P that projects onto the invariant subspace is given by integrating U(g) over
the gauge-group,

PG = / dg U(g) (15)
SU2)

where U(g) is the unitary implementing the global gauge transformation g. One can see that Pg
indeed produces gauge invariant states:

U(h) PG ) = / dg U(HU(g) |v) = / dg U(hg) [v)

SU2) SUQ) (16)

- / dg' U(g') ) = PG ).
SUQ)

The second line in Eq. 16, follows from the left-invariance of Haar measure.

P also induces a block-diagonal structure on the density matrix p. To see that, first we write
the state p in the eigenbasis of the operator jlﬁt The action of Pg imposes global gauge invariance,
which requires that (fim + jm)z = 0. This implies that both the regions V and V must have matching
representation labels. So, the physical Hilbert space decomposes as Hypys = €P j 7-(‘(/ ) ® 7-(‘9 ),
Moreover, since all operators in Ay commute with fifn, they cannot mix the different sectors, and
the reduced density matrix acquires a block-diagonal structure.

5. Entropy scaling and the role of locality

We have identified the regional algebras and the center. Now, we will discuss its implications
for the scaling of entanglement entropy. In the loop formulation, the entropy is split into a Shannon
piece, which encodes the entropy of the superselection sectors, and a von Neumann piece, which
encodes the quantum correlations within each sector. The sectors are labeled by the eigenvalues of
the operator jnzlt However, since J—lit is global to the interior region V, and not local to the boundary
of the spatial bipartition, the number of sectors does not grow with the size of the boundary. Hence,
it does not, by itself, lead to the natural area-law scaling [12, 13].
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Consequently, the origin of the area law must be sought in the structure of correlations in
physical states. In lattice gauge theory, correlations between gauge-invariant operators exhibit
exponential clustering. That is, given two gauge-invariant operators O(x) and O(y), the correlation
between the two behaves as

(0(x) O(y)) = (O(X)NO(y)) ~ e "%, (17)

where r is the distance separating the two points x and y, and £ is the correlation length that depends
on the mass gap of the theory. Since SU(2) lattice gauge theory in (2 + 1)-dimensions is gapped,
the correlations decay exponentially.

This finite correlation length between gauge-invariant operators in the physical state has sig-
nificant consequences for the scaling property of entanglement entropy. Operators far from the
boundary of the bipartition will have negligible correlations with operators deep in the complemen-
tary region. Hence, they make a negligible contribution to the entanglement entropy associated
with the bipartition. In other words, only operators whose support lie within a distance of the order
of ¢ from the boundary will have any significant contribution to the entropy. Thus, the number of
degrees of freedom that effectively contribute is proportional to the number of boundary plaquettes,
leading to the familiar area law

S~ |oV]. (18)

Using the loop formulation, the roles of gauge invariance and local correlation are made distinct.
The gauge-invariance determines the allowed sector decomposition of the reduced density matrix,
and the locality of correlations determines the area scaling of the entropy. (At this point, we
emphasize that this argument crucially relies on the presence of a mass gap in the theory.) Hence,
the algebraic structure imposed by the gauge constraints and the origin of the area law arise from
distinct mechanisms.

6. Discussion, interpretation, and outlook

In this work, we study the CHR algebraic entropy of SU(2) lattice gauge theory in (2 + 1)-
dimensions using the canonical loop formulation. We present the canonical transformation as a
convenient tool to identify the physical loop degrees of freedom and their corresponding electric
flux operators. It solves the local Gauss’ laws and leaves us with a single global Gauss constraint.
The advantage of this procedure is that, unlike in the link description, we do not have to introduce
auxiliary edge modes in the analysis [5—7].

We identified the algebra of the spatial bipartition and the center. Unlike in the link picture,
the center is generated by Casimir operators that are global to the region V, rather than being local
to the boundary. Hence, the superselection sectors emerge from a global operator, and the Shannon
term in the entropy does not scale with the boundary size. We conclude that this analysis clarifies
that the scaling of the entanglement entropy does not arise from solving the Gauss’ law. Instead,
the area-law behavior is naturally associated with the locality of correlations in physical states.

There are several directions to take for conceptual clarity. A small-lattice analytic computation
will reveal how the conflict between the scaling of entanglement entropy and the gauge symmetries
takes shape. One could extend the analysis to thermal or excited states to clarify the role of



Entanglement entropy in SU(2) lattice gauge theory using a dual loop formulation S. Adarsh

long-range correlations in modifying the interplay between gauge invariance and locality in the
computation of entanglement entropy.

On the whole, the loop formulation provides a natural setting for constraint structure and the
correlation structure, thereby providing a clearer understanding of entanglement in non-Abelian
gauge theories. The construction of the projectors in Pg onto the physical Hilbert space and the
superselection sectors may be of interest to other lattice practitioners working on simulations. We
hope that this perspective may be helpful for both analytical and numerical studies of entanglement
in non-Abelian lattice gauge theories.
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