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The Electromagnetic Form Factors of the p-meson in NREFT and on the Lattice

1. Introduction

The electromagnetic form factor of a particle gives important information about its charge
distribution. For a massive spin-1 particle, like the charged p-meson considered here, there exist
three distinct form factors, linear combinations of which correspond to the charge, dipole and
quadrupole moments. Unlike the pseudo-Goldstone modes, the conventional QCD resonances
and exotic states are unstable. Any consistent treatment of the electromagnetic form factor of
such particles, including the p-meson, cannot assume that these are asymptotic states, which has
not usually been the case in the literature. This also manifests in lattice simulations, which are
carried out at large quark masses to render these as stable states. The covariant formulation of the
non-relativistic effective field theory (NREFT) discussed here [2] does not treat the p-meson as an
asymptotic state. Further, we discuss the method — a modified Liischer formalism in the NREFT
framework — which was presented recently [3], in which one relates the shift in the energy spectrum
in a finite box in the presence of a background field to the matrix element of the electromagnetic
current in the infinite volume. In NREFT, the calculation of the form factors results in contributions
separately from a triangle diagram and a contact interaction diagram. The triangle diagram is rather
problematic, and in the literature, it is usually subtracted out from the finite volume matrix element
before the infinite volume limit is performed. Au contraire, lattice input is required only for the
contact interaction diagram in the case of NREFT, subduing the problems with the triangle diagram.
In this work, first, we aim to provide the form factors of the p-meson in the covariant formulation
of NREFT, and second, we propose a way to carry out lattice simulations to calculate these form
factors explicitly. This conference paper aims to provide a concise summary of the work discussed
in Ref. [1].

2. The Electromagnetic Form Factors in the Infinite Volume

2.1 The Covariant Formulation of NREFT

In the covariant formulation of NREFT, the Lagrangian is given by [2]
L= ) L2W((v-0) = W)da, (1)
a=+,0
where ¢, and ¢¢ are charged and neutral (pseudo-)scalar fields, which in our case correspond to

pions, and W is a non-local operator given by

W =VM2+82 - (v-0)2 )

Rewriting the non-relativistic Lagrangian this way does not remove the non-covariance of the theory,
but shifts this issue on to the quantisation axis v. If this quantity is expressed in terms of the external
momenta of the process in consideration, the amplitude is rendered covariant. For the system in
consideration—the p-meson—we introduce a field ¥# with the quantum numbers of the p*-meson,
which respects the on-shell condition d,¥# = 0. By construction, the two-point function of this
field develops a simple pole at the pole position of the p-meson P> = sz. And it can be expanded
in the vicinity of this pole as

P”P”) ..., (3)
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where the last expression is obtained through the completeness relation of the polarisation vectors.
Also, Z is the wave function renormalisation factor. It should be noted that the definition of the
polarisation vectors involving complex momenta, as is the case of a resonance, is subtle but still
consistent. Similarly, the three-point function involving two fields and the electromagnetic current
J< can be expanded in the vicinity of the pole as

71/2

Q2

== ) s (Psl(01Q, s) @)

which defines the form factor of the p-meson (P, s|J*(0)|Q, s’) through its residue at the pole.
Conventionally, the electromagnetic form factor is expressed as [4]

(P,s|J7(0)|Q, ") = &(P,s)T (P, Q)€ (Q,5), )
where ['**” is decomposed as
1
L8 = =G1 (k)" (P + Q)" = Go (k) (kHg"™ = k"gh™) + —G3 (kKKK (P + Q). (6)
R

Further, we define the following NREFT kinematic variables:

y PH u QH

- ’ u [ali— (7)
4/ P2 A /QZ
1
v = —(w+u)#, (8)
2x
where x = (v - w) = (v - u), and the quantisation axis can be written in terms of external momenta
through
P2 + 2
c=22 1= (wowy= L2 K ©)

2\/_\/—

At this point, we should note that the p-meson is predominantly observed in the isovector-vector
channel of the 7 — 7 scattering process. It is convenient to express it as a composite field

P = g, WH (W), (10)
where o |
¢ WHp = §(¢+(W”¢0) - (WHp ) o),
WH = yHW +i(0* —vH (v - 0)), (11)
FEW) = FO - FOW 4 O W2 4

where the function f is related to the mxr scattering phase shift through

247 P?
qocotd(qo) = (12)
2f 2(q3)’
where q% = P2/4 — M?. The overall Lagrangian is therefore given by
L= ) $l2W3(v-0) - W)p, — ¥} PH, (13)

a=+,0
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where the negative sign in front of the composite field term is due to the negative value of the
experimental scattering phase shift. It should be clear at this point that there is no p-meson field in
our treatment, and only the pion fields are present in the Fock space. Also, it can be seen that the

+.0 0

second term contributes to the 7*7” — n* 7" scattering amplitude.

Further, the interpolating field of the p-meson is given by

‘Pﬂ=i(g'”— o | 00 F (W), (14)

oY ) « <

where the left-right arrow on top of the operators denotes the operation given in Eq. (11). Note
that the interpolating field differs from the field in the Lagrangian (see Eq. (10)) by off-shell terms,
and respects transversality by construction. Whether the interpolating field or the composite field
is meant by W# should be clear from the context. The two-point function then is given by

PHPY
DV (P) = (g*” - )D(PZ), (15)
where the scalar function is obeys the relation
iq0
D(P?) = — . (16)
(7 qo coté(qo) — iqo
Evaluating the relevant loop integral and expanding in the vicinity of the pole, one gets
85]%e
Z=—" 17)
2
1+2(-g%)/?b
d
b = —(qocotd(qo)) , (18)
dq

0 ?=d,

where q%e = sg/4 — M?. Therefore, the wavefunction renormalisation constant Z can be evaluated
using a p-wave nir scattering phase-shift parametrisation.

2.2 Inclusion of the Electromagnetic Field

To study the electromagnetic form factor, we need to consider minimal as well as non-minimal
coupling terms. However, introducing even minimal coupling is not straightforward in our case due
to the presence of a non-local operator. Note that

W2=M>+8%>-(v-9)> > W2+ B+0(e), (19)

where
B=—iec(d0-A+A-9)+ie((v-0)(v-A)+ (v-A)(v-9)). (20)

Then, the square root of this local operator can be written as
W — W+D+0(e?), (1)

where .
D= / dt e""WBe V. (22)
0
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Therefore, the kinetic term after gauging is given by

D BRWE(W-0) = W) — D GL2W(E(r- ) —W)ga +5L+O0(?),  (23)

a=+,0 a=+,0

where
5L =epl ((v- AW+ W(v-A) ¢, +i¢l ((v-0)D +D(v-0)) ¢s —2¢\Bb,.  (24)

This term contributes to the 2 pion-photon vertex in a scattering process.

Introducing minimal coupling in the composite field term of the Lagrangian leads to contribu-
tions to the 4 pion-photon vertex in a scattering process. However, since one requires non-minimal
terms to reproduce the electromagnetic structure of the p-meson, we introduce such terms explicitly.
Such terms can be built using the gauge-invariant tensors Fog = 0,Ag — 9gA, and B, = OPF, ap-
The following operators contribute to the form factor of the p-meson:

—wlipa v
01 - ‘P#{B 9W(l}gﬂ lPVv (253)
0, =iV F*"'Y,, (25b)
1
03 = ztIJL{(éWFV“ + 0V FHY), W, LYy, (25¢)
O4 = WL IWH, [WY, {BY, Wa 1l ¥y, (25d)

and the following terms now get included in the Lagrangian:

4
Lo =) gic0;. (26)
i=1

If one defines the following kinematic variables:

P =pi+ps, 0=q1+qo,
1 1 (27)
p=5(p1—pz), q=§(q1—qz), k=P-0Q,

one can show that the contributions arising from the terms can be matched to the structures in the
tensor decomposition given in Eq. (6). Additionally, for P> = Q2, the contributions from O3 and
O, are the same up to an overall factor of k2. We exploit this freedom and set g4 = 0 in our study.

2.3 The Form Factors in the Infinite Volume

The contributions to the p-meson form factor naturally splits as shown in Fig. 1: the first
contribution due to the triangle diagram relies on the 2 pion-photon vertex, and can be expressed in
terms of the p-wave nrr scattering phase shift. No lattice input is necessary to this part. However,
the second contribution due to the local interaction diagram relies on the 4 pion-photon vertex, and
can be expressed in terms of the couplings g1, g> and g3. These couplings are extracted from lattice
simulations. The total contribution then is given by (cf. Eq. (4))

GS,(P.Q) =D, (P)(Gg 7" (P,Q) + G 7P (P,0))D,y (Q), (28)
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(a) (b)

Figure 1: (a) Contributions to the form factor from a 2 pion-photon vertex; (b) Contributions to the form
factor from a 4 pion-photon vertex. In both diagrams, the bubbles denote the dressing to include the initial-
and final-state interactions.

where the contributions from the ends of the bubbles have been factored out, and G&“* and
Gg’ap denote the contributions from the triangle diagram and the contact diagram, respectively.

Additionally, it can be verified that these contributions satisfy the Ward identity. As mentioned
before, the contributions from the contact term can be matched to the structures in Eq. 6 in a
straightforward way. However, the triangle integral in the other term needs to be evaluated in order
to carry out this matching. This is rather involved, and for the sake of conciseness, we do not discuss
it here. Instead, we refer to the work this conference paper borrows from [1]. The form factors are

given by
Gi(k*) = —eZ(g1k* - (F1)), (29a)
Go(k*) = —eZ(g2 — (F2)), (29b)
G3(k?) = eZ(2srgs + (F3)), (29¢)

where (F1), (F>) and (F3) are 2-dimensional integrals involving kinematic variables.

2.4 Estimates of the Form Factors

As mentioned already, the couplings g;, g and g3 have to be extracted from fits to lattice
simulations. However, these couplings can also be estimated from chiral perturbation theory
(ChPT) at the p* order. Calculating the relevant process and identifying the structures, one gets

2e (21 — )

el (0=0 (30)

eg1f*(0) =0,  egf*(0) =
where [ and I, are SU(2) low-energy constants, and fZ(0) can be calculated by using some
parametrisation for the nrr scattering amplitude. Here, we use the Schenk parametrisation at the
27 threshold [5]. This gives g, ~ 1.4 GeV 2. There is no contribution to g1 and gz at this order,
and we assume an estimate of |g»|/(47F)? for these couplings. The form factors, see Eqgs. (29a),
(29b) and (29c¢), can now be evaluated. We use two different 7t scattering parametrisations for this
purpose, see Refs. [6, 7], and the results are given in the left column of Fig. 2. As it can be seen,
the results are in good agreement between the two different parametrisations, which shows that the
formalism is not very sensitive to the parametrisation used. Further, the central values correspond
to the couplings set to zero, whereas the bands correspond to +1 times the ChPT estimates for the
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Figure 2: On the left column, the form factors as a function of k2 are presented. On the right column, the
differences in the form factors due to different parametrisations used here are quantified.

couplings. In the right column of Fig. 2, the parametrisation dependence is quantified through the

quantity

2(Gi(k*) = G/(k?))
1Gi(k2)| + |G (k)]
where G; and G’ correspond to the parametrisations from Ref. [6] and Ref. [7], respectively. This
suggests that the differences are rather small at a few percent for most k2, except at large values
of k% for G, where the form factor almost vanishes. Finally, it should be noted that G, (k2) 18
normalised to unity at k> = 0, as expected. G,(k?), which corresponds to the dipole moment at
k* = 0, takes a rather low value of 1.05. And the large negative value of G3(k?) at k* = 0 suggests
an oblate distribution of the charge. More discussion on this matter can be found in Ref. [1].

i=1,2,3, 31

€ (k%) =
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3. The Electromagnetic Form Factors in the Finite Volume

3.1 The Modified Liischer Formalism

We work with a time-independent periodic electromagnetic field A* placed in a finite volume
with a spacing of L, i.e.,
AH(x,1) = A¥ cos(w - x), (32)

where w = (0,0, w), such that w = 2zn/L for n € Z. This setup lets one extract the invariant form
factors for momenta k> = —w?. If the p-meson is taken to be a stable particle, then the correction
to the interaction Hamiltonian is given by the scalar product of the form factors and the background
field. However, the situation is complicated when the p-meson is not taken to be a stable particle.

In the presence of a background field, the two-point function in a finite volume is modified. In
our case, the two-point function for the interpolating field is given by

DL, (P.Q) =2r5(Po — Qo) DL, (P, Q: Po)

=i / d*x / d*y e P =L 0|7, (x)P, (1)]0) a- &)
L L

It should be noted that in order to determine the spectrum in a finite volume, one needs to identify the

poles of the two-point function of the interpolating field, which is different from the composite field

defined earlier. However, the differences arising from the off-shell contributions do not contribute

to the shift in the poles, and therefore, the distinction between the two fields is not significant here.

The two-point function obeys (cf. the Lippmann-Schwinger equation)

1 4 g, / ’ ’
Dy, (P.Q: Po) = D}, (P.Q: Po) + =5 > D}y (PP PO (P, Q) D, (Q'. Q: o). (34)
P/,Q/

where wa is the free two-point function and [177 plays the role of self-energy. The quantisation
condition determines the position of the poles and is given by

det(IT;;, — DY) = det(A) = 0. (35)

The free two-point function involves calculating a loop integral, which can be carried out by
recasting the problem into an eigenvalue problem with the form of the Mathieu equation, whose
eigenvalues and eigenfunctions are well-known. This is further discussed in Ref. [1].

3.2 Extraction of the Couplings

We consider two different background field configurations in order to project out the form
factors — a timelike configuration with A% = g?°A and a transverse configuration with A% = g A,
Factoring out the polarisation vectors, one gets

A =Ty, = DY, = & (P, A)(T,, (P, Q; Po) — DY, (P, Q; Po))e” (Q, ). (36)

For the timelike configuration, this projection corresponds projecting on to the irreps A; and E of
the little group Cjy, of the octahedral group, and hence have the advantage of being block-diagonal,
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which means that the quantisation condition factorises. The non-zero matrix elements of IT} j/ are

given by
gy = L’6p o (2x* = 1) + L’63_, A(k)2e Pok® | —g1 (2% — 1)—ﬁ+M . (37a)
P.Q P-Qk= 2Pz 2p?
el i3s3 o JBL
IMy; =115, =iL 6PQ \/_
- 2 (37b)
.33 2, 82 2
—iL 6P_Q,ké(k)2x\/$ZePo (—glk + ) (1 - 4x2—Pz) - g3k ) )
Iy =105 = L6} o + L’63_g  A(K)2ePogi k7, (37¢)
_ _ P? 1k?
G =105 + L6y 0p * L6 _o xA(K)4ePoP? (g2 5 f; > —4g3x ) (37d)

However, for the transverse configuration, Cy, is no longer a symmetry. The non-zero matrix
elements in this case are given by

_ _ _ ek2
My, = L6y (2 = 1), (38a) M) = 105 = —iL363_ Qxd 072 £2 (38d)
_ N IPI
H 1= H22 = L36P Q° (38b) H031 = —H301 = lL36%’Q2X\/$, (386)
1 -1 -1 33
I35 = I'I11 +L° 6PQp2’ (38¢) Iy = -5, =-L 6P_Q,ké(k)2eg2x|P|. (38f)

The above equations can be used to fit the couplings g1, g2 and g3 to the data from lattice simulations.

4. Conclusion

In this work, the covariant formulation of NREFT has been used to calculate the electromagnetic
form factors of the charged p-meson. In this framework, the contribution to the form factors split into
the contribution due to a triangle diagram, which is completely parametrised by the 7 scattering,
and the contribution due to a contact interaction diagram, which requires lattice input. This natural
splitting helps circumvent the problem with the triangle diagram, which has an ill-defined infinite
volume limit. To extract the couplings g1, g» and g3, which parametrise the contact interaction, the
background field method is discussed, which lets one fit these couplings to lattice data. With this,
one has a complete framework to extract the electromagnetic form factors of the charged p-meson
from the lattice. Additionally, p*-order ChPT has been used to estimate these couplings, and the
form factors have been evaluated. These results show that the contact terms still have a substantial
effect, which justifies a future lattice study. This work does not utilise lattice simulations, however,
it is expected to be carried out in the near future.
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