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Control over isospin-breaking corrections is an important prerequisite for the evaluation of
hadronic contributions to the anomalous magnetic moment of the muon, both regarding the
isospin rotation of hadronic 𝜏 decays and the comparison of data-driven evaluations of hadronic
vacuum polarization with lattice QCD. In both cases, a key point concerns the definition of the
isospin scheme. Here we discuss recent work aimed at improving these corrections as well as the
required matching procedure.
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1. Introduction

In the calculation of the anomalous magnetic moment of the muon 𝑎𝜇 in the Standard Model [1–
69], the understanding of isospin-breaking (IB) corrections is becoming increasingly important at
a number of places, both within data-driven approaches [70] and in the comparison to lattice
QCD [71, 72]. That is, improved radiative corrections to 𝑒+𝑒− → 𝜋+𝜋− and their implementation
in Monte-Carlo generators [73–81] might help resolve the current puzzling situation in data-driven
evaluations of hadronic vacuum polarization (HVP). Second, the use of hadronic 𝜏 decays [82]
relies crucially on control over IB corrections [83–88], both long- and short-range corrections as
well as IB in the matrix element, i.e., the pion form factor, itself. Third, detailed comparisons to
lattice QCD, whenever performed beyond the total physical observable, rely on the definition of the
isospin separation, and thus require a matching of the respective schemes [89]. In this write-up,
we provide some general comments on the calculation of IB corrections from a phenomenological
perspective, Sec. 2, and a case study of hadronic 𝜏 decays, including a short review and recent
advances in the calculation of long- and short-range corrections [90–92], see Secs. 3, 4, and 5,
respectively, before concluding in Sec. 6.

2. General strategy for the calculation of isospin-breaking corrections

Starting point for a phenomenological calculation of IB corrections is chiral perturbation
theory (ChPT), which provides an analysis valid in the low-energy region, with resonance effects
and short-range corrections absorbed into low-energy constants (LECs). Resonance contributions
can be included in combination with dispersion relations, in which case the ChPT constraint often
becomes most useful in the context of subtraction constants. In many cases, the overall precision
is limited by the LECs, presenting an opportunity for synergies with lattice QCD. In particular,
the contribution from the LECs often encapsulates the choice of isospin scheme [93]. Examples
within the context of 𝑎𝜇 concern IB in 𝜋𝜋 scattering and the pion form factor [94], the comparison
of IB HVP contributions between phenomenology and lattice QCD [95–98], and IB corrections to
𝜏 → 𝜋𝜋𝜈𝜏 , to which we turn next.1

3. Hadronic 𝝉 decays

The spectrum for hadronic 𝜏 decays, 𝜏 → 𝜋𝜋𝜈𝜏 , can be expressed in the form

1
𝐾Γ (𝑠)

𝑑Γ

𝑑𝑠
[𝜏 → 𝜋𝜋𝜈𝜏 (𝛾)] = 𝑆𝜋𝜋EW︸︷︷︸

short distance

×
[
𝛽𝜋𝜋0

]3︸   ︷︷   ︸
phase space

× | 𝑓+(𝑠) |2︸   ︷︷   ︸
⟨𝜋𝜋0 | 𝑗𝜇

𝑊
|0⟩

× 𝐺EM(𝑠)︸   ︷︷   ︸
radiative corrections

, (1)

providing an alternative access [82] to the electromagnetic form factor of the pion, 𝐹𝑉
𝜋 (𝑠), if the

various sources of IB can be controlled [83–88], see Table 1 for a summary. The idea is to first
remove corrections inherent to the 𝜏 decay, i.e., phase-space, short-distance, and long-distance

1Another example in which these subtleties have been studied in detail includes the determination of the isospin-limit
pion–nucleon scattering lengths required as input for the determination of the pion–nucleon 𝜎-term [99–106].
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Refs. [86, 107] Ref. [88] Refs. [97, 108] Ref. [2]

Phase space −7.88 −7.52 – −7.7(2)
𝑆EW −12.21(15) −12.16(15) – −12.2(1.3)
𝐺EM −1.92(90) (−1.67)+0.60

−1.39 – −2.0(1.4)
FSR 4.67(47) 4.62(46) 4.42(4) 4.5(3)
𝜌–𝜔 mixing 4.0(4) 2.87(8) 3.79(19) 3.9(3)

Δ𝑀𝜌 0.20(+27
−19) (9) 1.95+1.56

−1.55 –
ΔΓ𝜌 (Δ𝑀𝜋) 4.09(0) (7) 3.37 –

𝐹𝑉
𝜋

𝑓+
(w/o 𝜌–𝜔) ΔΓ𝜌 (𝜋𝜋𝛾) −5.91(59) (48) −6.66(73) –

ΔΓ𝜌 (𝑔𝜌𝜋𝜋) – – –
Total −1.62(65) (63) (−1.34)+1.72

−1.71 – −1.5(4.7)

Sum −14.9(1.9) (−15.20)+2.26
−2.63 – −15.0(5.1)

Table 1: Summary of the different classes of isospin-breaking corrections to 𝜏 → 𝜋𝜋𝜈𝜏 , expressed in terms
of corrections to the HVP integral (in units of 10−10). Table taken from Ref. [2].

(a)

τ τ

ντ

π0

π

π
γ

(b)

τ τ

γ

ντ

π0

π

(c)

τ

ντ

π

π0

γ

τ τ
ντ

π

π0

π
γ W

Figure 1: Diagrams in ChPT (left) and the dispersive analog of the triangle topology (𝑎) (right). Figures
taken from Ref. [90].

radiative corrections as indicated in Eq. (1), second, to apply IB corrections connecting the two-
pion matrix element 𝑓+(𝑠) as measured in the weak decay back to 𝐹𝑉

𝜋 (𝑠), and, third, to add IB
effects in the 𝑒+𝑒− → 𝜋+𝜋− cross section (FSR and 𝜌–𝜔 mixing). The estimates for the various
corrections from Ref. [2] are collected in Table 1, showing that by far the largest uncertainty resides
in the matrix element, but also 𝑆EW and 𝐺EM were assigned sizable uncertainties.

4. Structure-enhanced virtual corrections to 𝝉 → 𝝅𝝅𝝂𝝉

Starting point for the calculation is the ChPT analysis from Refs. [83, 84], see Fig. (1)(left)
for the virtual diagrams. However, the validity of the result is limited to the low-energy region,
while important corrections arise from resonance-enhanced effects in the “𝛾𝑊 box” topology, see
Fig. (1)(right). In addition, in the ChPT calculation the UV divergences are removed via LECs
𝑋ℓ [109, 110], whose finite terms are not predicted, requiring independent input.

In the dispersive analysis from Refs. [90, 91], the ChPT constraint indeed enters as a subtraction
constant for the amplitude 𝑓 (𝑠, 𝑡)

𝑓 full
loop(𝑠, 𝑡) = 𝑓

disp
loop (𝑠, 𝑡) − 𝑓

disp
loop (0, 0) + 𝑓 ChPT

loop (0, 0). (2)

3



P
o
S
(
L
A
T
T
I
C
E
2
0
2
5
)
1
9
2

Isospin breaking in hadronic cross sections and tau decays Martin Hoferichter

0.9

0.95

1

1.05

1.1

0.5 1 1.5 2 2.5 3

G
L
o
w

E
M
(s
)

s [GeV2]

This work, total error
This work, fit error

ChPT

0.9

0.95

1

1.05

1.1

0.5 1 1.5 2 2.5 3

G
E
M
(s
)

s [GeV2]

This work, total error
This work, fit error

ChPT
Flores-Baéz et al. (2006)

Miranda, Roig (2020)

Figure 2: Long-range radiative-correction factor𝐺EM (𝑠) in leading Low approximation (left) and full (right).
Figures taken from Ref. [90].

Ref. [107] Ref. [88] Ref. [2] Refs. [90, 91]

Phase space −7.88 −7.52 −7.7(2) −7.74(5)
𝑆𝜋𝜋EW −12.21(15) −12.16(15) −12.2(1.3) −12.2(1.3)
𝐺full

EM −1.92(90) (−1.67)+0.60
−1.39 −2.0(1.4) −5.4(5)

Sum −22.01(91) (−21.35)+0.62
−1.40 −21.9(1.9) −25.3(1.4)

Full – – – −24.8(1.4)

Table 2: IB corrections for the 𝜏-based HVP integral for 𝑎𝜇 from Refs. [90, 91] in comparison to previous
work.

The structure-dependent virtual effects are then taken into account via the dispersive calculation,
while still input is required for the LECs (taken from Ref. [111]). This strategy ensures that the IR
structure and the chiral logarithms are correct, which can be checked explicitly in a narrow-width
and 𝑀𝜌 → ∞ limit.

The key results for 𝐺EM(𝑠) and the consequences for the IB corrections to 𝑎𝜇 are displayed
in Fig. 2 and Table 2. One can clearly see the resonance enhancement from the 𝜌(770), which
explains a large part of the shift −2.0(1.4) → −5.4(5) in the correction associated with 𝐺EM(𝑠).2
This result for the long-range contribution, however, relies on a choice of separation scheme, and
only the product 𝑆𝜋𝜋EW𝐺EM(𝑠) can lead to a scale- and scheme-independent result.

5. Short-distance matching for 𝝉 → 𝝅𝝅𝝂𝝉

The required matching to the short-distance contribution has recently been performed in
Ref. [92], following the strategy from Refs. [112, 113]. Crucially, this removes the O(𝛼/𝜋)
uncertainty due to the choice of the evanescent scheme for 𝛾5, which determines the uncertainty
quoted for 𝑆𝜋𝜋EW in Table 2. The required non-perturbative input, □̄𝑉 (3)

𝜋 (𝜇0), in the matching can be
extracted from lattice-QCD calculations of the matrix element of weak and electromagnetic currents
between external pion states [114, 115]. The result of the matching is conveniently expressed in

2In addition, a local contribution Δ𝑋ℓ
��
SD = − 1

4𝜋2 log 𝑚2
𝜏

𝑀2
𝜌

in the matching to ChPT was dropped in previous work.
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terms of a coupling 𝑔𝜋
𝑉
(𝜇𝜒) that depends on the ChPT scale 𝜇𝜒 [92]

𝑔𝜋𝑉 (𝜇𝜒) ≡ 𝐶̄
(3)
𝛽

(𝜇)
[
1 + □̄𝑉 (3)

𝜋 (𝜇0) +
𝛼 (3) (𝜇)

4𝜋

(
17
6

− 3
2

log
𝜇2
𝜒

𝜇2
0
+ 2 log

𝜇2

𝜇2
0

)
+ 𝛼𝛼

(3)
𝑠 (𝜇)
(4𝜋)2

(
− 130

81
− 2 log

𝜇2

𝜇2
0

)]
, (3)

while the dependence on the scale 𝜇 in the low-energy EFT cancels up to the considered order
on the right-hand side of the equation, which includes the O(𝛼𝛼𝑠) corrections recently calculated
in Ref. [116]. 𝜇0 indicates yet another scale required to subtract the asymptotic part of the “𝛾𝑊
box” □̄𝑉 (3)

𝜋 (𝜇0). In the traditional language, 𝑔𝜋
𝑉
(𝜇𝜒 = 𝑀𝜌) corresponds to the product of 𝑆𝜋𝜋EW and

the local terms in 𝐺EM(𝑠) that are related to the LEC 𝑋ℓ , again evaluated at 𝜇𝜒 = 𝑀𝜌, but the
dependence on 𝜇𝜒 cancels between 𝑔𝜋

𝑉
(𝜇𝜒) and the chiral loops in 𝐺EM(𝑠) in general. Using the

full result from Ref. [92]

𝑔𝜋𝑉 (𝑀𝜌) = 1.01084(2)□̄𝜋
(3)𝜇 [4]tot, (4)

the last line in Table 2 changes to

Δ𝑎𝜇 [𝜋𝜋, 𝜏] = −24.9(1)exp(5)th(1)SD × 10−10, (5)

essentially removing the uncertainty from the short-distance matching.

6. Conclusions and outlook

The calculation of IB effects using ChPT and dispersion relations is often limited by the
knowledge of LECs and/or the implicit choice of isospin scheme. In many cases, this presents a
clear opportunity for synergies with lattice QCD, which can provide additional input on LECs. In
this write-up, we presented hadronic 𝜏 decays as one such case study, in which the interplay of
ChPT, dispersion relations, and lattice QCD has already allowed for substantial improvements of
the IB corrections related to long- and short-range radiative corrections, including their consistent
matching. We expect that similar strategies should prove beneficial for the calculation of IB
corrections in the matrix element 𝑓+(𝑠) vs. 𝐹𝑉

𝜋 (𝑠) (see Refs. [94, 117] for first steps on the dispersive
and lattice-QCD side), which currently present the last remaining obstacle for a 𝜏-based evaluation
of the HVP contribution to 𝑎𝜇. While the main limitation thus continues to arise from the theory
corrections, also new data especially on the 𝜏 → 𝜋𝜋𝜈𝜏 spectrum would be extremely valuable, as
could become available at Belle II [118].
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