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We revisit the proposal that colour confinement is related to the dynamics of magnetic monopoles
using methods derived from Topological Data Analysis, which provide a mathematically rigorous
characterisation of topological properties of quantities defined on a lattice. After introducing
homology, we discuss how this concept can be used to quantitatively analyse the behaviour of
Abelian monopoles identified through the Maximal Abelian Projection across the deconfinement
phase transition of SU(3) Yang-Mills. Specifically, we define an observable called “simplicity”,
which measures the number of connected components over the number of topologically non-trivial
loops in a current network. A finite-size scaling analysis of the ensemble-averaged simplicity of
Abelian magnetic monopole currents provides the expected value of the critical coupling with an
accuracy that is generally higher than that obtained with conventional thermodynamic approaches
at comparable statistics. Initial results for QCD are also discussed.
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1. Introduction and motivation

The absence of fractionally charged states in the asymptotic spectrum of Quantum Chromo-
dynamics (QCD) — colour confinement — remains one of the most pressing open problems in our
understanding of non-Abelian gauge theories. Lattice gauge theory continues to be among the most
reliable frameworks for first-principles investigations of the phase structure of QCD (see Ref. [1] for
a recent review). The commonly accepted scenario is that QCD has a confined and chirally broken
regime at lower temperatures, and a quark-gluon plasma regime with chiral symmetry restored at
higher temperatures. Recently, suggestions have been put forward that an intermediate region might
exist in which chiral symmetry is restored while the system still displays confining features, see, e.g.,
Refs. [2—7]. Whether the boundaries of such an intermediate regime correspond to genuine phase
transitions, and what their order is, can only be settled by an order parameter sensitive to the degrees
of freedom that drive the dynamics.

A long-standing proposal identifies these degrees of freedom with magnetic monopoles
condensing in the confining vacuum [8, 9], with the Abelian projection providing a convenient
methodology to identify them [10]. On the lattice, this identification often employs the DeGrand
and Toussaint proposal [11]. Magnetic charges in the projected theory organise themselves into
closed current loops on the dual lattice, and a wealth of numerical evidence has accumulated for their
relevance to the deconfinement transition (see, for instance, [12—14] and references therein). A robust
order parameter built from these excitations that is free from lattice artefacts, accurate at moderate
statistics, and applicable in the presence of dynamical fermions has so far remained elusive. A key
obstacle is the intrinsically topological nature of monopole excitations, which is difficult to expose
on a discrete lattice. Topological Data Analysis (TDA) has emerged in computational topology as a
rigorous and robust methodology to characterise exactly topological features of discrete data, and its
applications to field theory and statistical mechanics are growing rapidly (see, e.g., Refs. [15, 16] for
recent work in this line of studies).

In this contribution, based on Ref. [17], which in turn builds on the earlier compact U(1)
studies of Refs. [18, 19], we use TDA tools to construct a phase indicator! and test it in SU(3)
Yang-Mills. The remainder of the write-up is organised as follows. Section 2 discusses Abelian
monopole currents in the Maximal Abelian Gauge. Section 3 constructs the topological observable —
the simplicity — as a ratio of Betti numbers of current graphs and discusses its properties in the two
phases. Section 4 summarises the numerical setup and Section 5 reports our results. We conclude in
Section 6 with an outlook that includes preliminary work towards full QCD.

2. Abelian monopoles in SU(3) Yang-Mills

We discretise SU(3) Yang-Mills theory on a four-dimensional Euclidean lattice of size N x N,
with periodic boundary conditions, using the standard Wilson action

s=py > [1—§ReTrUW(i) , (1)

i pu<v

'We use this term over order parameter as the interpretation of our quantity in terms of the underlying symmetry is not
immediate.
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where 8 = 6/g2, the U, (i) € SU(3) are link variables and U,,, (i) is the plaquette. The temperature
of the system is 7' = 1/[a(B) N;], with a(B) the lattice spacing. The infinite-volume limit at fixed
N; is obtained by sending Ny — oo, and larger values of N, result in finer lattice spacings at fixed
temperature.

The identification of Abelian monopole currents proceeds via an Abelian projection: an operator
transforming in the adjoint representation is diagonalised at each site and its eigenvalues are ordered,
leaving a residual U(1)N~! gauge symmetry. For SU(3) this exposes two species of monopoles.
We work in the Maximal Abelian Gauge (MAG), in which gauge-invariant magnetic excitations are
believed to overlap maximally with the projected ones [13]. Following Ref. [14], we define

b OEDY [Uﬂ(i)iuj;(i) FULG - AU G- |, 1=diag(1,0,-1), )
u

and select the gauge in which X (i) is diagonal at every site, equivalent to maximising

Fnc(U.9) = 3 t|¢() U 8"+ ) (i +0) UL g (1) ] 3)
J7R8

over the gauge transformations g. The MAG-fixed links are then projected over SU(3) diagonal
matrices diag(e’?, e 1(91792) | ¢=102) with the angles 6, and 6, identifying the two monopole species.
The DeGrand-Toussaint prescription [11] then assigns to each species an integer-valued current
m,(j) € {0, +1,£2} on the dual lattice A*. By construction these currents are conserved at every
dual site — the total charge entering a site equals the charge leaving it — so they cannot terminate
and must form closed loops. Throughout this work, in line with Refs. [14, 19], we analyse the
union of the two species on an equal footing, having verified that the two species individually yield
statistically compatible results.

3. From current topology to the simplicity

For a given configuration, the set of dual links carrying a non-zero monopole current,

G ={(; ) : mu(j) # 0}, )

is naturally interpreted as a graph, whose vertices are the endpoints of the occupied links and whose
edges are the links themselves. With H;(G) the i-th homology group of G, two topological invariants
characterise the structure of the current network quantitatively:

* the zeroth Betti number by = dim Hy(G), equal to the number of connected components of G;

e the first Betti number b = dim H(G), equal to the number of independent loops of G, i.e.
the number of edges left over after contracting a spanning forest of G.

Operationally, b and b can be computed efficiently with the GUDHI library [20]; further algorithmic
details can be found in Ref. [18].

The behaviour of these two quantities averaged over ensembles at fixed temperature across
the deconfinement transition is sketched in Fig. 1. At strong coupling (low temperature) large
entropic fluctuations are favoured, and a typical configuration features a single percolating component
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(a) Strong coupling (confined phase): one large (b) Weak coupling (deconfined phase): a dilute gas
percolating component carrying many independent of short, simple loops with by ~ bj.
loops, so that by ~ 1 and b > 1.

Figure 1: Representative Abelian monopole current networks on the dual lattice, expected from SU(3)
configurations on either side of the deconfinement transition. In the confined phase (a) the network is
dominated by a single large, heavily looped component; in the deconfined phase (b) the Boltzmann suppression
of long currents leaves a dilute collection of short, minimally looping components.

supporting many loops (bg ~ 1, by > 1); at weak coupling (high temperature) the Boltzmann weight
suppresses large structures and the network reduces to a dilute gas of small, minimally-looping
clusters (bg ~ b). In Ref. [19] the densities

_ (bo) _(bn)

= Lo =Y 5
£0 N P1 g (5)

and their susceptibilities xp, y1 were shown to be sensitive to the transition, with susceptibility peaks
located at a pseudo-critical coupling 3. (Ny, N;) that, at fixed Ny, scales as

Be(Ng,Np) = Be(Np) + ot (©)
NS
the leading inverse-volume correction expected at a first-order transition. These results established
a clear connection between the topology of the current graphs and deconfinement, but did not by
themselves provide an order parameter.
Following the intuition represented in Fig. 1 we construct an order-parameter like observable
combining the two Betti numbers into a single dimensionless observable, the fopological simplicity

_[bo
a_<b1>. )

The instantaneous ratio bg /b is the reciprocal of the number of homologically independent loops
per connected component — the latter is sometimes called the complexity, and is at least 1, so that
bo/by € (0, 1]. At fixed N, and in the thermodynamic limit, 2 — 0 in the confined phase, where a
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Figure 2: Sketch of the expected behaviour of the topological simplicity A as a function of the reduced
temperature 7'/T, in the thermodynamic limit. The simplicity vanishes in the confined phase, approaches
unity in the deconfined phase and, at a first-order transition, jumps across 7. At finite volume the jump is
smoothed into a steep rise, and the associated susceptibility develops a peak at 7. whose height grows with
the volume.

single percolating component carries an extensive number of loops, while 4 — 1 in the deconfined
phase, where almost every component is a single loop. Across the transition A rises sharply from 0
to 1, as sketched in Fig. 2.

The sensitivity of A to the transition is quantified by its susceptibility

Xa :v(<(g_?)2>_<g_?>2) V=N, ®)

which we expect to display a peak at the pseudo-critical coupling 8. (N, N;) obeying the scaling
law (6).

4. Numerical setup

We have simulated SU(3) Yang-Mills at three temporal extents N; = 4, 6, 8, each at five spatial
extents respecting Ng/N,; > 4, over a window of 8 values strategically placed around the critical
region known from Ref. [21]. Configurations are generated with a composite update made of one
heat-bath [22] sweep followed by four over-relaxation sweeps; the first 10 000 composite updates are
discarded for thermalisation and measurements are separated by 2 000 composite updates to suppress
autocorrelations. Random numbers are produced with the RANLUX generator [23]. The ensemble
parameters and the number of measured configurations Npeys per S value are summarised in Tab. 1.

For each configuration we fix the MAG by maximising Fyac with an over-relaxed iterative
procedure, identify the two Abelian projected gauge fields, and extract the corresponding monopole
currents on A*, from which we build the current graph G and compute by and b;. Thermal
expectation values are estimated as sample means. The position of the susceptibility peaks is
determined from the densely interpolated curves obtained by Ferrenberg-Swendsen multi-histogram
reweighting [24], with statistical errors propagated through a bootstrap with Nyg = 2 000 resamples
on effectively decorrelated subsamples of size fof = | N;/7:], 7; being the integrated autocorrelation
time at ;.
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N; Ny ﬁmin ,Bmax Nﬁ Nmeas

4 16,20,24,28,32 5.6600 5.7200 15 600
6 24,30,36,42,48 5.8100 5.9300 12 600
8 32,40,48,56,64 6.0350 6.0800 12 400

Table 1: Parameters of the lattice ensembles analysed in this work. For each (N;, Ny) pair, Npyeqs configurations
are recorded at each of Ny equally spaced values of B in [Bmin, Bmax]-
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Figure 3: Simplicity A (left) and its susceptibility y, (right) as functions of 8 for N, = 8 at five spatial
volumes, in the neighbourhood of the deconfinement transition. Translucent lines guide the eye. The vertical
red line and band show the central value and the 10~ band of 5. at N; = 8 from the Polyakov-loop susceptibility
of Ref. [21].

5. Results

Our results for the simplicity at N; = 8 are reported in Fig. 3. The left panel shows A as
a function of S in the critical region: it rises monotonically, with a slope that steepens with the
spatial volume and that, in the infinite-volume limit, is expected to become the sharp jump hinted
in Fig. 2. The right panel shows the corresponding susceptibility y,, which develops a clear peak
in the critical region whose height grows and whose width shrinks as N increases — precisely the
behaviour expected of an extensive observable at a first-order transition. Fully analogous behaviour
is observed at N; = 4 and N; = 6 (not shown here; see Ref. [17]). The vertical band in both panels
marks the literature value of 8. at N; = 8 obtained from the finite-size scaling of the Polyakov-loop
susceptibility [21], with which our peak positions are fully consistent.

The volume scaling of the position of the peak of y, is shown in Fig. 4 for the coarsest (N; = 4)
and finest (N, = 8) lattices analysed, the case N; = 6 being entirely analogous. At each N; we fit the
data with the scaling law (6) and with a 1/N® (i.e., quadratic in the spatial volume) correction, over
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Figure 4: Infinite-volume extrapolation of the position of the peak of y, at fixed N;, shown for the coarsest
(N; = 4, left) and finest (N, = 8, right) lattices analysed. Blue triangles are the bootstrap estimates of
Bc(Ng, Ny); dashed curves are individual polynomial fits in 1/ N?; the red circle is the AIC-weighted infinite-
volume estimate. The horizontal line and band give the corresponding determination of B.(N;) from the
Polyakov-loop susceptibility [21].

various fitting windows obtained by discarding the smallest volumes in turn. The individual fits are
combined into a weighted ensemble following the Akaike-information-criterion (AIC) prescription
of Ref. [25], which assigns to each fit a weight

w; o< eXp [ - %(XIZ + 2npa_r,i - ndata,i)] > ©)

favouring fits that combine a good description of the data, few parameters and the use of all available
points. The infinite-volume estimate SB.(N;) and its 68% confidence interval are read off the
cumulative distribution function of the resulting weighted Gaussian mixture.

The resulting estimates of . are collected in Tab. 2, together with the reference values from
Ref. [21] obtained from the Polyakov-loop susceptibility. At each N, our determinations agree with
the literature value within errors, and the central values track the reference down to the fifth significant
figure. Most notably, the statistical errors on the simplicity extrapolations are systematically smaller
than those of the reference — by a factor of roughly two to three — even though the analysis of
Ref. [21] used ensembles about an order of magnitude larger than ours2. This is strong evidence that
A is genuinely sensitive to the degrees of freedom that drive deconfinement.

6. Conclusions and outlook

We have proposed and tested a novel phase indicator for the deconfinement transition of SU(3)
Yang-Mills theory, built from the topology of the Abelian monopole current networks identified in
the Maximal Abelian Gauge. The observable — the simplicity A = (by/b1) — is the reciprocal of the
average number of homologically independent loops per connected component of the current graph;

2When the sweeps that separate measurements are taken into account, the statistics is found to be comparable. However,
the conclusion that A is found to be statistically more efficient persists.
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N[:4 Nt:6 Nt:8

Be from A (this work) ~ 5.69240(5)  5.8940(4)  6.0625(10)
Be from (|P|) [21]  5.69236(15) 5.8941(12) 6.0625(18)

Table 2: Infinite-volume estimates of the critical coupling 8. from the simplicity of Eq. (7), compared with
the determination from the modulus of the average Polyakov loop reported in Ref. [21]. The errors in the first
row correspond to the 68% confidence interval of the AIC-weighted Gaussian mixture (Symmetric within the
quoted rounding); the asymmetric bounds are given in Ref. [17].

its definition involves only the dimensions of the homology groups of the graph, which are computed
efficiently by standard cubical-complex libraries [20]. The simplicity interpolates between 0 in the
confined phase and 1 in the deconfined phase, and its susceptibility exhibits the volume scaling
expected at a first-order transition. A finite-size scaling analysis of y, at N, = 4, 6, 8 reproduces the
known critical couplings of SU(3) Yang-Mills with a statistical accuracy markedly better than that
of the Polyakov-loop determination at comparable statistics, despite the simplicity being the average
of a ratio of integers rather than a thermodynamic derivative.

We note that A remains well defined in the presence of dynamical fermions: Abelian magnetic
current graphs and their homological properties can be extracted following the prescription provided
here also for the theory with fermionic matter. Given our pure gauge results, we expect the simplicity
to be sensitive to the upper boundary of an intermediate regime above the chiral crossover, should
one exist: a non-monotonic structure of y, at higher temperatures would be a clean qualitative
signature. A first dedicated study of A on the Ny = 2 + 1 FASTSUM Generation 2L ensembles of
O (a)-improved Wilson fermions on anisotropic lattices [26] is in progress and shows a visible peak
of y, in the proposed second transition region that persists when the spatial volume is increased.
Determining the features of this peak is the natural next step of the programme.
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