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The Collins-Soper (CS) kernel may be obtained through the TMD soft function by formulating
the Wilson line in terms of 1-dimensional auxiliary fermion fields on the lattice. Our computation
takes place in the region of the lattice that corresponds to the “spacelike” region in Minkowski
space, i.e., Collins’ scheme. We explore two methods for obtaining the CS kernel. The “ratio
method”; which would allow us to obtain the soft function as well as the CS kernel. And the
“double ratio”; which allows us to achieve a high degree of statistical precision, but only produces
the CS kernel. The matching of our result to Minkowski space is achieved through the mapping of
the complex auxiliary field directional vector to the Wilson line rapidity. We present a preliminary

extraction of the CS kernel using the “double ratio”, and discuss the methodology employed.
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1. Introduction

The investigation of transverse momentum dependent (TMD) physics is a central aspect of
mapping the three dimensional structure of hadrons. Well-defined TMD observables require the
regularization of rapidity divergences that appear in TMD factorization formulas, and give rise to
the CS kernel, which governs the rapidity evolution of TMD observables. The presence of rapidity
divergences in TMD calculations, however, create a unige problem on the lattice, since rapidity has
no direct anologue in Euclidean space. We propose to compute the CS kernel via the same Wilson
loop operator used in the computation of the Soft function, but with directional vectors with purely
imaginary time components: 7i = (in°, 0., n?) [1,2].

Representing the Wilson line in this way allows for a direct analytic continuation of the
Euclidean soft function to its Minkowski space counterpart in the space-like regime, since the
soft function is time-independent. We model the Wilson line on the lattice via the auxiliary field
representation, whose equation of motion can be solved iteratively in Euclidean time. There are
important issues that arise in the lattice realization of an auxiliary field propagator that will be
discussed later.

There is a direct connection between this complex Wilson line direction on the Euclidean
lattice and the Minkowski space rapidity defined in Collins regularization scheme [3], which we
have verified to one-loop in perturbation theory. In other words, our lattice computation corresponds
to the Minkowski space soft function defined with space-like directed Wilson lines.

When the Wilson line is pointing in a time-like direction, its auxiliary field representation
corresponds to heavy quark effective theory (HQET). In this case, the directional vector of the
Wilson line is the same as the heavy quark velocity. It was proposed in [4] to calculate the soft
function using HQET, modeling the soft function as the form factor of a heavy quark pair. In
this formulation, the heavy quark velocity corresponds to the time-like directed Wilson lines in
Minkowski space. While our work is motivated by this proposal, it differs in two ways: our use
of Euclidean directional vectors that map to space-like directions in Minkowski space, and our
method for handling UV cutoff effects. Furthermore, we find that a perturbative Euclidean space
computation of the soft function with directional vectors corresponding to time-like directions in
Minkowski space gives a divergent integral.

Figure 1: Butterfly loop computed in Euclidean space.
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Figure 2: Diagrams contributing at one-loop to the soft function, up to mirror diagrams.

2. Theoretical considerations

We have performed a one-loop perturbative computation of the butterfly loop, Fig. 1, with
infinite and finite length Wilson lines. The infinite length result establishes an equivalence between
the Euclidean and Minkowski space one-loop computations. Furthermore, the finite length result
can be combined into a ratio that becomes independent of Wilson line length, L, as L becomes
large.

2.1 Infinite Wilson lines
To begin, we define the Euclidean space directional vectors of the Wilson lines as:
fia= (in%,0,,n3),  fip=(in%,0,.,-n3). (1)

We also define: r, = ni‘ / ng, andrp = n% / n% for convenience. We use dimensional regularization
to handle UV divergences.

Looking at diagram (a) in Fig. 2 as an example, we perform the integration using the Schwinger
parametrization and complete the square in k:

2 0 0 o0 ddk k2 b > ~ 2 4
Sra (b, €,rq,1p) =g CF(ﬁA-ﬁB)/ ds/ dt/ du/ — o UK g (butsiia=tiip)®/du
—00 —00 0

(2m)4
_gCr P TU-1,  ((ra=1) (rp=1)) rarp +1 5
T 4p2-e 2er 2 ((ra +1) (rp + 1)) (ra +7p) 2)

We obtain a finite result for diagram 2a when |r,|, |rp| > 1. This can be seen from expanding the
term in the exponential of line 1 in Eq. (2):

(b, + siipg —tiig)* = 172l + sz(ng\)2 (ri - 1) + z‘z(n%)2 (rlz, - 1) + 2stn9\n% (rarp+1) . (3

Equation (3) must be positive in order for the integral in Eq. (2) to converge. Because s and 7 can
vary independently of each other, the terms on the RHS of Eq. (3) must separately be greater than
ZEer0.

The full one-loop result in Euclidean space with complex directional vectors is:

_ a,Cr (1 2 2 v (ra=1)(rp = 1)\ rarp + 1
S(br,€,rq,rp) =1+ o (E + log(rrbl,uoe ) 2 +log ot Dt D)) ratrs |
“)
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In Minkowski space, using off light-cone directional vectors to regulate the rapidity divergence
leads to two possible choices: space-like (Collins’ scheme) or time-like Wilson lines:

Time-like: nA:(1+e_2yA,6l,1—e_2yA), n32(1+e2y3,6L,—1+62y3) (5)

Space-like: nA:(l—e_zyA,al,1+e_2yA), nB:(l—ezyB,aL,—l—ezyB). 6)

Since the complex directional vectors in Euclidean space are expressed in terms of the components
of their Minkowski space counterparts, we define r, and rj using the components of the space-like
or time-like directional vectors. For the time-like case, we obtain:

1—e 2 1 —e?s

Fyg= —m——, rp= ———
ST re A P T T yeds’

(N
where we can see that —1 < r,4, 7, < 1. We immediately find that this fails to satisfy the condition
set by Eq. (3). As for the space-like case, we find:

1+e7 24 1+ e?8
A= e T s ®)
which satisfies Eq. (3). The third condition, set by the last term on the RHS of Eq. (3), leads to
the constraint that nOAn%(rarb + 1) > 0, which indicates that the Wilson lines must be both future
pointing or both past pointing, corresponding to e* e~ annihilation or DY type processes.

Substituting Eq. (8) into Eq. (4), we recover the Minkowski space result [5]:

1 + 2(yB=ya)

1 2.2 ve
(E+ln(7rbﬂ10e ) 2_2|yA_yB|1_ez(YB_YA)

A CF
2r

} +0(a?).
)

S(bi,e,ya,¥yB) =1+

Since r, p directly map to the rapidities y 4, g, one can, in principle, compute the soft function for
several values of r, 5 and fit the resulting plot to obtain the intrinsic soft function, Sy in:

YA —+00
N

S(bi,ya, VB, 1) YB2=® Sy (b, p) e2a (b)) (ya=yB) ,

and the CS kernel:

.10
Yq(u, b)) = lim ~ (10)

ya—+o 2 dy,

YB——

o (M)
S(bJ_,yA,Yn,IJ )

2.2 Finite Wilson lines

Lattice computations are constrained by their finite space-time volume, meaning that Wilson
lines must have a finite length L. To account for this, we also perform a one-loop calculation for
Wilson lines of finite length. One consequence of finite-length Wilson lines is the appearance of
linear divergences in 1/a, which behave like b, /a and L/a. These divergences can be eliminated
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by constructing the double ratio:

S(b,1,a,r1,r1,L) |S(bL1,a,r2, 1, L
Sdouble (b1.1,b12,a,71,r2, L) = (bura i )/ ez L)

S(bio.a,ri,ri, L) | S(bip,a,rar, L)

=exp [(vq (br1sa) —vq (br2.a)) 2(31 - y2)]
L0 bi,l - bi,Z 11 g2 e 1
L2 rn—-1 rn-1J’ ’r1,2+1 ’

an

where a is some generic regulator used for the UV divergence. The b, /a divergences are eliminated
by the ratio at two different values of r, and the L/a divergences are eliminate by the ratio at two
different values of b | .

We have determined that Eq. (11) holds to one loop in perturbation theory, using a Polyakov
regulator for the UV. By computing the ratio in Eq. (11) on the lattice for sufficiently large L, we
expect to obtain a time-independent observable with power-suppressed corrections of order b2 /L2,
since L in the lattice formulation is proportional to Euclidean time.

A consequence of Eq. (11) is that we can only obtain the difference between two values of the
CS kernel at different values of b, on the lattice. In order to obtain the CS kernel, we must then
match to the CS kernel at a perturbative value of b, .

3. Strategy of numerical implementation

A well-known result [6, 7] is that the Wilson line can be expressed in terms of a one-dimensional
auxiliary fermion field that “travels” along the path traced by the Wilson line:

Pexp {—ig /Sf dsn’“A,,(y(s))} = Z;l / DYDY Yy exp {i /Sf dsyrin - Oy — goyrn - Azﬁ} ,
l l (12)

whose propagator, H, (x — y), satisfies the Green function equation:
in- DHu(x = y) = i6® (x = y). (13)

where D = 0 +igpA is the covariant derivative. The Euclidean space counterpart of Eq. (13) is
defined with a directional vector with a purely imaginary time component, which can be written as
ii = (in®, 1) in terms of the Minkowski space vector components. After applying a Wick rotation,
the Euclidean space equation becomes:

ifi- DgHi(xg — yg) = 6 (xg — yE) . (14)

As discussed in [8, 9], meaningful solutions to Eq. (14) can only be obtained with a UV cutoff.
Hence, using the lattice spacing as our regulator, we can construct a discretized version of this
propagator. The central idea is to express the soft function in terms of lattice-regulated auxiliary
field propagators, Hj;. The soft function can be shown to possess a well-defined continuum limit.
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Based on a one-loop analysis we expect the butterfly loop to behave as:
Sbﬁy =S (bJ_, a,rq,rp, T) T—00 eZnT(ra+rh)/a/T4 15)

in the large 7 limit, where 7 is now the Euclidean time. Noticing that the term in Eq. (15) is
independent of b, we can construct the single ratio:

S(bijy,a,rarp, 1)

Rsingle (bJ_,lv bJ_,Za a,’a,p, T) = (16)

S (bL,z, a,raq,p, T) ’
Based on our perturbative work, we expect the RHS of Eq. (15) to be an overall multiplicative
factor in the large 7 region; therefore, Rgingle Will not suffer from the cutoff effects introduced by
the Euclidean auxiliary propagator.

From here, we construct the double ratio introduced in Eq. (11) in order to remove linear
divergences. The double ratio should also handle the operator renormalization, since the soft
function is multiplicatively renormalizable.

We use the same method employed in [10] to solve the auxiliary field propagator on the lattice,
leading to improved stability relative to the simpler method in [11, 12]. Our implementation of [10]
corresponds to the infinite mass limit.

3.1 Rapidity renormalization

Lattice regularization breaks the O(4) rotation symmetry in Euclidean space, leading to the
need of renormalisation for the directional vectors in Eq. (1), or equivalently r, and r;, [9]. We
do not have a method to directly determine the renormalized values of r,, rp, but we may infer the
renormalized rapidity through the relation:

tog (Saoune (B2 525, 1,72,
t t
¥ (B 1) = vq (P05 1)

is the renormalized rapidity, and the denominator on the

2(yy" (@) =y5" (@) =

+ p.s.c., 17

where Sgouple 1S given in Eq. (11), y™

RHS has two values of y, in the perturbative region. Also, p.s.c. refers to power suppressed
corrections of the type in Eq. (11). Here, we assume the renormalization scale u ~ 1/a, such that
the continuum matching is trivial. In any case, we can take advantage of the fact that the difference
between two values of the CS kernel is a renormalization group invariant quantity.

Using the renormalized rapidity, we can then write down a formula for the CS kernel at any
value of b :

log (Sdouble (bJ_$ blj_er;3 r1,ra, a))
2 (5" (@) - 5" (@)

Ya (brom) = v (75, 1) + +psec.. (18)

4. Numerical results and discussion

For the lattice computation we used the quenched configurations given in Table 1 [13]. From
Fig. 3, we find that the behavior of Rgingle is consistent with our expectations from our one-loop
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L3XT 243 x 48 323 x 64 403 x 80 483 x 96
a(fm) 0.081 0.060 0.048 0.041
Neonfig 400 400 250 341

Table 1: Quenched configurations used for computation, with lattice spacing, a, and number of configura-
tions, Neonfig-
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1104 323 x 64, a = 0.060 fm, Neonsig = 398, x?/Naof = 0.004
' g1 ~F 40% % 80, @ = 0.048 fm, Neong = 250, X2/Naog = 0.007
1.09 4 7 g 48% % 96, a = 0.041 fm, Neonig = 341, X*/Naor = 0.006
0.0 0.2 0.4 0.6 0.8
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Figure 3: Single ratio plot with b, = 4a, b’, = 3a, and r = 1.001

analysis; namely, the plateau in Euclidean time suggests that UV cutoff effects are cancelled as
predicted by Egs. (15) and (16). We can then perform a constant fit of the plateau to obtain Ryjngle.

Because our procedure requires that we match to perturbative values of the CS kernel, we need
to ensure that we have enough lattice data in the perturbative region. For our perturbative window
we choose 3a < b, < 0.2 fm. The lower bound was chosen to avoid discretization errors from the
lattice computation, while the upper bound was chosen to reduce uncertainty in the perturbative CS
kernel. Due to these restrictions, we omit the 24> x 48 and 32 x 64 lattices from the subsequent
steps in our analysis procedure.

Following the procedure laid out in Sec. 3.1, we obtain the result given in Fig. 4 for several
values of b, within the perturbative window. We interpret the different results for the CS kernel
at different values of bpere as a systematic uncertainty related to the use of fixed-order (N3LO)
perturbative results.

In order to account for the systematic uncertainty, we perform our routine for extracting the
CS kernel for all possible values of bpe¢ within the matching window. Additionally, we vary the
renormalization scale of the MS-scheme CS kernel used in the extraction by 10% around a central
value of 2 GeV. Performing an average over these results gives us a conservative estimate of the
systematic error associated with our method, as exhibited in Fig. 5.

5. Conclusions

We have demonstrated to one-loop in perturbation theory that the auxiliary field method for
extracting the CS kernel from a lattice computation has a strong theoretical motivation. Particularly,
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Figure 4: CS kernel extracted on the ensemble with a = 0.041 fm at different bper, 1, bper,2 Within matching
window.
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Figure 5: The CS kernel extracted by our method, with a conservative estimate of systematic error from
matching points within fit window and variation of UV scale

there is a direct mapping between the Euclidean computation of the butterfly loop and the Minkowski
space result at large lattice time. The double ratio method for computing the CS kernel difference,
Yq (b, 1) — vy (b, ,Ll), allows us to obtain an high degree of statistical precision. The uncertainty
in our result is dominated by systematic effects, primarily related to the necessary perturbative
matching in our procedure.

We are currently processing data from 64 x 128 quenched configurations at lattice spacing
a = 0.03 fm, which will allow us more control over the perturbative window. We are also working on
amore robust analysis procedure of our data to give a better estimate of the systematic uncertainties.
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