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1. Introduction

The problem of quark confinement has inspired many important developments in quantum
field theory over the past several decades. One important idea that has emerged is the notion
of 1-form symmetry, which allows for the characterization of confinement as a phase of unbroken
symmetry [1-3]. For SU(N) gauge theory with adjoint-representation matter, this 1-form symmetry
is Zy, and historically has gone by the name ‘center symmetry.” While QCD itself does not have
such a symmetry, being explicitly broken by the presence of dynamical quarks in the fundamental
representation, it is safe to say that understanding systems with Zx 1-form symmetry should go a
long way towards understanding confinement.

The confinement problem has also motivated the study of extended topological excitations in
quantum field theory, and many popular confinement mechanisms that have been proposed involve
the proliferation of some such excitations. Indeed, in the *70s and ’80s, the predominant picture
of confinement was that of ‘dual-superconductivity,” where the condensation of solitonic magnetic
monopoles in the vacuum drives the expulsion of the electric field by the ‘dual Meissner effect’
[1, 4-7]. This picture is reinforced by the fact that Higgs regimes of SU(N) gauge theory with
adjoint scalar matter, where the low energy dynamics is that of Abelian gauge theory, admit classical
magnetic monopole solutions. In three dimensions, monopoles are instanton-like objects (points in
spacetime), and Polyakov [5, 8] showed that they are generically relevant, leading to mass generation
and confinement. In four dimensions, a similar thing happens if monopole-particles condense [9—
11]. The theory can then be cast in electric-magnetic dual language, with monopoles described by
elementary scalar fields. Static electric charges are then connected via Abrikosov—Nielsen—Olesen
strings, making confinement manifest.

There is, however, a competing picture of the confinement mechanism in which the primary
agents are not monopoles but center vortices [1, 12, 13]. These are objects with codimension-2
worldvolumes, and their linking with Wilson loops are accompanied by Zy phases. The basic
idea behind the center vortex mechanism is that if such objects proliferate, then Wilson loop
averages are saturated by wildly oscillatory contributions, leading to the rapid (exponential) decay
of Wilson loop averages with the minimal area of the loop. Another reason one might expect
center vortex proliferation to drive confinement is by analogy to the mechanism by which discrete
O-form symmetries are restored. When a discrete O-form symmetry is spontaneously broken,
domain walls exist as heavy excitations. As one tunes parameters to restore the symmetry, these
domain walls become light and proliferate. Thus, the unbroken phase of the O-form symmetry
may be characterized by the proliferation of domain walls. Center vortices are meant to be for
center symmetry what domain walls are for discrete O-form symmetry — they are heavy when the
center symmetry is spontaneously broken, and their proliferation ostensibly signals the restoration
of center symmetry and hence the onset of confinement.

Unlike the monopole scenario, however, there is no analytical treatment of the center-vortex
scenario exceptin 2D [14]. Our understanding of center-vortex effects is based primarily on heuristic
arguments and numerical studies (see [15-22] for an incomplete list of references). It is therefore

IThis is not to say that confinement has no meaning in theories with fundamental matter such as QCD — a perspective
which is sometimes conflated with the absence of 1-form symmetry. Confinement in QCD is the statement that there are
no asymptotic quark states.
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desirable to find new methods that allow us to study vortices and their relation to monopoles in a
reliable analytic fashion.

In this article, which is based on [23], we present a framework that allows us to understand the
precise roles of both center vortices and magnetic monopoles in determining the phases of systems
with Zy 1-form symmetry. In fact, we will arrive at this understanding by considering the more
general question of determining the generic phases of arbitrary systems with Zy 1-form symmetry,
and we will see that vortices and monopoles appear naturally in the analysis. Our main conclusion
is that in four dimensions the generic phases are given by the following behaviors:

(a) Higgs phase < neither vortices nor monopoles proliferate.
(b) Confinement phase < both vortices and monopoles proliferate.
(¢c) Coulomb phase < vortices proliferate but monopoles do not.

In particular, we see that while proliferation of center vortices is a necessary condition for confine-
ment, it is not sufficient.

2. 4D Zy lattice gauge theory

Before proceeding with the general analysis, it will be helpful to consider the case of 4D Zy
lattice gauge theory as a concrete example. The Zy lattice gauge theory is to Zy 1-form symmetry
what the Ising model is to ordinary Z, symmetry; it is the simplest possible model in which Zy
1-form symmetry is realized, and moreover, it is the simplest setting in which center vortices exist.

The standard formulation of Z lattice gauge theory is given by the Wilson-type action

Sw =P {1 -cos(da),} (1)
p

where a; are link variables® valued in ZW”Z. For strong coupling 8 — 0, this theory clearly
confines, while for weak coupling 8 — oo, the theory is topological. A unit center-vortex is
a configuration where for some closed surface ¥ on the dual lattice, we have (da) p = -_O-ZW” if
p € x££, and (da) p = Ootherwise. Clearly, any Zx gauge field configuration can be thought of as
a superposition of center vortices, and the strong coupling confining regime is one where vortices
proliferate while the weak coupling topological regime is one where vortices are heavy.

However, it is known analytically for N sufficiently large [24-26], and confirmed numerically
for N > 5 [27], that a Coulomb phase exists for an intermediate range of . This is puzzling if
one thinks that center vortices are the only objects in the game. However, they are not. N vortices
can meet a junction, and these junctions can be identified as monopoles. As we will now show,
the Coulomb phase is the result of simultaneous proliferation of center vortices and suppression of
magnetic monopoles. The argument will consist in establishing a duality with a U(1) lattice gauge
theory, where the existence of a Coulomb phase is manifest.

2y, p,c denote oriented links, plaquettes, and cubes. For variables v, on r-cells o,, we write (dv),,,, =
Yoy edoy,, Vor» With the understanding that v_g, = -V,

3The dual of an r-cell o in the original lattice, denoted %07, is the unique (d —r)-cell in the dual lattice that intersects
o at a point, with an appropriate orientation. The dual of a cell in the dual lattice is similarly defined.
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We will actually work with Villain-type formulation of the Z lattice gauge theory, which
consists of variables a; € ZW”Z on links and m, € Z on plaquettes with the action given by

Sy = /; > 1(da), + 27m,|* 2)
p

This action agrees with the Wilson action for large S, but we expect both formulations to exhibit
the same phases. The advantage of the Villain formulation is that the presence of monopoles is
manifest, the magnetic current being (dm)..

To isolate the effect of vortices from that of monopoles, we first construct a situation where
monopoles are completely eliminated. Thus, we introduce continuous Lagrange multipliers d.. on
dual links that effect the vanishing of the magnetic current, (dm). = 0. The result is a so-called
modified Villain action [28, 29]:

Smv = gzpl |(da), + 27Tmp|2 -1 Zp: mp(da).p ®)

We now wish to determine the phase of this system for small 8, where center vortices are certain
to proliferate. We can answer this question immediately by performing Poisson resummations over
the m, to obtain the dual action

1
812

Smv = D 1(da)ep + 2 +1 ) (da) ity )
P P

where the 71, are new integer variables on dual plaquettes. This is again a modified Villain action,

but now for a U(1) gauge theory. Now, d plays the role of a U(1) gauge field, whereas a serves as a

Lagrange multiplier that constrains the dual magnetic current d to be multiples of N. Thus, this

dual theory describes a U(1) gauge field coupled to monopoles of charge N.

Now, in the U(1) description, 8 corresponds to the gauge coupling, and if it is sufficiently
small, the vacuum is surely in the Coulomb phase. But as we have already said, small 3 in the Z
description is the regime where center vortices proliferate. This proves that in the complete absence
of monopoles, the Coulomb phase arises when center vortices proliferate.

We now wish to argue that the Coulomb phase persists if monopoles are present but given a
large bare mass, e.g., by adding to Sy the term u 3. | (dm).|?
monopoles absent, we had a U(1)!'! symmetry under shifts @ — a + @ with d&@ = 0 mod 27. [In

. To see this, note that previously, with

fact, this symmetry participates in a mixed anomaly with the Zy center symmetry, which already
precludes a trivially gapped confinement phase.] With monopoles now present, this U(1)[! is
explicitly broken but should emerge at low energy if monopoles are sufficiently heavy. In the dual
description, this explicit breaking of U(1)['] symmetry corresponds to coupling the gauge field d to
heavy electric matter.* The presence of heavy electric matter in a U(1) gauge theory cannot change
the fact that there is a Coulomb phase for sufficiently weak coupling. We therefore conclude that
the Coulomb phase persists even when monopoles of the original Zy description are present.

One can also ask if suppression of an appropriate monopole current in the Wilson-type Zy
model will produce a robust Coulomb phase as in the Villain model. Monopole currents for

“In the Villain formulation, the term u 3" |dm|? may be exactly dualized to a term proportional to u~! 3 |d ¢ +275+a|?,
where ¥ is a continuous field on dual sites and § is an integer field on dual links.
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Wilson-type U(1) gauge theory have been extensively used in the *80s [30-32], and the definition
should carry over to Wilson-type Zy gauge theory. This question was pursued in [33], where it
was numerically confirmed that monopole suppression in 4D Wilson type Z lattice gauge theory
produces the Coulomb phase.

3. Deformations of BF theory

We now wish to present a more general framework to analyze the generic phases of theories
with Z 1-form symmetry. In order to make our points transparent, we explicitly assume: (i) exact
ZE\}] symmetry> and time-reversal invariance, without any mixed or pure ’t Hooft anomalies; (ii)
exact or IR emergent Poincaré symmetry, which does not get spontaneously broken.

Our starting point is the assumption that the microscopic system we are dealing with is gapped
and spontaneously breaks the Zy 1-form symmetry. We then wish to determine the generic phases
of the system, by which we mean all phases that can be reached by any sequence of symmetry-
preserving deformations involving either the tuning of relevant parameters or the coupling to heavy
degrees of freedom following the idea of the “deformation class” [34].°

For a gapped phase of spontaneously broken Z 1-form symmetry, the deep infrared description
is provided by a topological field theory known as BF theory, which is given by the (Euclidean)
Lagrangian

iN
Lpr=-—>bAda 5)
2n

where a and b are 1-form and (d — 2)-form gauge fields, d being the spacetime dimensionality.
This model has the following symmetries:

zia—a+a  (da=0, facZy) 6)
2V b »b+p (dB=0, §BeLy) )

Note however that the BF theory actually has more symmetry than we assumed microscopi-
cally; namely, it has an emergent 25\7—21 symmetry. Before we can conclude this symmetry really
emerges, we should explicitly break it in our infrared description. To this end, we introduce dy-
namical objects charged under the gauge group of b. These objects necessarily have worldvolumes
V of codimension 2, and introduce into the path integrand a factor exp(i fv b). Since the corre-
lation function {exp(i fv b) exp(i /c a)) in the BF theory gives exp{i %” Link(V, C)}, we naturally
interpret these objects as center vortices, this being the defining property of such objects. Note that
invariance under gauge transformations b — b + dw requires that the vortex worldvolume V be
closed.

By introducing dynamical vortices, however, we actually gain an additional nonmicroscopic
symmetry, a ‘magnetic’ U(1)[473] symmetry associated with the closedness of da when d > 3,
and by the same logic used above, we should explicitly break this too. To understand this, note that
before we introduced dynamical vortices, no magnetic symmetry was present because the would-
be objects charged under this symmetry, monopoles of a, also carry gauge charge coupled to b.

5GPl denotes a p-form symmetry group G.
SFor instance, in continuum, pure SU(N) gauge theory can be deformed to Zy gauge theory by introducing two
heavy adjoint scalars and then subsequently tuning parameters to Higgs the SU(N) gauge group down to Zy .
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Indeed, consider a monopole configuration, d(da) = 2n6[M], where 6[ M ] is a 6 3-form supported
on the monopole worldvolume M. This configuration is not invariant under gauge transformations
b — b + dw, its action shifting as Spr — Spr + IN /M w. Nevertheless, this gauge noninvariance
can be compensated if the monopole worldvolume M lies on the junction of N vortex worldvolumes.
In other words, monopoles are gauge-invariant if attached to the junction of N vortices’ which is
why U(1)1473) becomes a genuine global symmetry once dynamical center vortices are introduced.
Again, since this magnetic symmetry is nonmicroscopic, it should be explicitly broken. We do this
by coupling dynamical monopoles to the system.

Note that since monopoles are attached to vortices, monopoles are heavy whenever vortices
are. Therefore, there is no phase where monopoles proliferate but vortices do not. This explains
the three phases (a), (b) and (c¢) discussed in the introduction.

We now consider the cases d = 2, 3,4 separately and discuss the various phases that generically
arise.

3.1 Two dimensions

In 2D, vortices are instantons and monopoles do not exist; the BF theory has ZE\}] X Z][\?]

symmetry. The coupling to vortices is accomplished by adding the operators exp(+ib) to the BF
action; this indeed explicitly breaks the Zg\(,)] symmetry under b — b + ZW” The resulting effective
Lagrangian is therefore

Lzﬂbda—zgcosb ®)
2m

We now see that the assumption of spontaneously broken ZE\;] is not robust. Indeed, as pointed
out in Ref. [39], in 2D the perturbation by the generators of the ZE\I,] symmetry is relevant (since
topological operators have scaling dimension 0) and generically restores ZE\}] (confinement). This
can also be seen by explicitly computing Wilson loop averages and observing the area law.

3.2 Three dimensions

In 3D, vortices are particles and monopoles are instantons; the BF theory has Z][\;] X Z][\}]
symmetry. To break the nonmicroscopic Zl[\l,], we introduce a complex scalar field ¢ (associated
with vortex-particles) with unit gauge-charge coupled to b, and add to the Lagrangian®

1
L1 = ——Idb* +|(d - ib)p|* + ... )
2g

(Our assumption of time-reversal prohibits Chern—Simons terms.) Having done this, however, we
gain a magnetic U(1)!%) symmetry associated with the closedness of da. Indeed, as explained
above, the monopole operator of a, denoted M, (x), carries gauge charge N coupled to b. Therefore
the BF theory does not have magnetic U (1)!%), as the charged operators are not gauge-invariant.
The inclusion of ¢, however, allows the formation of the composite operator M, (¢*)", showing that

7"Related observations have been made in many works including [1, 18, 35-38].
8Kinetic terms for all fields are always generated. While they are irrelevant relative to the BF term, being higher in
derivatives, we include them because they can be dangerously irrelevant.
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gauge-invariant operators charged under U (1)!% now exist. This U(1)[°! being nonmicroscopic,
we further add to the Lagrangian

L = leal2 + (M (¢")N +cec. (10)
2¢2

The deformed theory defined by the Lagrangian £ = Lpr + L1 + L5 has only the Z%] symmetry
assumed microscopically.

We now examine the phases of the deformed theory. If ¢ is heavy, then upon integrating it
out, the deformations £ and £, both drop out, and we return to the BF theory (Higgs phase). If
¢ condenses, however, then b becomes heavy, and the BF term drops out instead. The effective
Lagrangian then becomes

L— L|da|2 + (YN M, + c.c. (11)
2¢e?

which describes a pure U(1) gauge theory perturbed by monopole operators. As Polyakov showed
[5, 8], these monopole operators are relevant and lead to a phase of unbroken ZE\}] (confinement).
Note that a Coulomb phase cannot generically arise unless magnetic U (1) is microscopic, forbidding
the inclusion of monopole operators in the effective Lagrangian.

3.3 Four Dimensions

Our discussion here will be qualitative, as we have considered 4D Z  lattice gauge theory above
as a concrete illustration. In four dimensions, vortices are strings and monopoles are particles; the
BF theory has ZE\}J X ZI[\?J symmetry. As in d = 2,3, to explicitly break the nonmicroscopic
ZEVZ], we introduce dynamical vortices carrying unit gauge-charge coupled to b. As in d = 3, this
introduces an unwanted magnetic U(1)!'!, which we then explicitly break by introducing dynamical
monopoles of a attached to N-fold junctions of vortices.

Let us now examine the phases of the resulting deformed theory.

(a) If vortices are heavy, then monopoles are heavy too, being always connected to vortices. So
integrating out vortices and monopoles, we return to the BF theory (Higgs phase). One can
also characterize this phase by the emergence of Zz[\?] symmetry.’

Next, suppose vortices proliferate. Then b gets Higgsed, and so the BF term drops out. Then:

]

(b) If monopoles condense, then ZE\; is unbroken (confined phase). This phase has no emergent

symmetries and anomalies.

(c) If monopoles are heavy, then a magnetic U(1)!!] symmetry for a emerges in the IR. At the
same time, the fact that the BF term is trivial implies that the ‘electric’ Zz[\}] symmetry we
started with enhances to U(1)!!']. These electric and magnetic 1-form symmetries have a
mixed anomaly, which can only be satisfied by the existence of a massless photon.

9The emergence of 1-form symmetry is a subtle issue, but Ref. [40] points out that it is robust when the would-be
emergent symmetry spontaneously breaks or participates in a mixed anomaly, as is the case here and everywhere else we
speak of emergent 1-form symmetry.
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4. Outlook

We have developed a general qualitative framework for understanding the roles of center
vortices and magnetic monopoles in determining the phases of arbitrary systems with Zy 1-form
symmetry. As a byproduct of our analysis, we have come to an important conclusion about the
dynamics of confinement — that center-vortex proliferation alone cannot be the sole mechanism.
The analytical discussion here of 4D Zy lattice gauge theory (and the numerical work of Ref. [33])
gives no doubt of this.

Nevertheless, we are ultimately interested in understanding the confinement mechanism of
gauge theories of the Yang-Mills type. It would interesting, and important, to see if it would
similarly be true in pure SU(N) lattice gauge theory that monopole suppression would enable the
appearance of a Coulomb (or gapless) phase. This is left for future investigations.
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