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1. Introduction

We present a characterization of thirteen 2+1-flavor Wilson–clover gauge ensembles (NME)
generated by the JLab/W&M/LANL/MIT/Marseille collaborations. The ensembles span 0.053 ≤
𝑎 ≤ 0.117 fm, 3.7 ≤ 𝑀𝜋𝐿 ≤ 6.2, and 𝑀𝜋 ≈ 290, 230, 175, 135 MeV. We analyze the meson
and baryon spectrum, 𝑓𝜋 and 𝑓𝐾 , gradient-flow scales 𝑡0 and 𝑤0, and selected flowed observables
relevant for future matrix-element calculations.

1.1 Ensembles and analysis overview

The ensembles employ a 2+1-flavor Wilson–clover action with a tadpole-improved tree-level
clover coefficient and stout-smeared links. Two-point correlators are computed with Gaussian-
smeared sources; both smeared–smeared and smeared–point correlators are analyzed with correlated
multi-state fits. Finite-volume effects are assessed using two small-volume companions and are
negligible within our statistical precision; the final analysis uses eleven ensembles with 𝑀𝜋𝐿 ≥ 4.
Autocorrelations are monitored using 𝑡0 and𝑤0 and removed by binning; uncertainties are estimated
by bootstrap on binned data.

1.2 Chiral–continuum strategy

We parameterize quark-mass dependence using the dimensionless variables 𝜙2 ≡ 8𝑡0𝑀2
𝜋 and

𝜙4 ≡ 8𝑡0(𝑀2
𝐾
+ 𝑀2

𝜋/2). Because 𝑀𝐾 varies across ensembles, both 𝜙2 and 𝜙4 are treated as
independent fit variables. Discretization effects are modeled with a single leading term, using
one of 𝑎2, 𝛼𝑠𝑎, or 𝑎 (in units of

√
8𝑡0 or 𝑤0). The analysis is repeated using 𝑡0 or 𝑤0 to form

dimensionless quantities; the two determinations are highly correlated. Finite-volume corrections
are neglected since the final ensembles satisfy 𝑀𝜋𝐿 ≥ 4.

1.3 Main Results

From chiral–continuum fits to pseudoscalar and baryon observables on the NME ensembles, we
determine the physical flow scales 𝑡phy

0 and 𝑤phy
0 and obtain ( 𝑓𝐾/ 𝑓𝜋)phy. Independent extractions

from the octet baryon sector are consistent with those from the pseudoscalar analysis. In the
octet sector, NNLO heavy-baryon 𝜒PT provides a significantly improved description of the data
compared to NLO, while for the Ω baryon the two are statistically indistinguishable. A summary
of the various determinations of 𝑡phy

0 and 𝑤phy
0 is given in Table 2.

1.4 Input Values of Physical Quantities

Throughout this paper, when physical values for the spectrum or decay constants are needed,
we take the numbers given in Ref. [1] that have been corrected for the isospin-breaking effects:

𝑀
Phy
𝜋 = 134.8(3) MeV, 𝑀

Phy
𝐾

= 494.2(3) MeV,

𝑓
Phy
𝜋 = 130.56(13) MeV, 𝑓

Phy
𝐾

= 157.2(5) MeV, 𝑓
Phy
𝜋𝐾

=
2 𝑓𝐾 + 𝑓𝜋

3
= 148.32(34) MeV,

𝑀
Phy
𝑁

= 937.54(6) MeV, 𝑀
Phy
Λ

= 1115.68(1) MeV,

𝑀
Phy
Σ

= 1190.66(12) MeV, 𝑀
Phy
Ξ

= 1316.9(3) MeV, 𝑀
Phy
Ω

= 1669.5(3.0) MeV.

(1)
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In addition, we will use the following FLAG 2024 averages for the 2+1-flavor theory [2]:√︃
𝑡
Phy
0 |FLAG = 0.14474(57) fm ,

𝑤
Phy
0 |FLAG = 0.17355(92) fm . (2)

2. Gradient Flow and the Scales 𝑡0 and 𝑤0

The gradient flow is a procedure for smoothing of gauge degrees of freedom (links matrices)
that provides an ultraviolet scale characterizing lattice ensembles [3]. The continuum limit of
quantities calculated on the lattice can then be taken holding this scale fixed in physical units,
say MeV. The smoothing procedure evolves the gauge fields in the flow time 𝑡𝑔 𝑓 according to a
gauge-covariant diffusion equation towards static points of the lattice action. It involves updating
each gauge link at site 𝑖 in direction 𝜇 in flow time 𝑡𝑔 𝑓 using

𝑑𝑉 (𝑡𝑔 𝑓 )𝑖,𝜇
𝑑 𝑡𝑔 𝑓

= −𝑔2
0
𝜕𝑆(𝑉)
𝜕𝑉𝑖,𝜇

𝑉𝑖,𝜇, 𝑉𝑖,𝜇 (0) = 𝑈𝑖,𝜇 . (3)

In this work, we employ the stout smearing process [4],

𝑈
(𝑛+1)
𝜇 (𝑥) = exp(−𝑖𝜌𝑄𝜇 (𝑥))𝑈 (𝑛)

𝜇 (𝑥) , (4)

that, for small 𝜌, has been shown to be equivalent to the Wilson flow scheme in Refs. [3, 5]. Here
𝑄𝜇 is the sum of the 6 staples in planes orthogonal to the direction 𝜇. The parameter 𝜌 serves as the
small flow step size, 𝛿𝑡, which we choose to be 𝛿𝑡 = 0.01. This procedure ensures a gauge-covariant
smoothing procedure with well-understood continuum behavior.

To calculate the scale 𝑡0, the infinitesimal gauge-field smearing steps are performed up to a
flow time 𝑡𝑔 𝑓 at which the product of the energy density and the square of the flow time reaches the
predefined value

𝑡2𝑔 𝑓 𝐸 (𝑡𝑔 𝑓 ) |𝑡𝑔 𝑓 =𝑡0 = 0.3 . (5)

A second scale, 𝑤0, is obtained using the condition,

𝑡𝑔 𝑓
𝑑

𝑑𝑡𝑔 𝑓
{𝑡2𝑔 𝑓 𝐸 (𝑡𝑔 𝑓 )}

�����
𝑡𝑔 𝑓 =𝑤

2
0

= 0.3 . (6)

3. Analysis of the Decay Constants 𝑓𝜋 and 𝑓𝐾

The strength of the leptonic decays of pions (𝜋+ → 𝜇+𝜈𝜇) and kaons (𝐾+ → 𝜇+𝜈𝜇) via weak
interactions is given by the decay constants 𝑓𝜋 and 𝑓𝐾 . These are obtained from the nuclear matrix
elements, for example ⟨0|𝐴𝜇 |𝜋(𝑝)⟩ = 𝑖 𝑓𝜋 𝑝𝜇, where 𝐴𝜇 is the renormalized axial part of the weak
current and 𝜋(𝑝) is the pion state. These are, in turn, extracted efficiently and accurately from
simultaneous fits to the lattice two-point functions (correlators) ⟨𝑃𝑆 (0)𝑃𝑆 (𝜏)⟩ and ⟨𝑃𝑆 (0)𝐴𝑃 (𝜏)⟩
with the interpolating operators 𝑃 = 𝜓𝛾5𝜓 and 𝐴4 = 𝜓𝛾4𝛾5𝜓 placed at time 𝑡 = 0 (source) and

3
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𝜏 (sink). The subscript 𝑆 (𝑃) denotes smeared (point) sources/sinks. Since the S2N in these
correlators does not degrade with 𝜏, we use the large 𝜏 limit of their spectral decomposition,

⟨𝑃𝑆 (0)𝐴𝑃 (𝜏)⟩ =
∑︁
𝑖

⟨0|𝑃 |𝜋𝑖⟩⟨𝜋𝑖 |𝐴4 |0⟩𝑒−𝐸𝑖 𝜏 , (7)

to isolate the ground state and obtain an accurate value of ⟨0|𝐴𝜇 |𝜋(𝑝)⟩. Two kinds of fits are done to
check consistency: (i) a 1-state fit starting at large 𝜏min where a single state domination is manifest,
i.e., the plateau in 𝑀eff is well established, and (ii) a 2-state fit starting earlier at a 𝜏min where some
excited state effects are present. The results show that the two fits give consistent, within 1𝜎, results
for the masses, 𝑀𝜋 and 𝑀𝐾 , and the decay constants, 𝑓𝜋 and 𝑓𝐾 . For the final results, we take the
estimates from the 1-state fits since the 𝑀0 values from the individual fits to the two correlators are
closer.

The statistical analysis of the data was done by generating two hundred bootstrap samples
starting with the binned data on the eleven ensembles. Noting that the number of binned data
points 𝑁𝑙/𝑁bin (or 𝑁𝑠/𝑁bin for strange states) in each ensemble are different, 𝑁𝑙/𝑁bin (or 𝑁𝑠/𝑁bin)
values were drawn randomly from each. Estimates for 𝑀𝜋 , 𝑓𝜋 , 𝑀𝐾 , and 𝑓𝐾 on each of the 11
ensembles, were then calculated. These bare lattice values of 𝑓𝜋 and 𝑓𝐾 were renormalized using
the 𝑍𝐴 calculated for the local isovector axial vector current on these ensembles. (The results
for all five renormalization factors, 𝑍Γ, for all 11 ensembles, are calculated using the RI-sMOM
intermediate scheme on the lattice.) Lastly, results at the physical point were obtained by doing a
continuum-chiral fit. This process was repeated 200 times to get the 200 bootstrap samples used
for estimating the errors.

The first application of these data is to extract the physical point value for the scales, 𝑡Phy
0 and

𝑤
Phy
0 . As described in Sec. 3.2, this is done using the chiral-continuum (CC) fit ansatz given in

Eq. (9) for the combination 𝑓𝜋𝐾 defined as

𝑎 𝑓𝜋𝐾 = 𝑍𝐴

(
2
3
𝑎 𝑓𝐾 + 1

3
𝑎 𝑓𝜋

)
. (8)

The second, described in Sec. 3.3, is to calculate the ratio 𝑓𝐾/ 𝑓𝜋 |Phy using two ansatz for the CC fit
given in Eqs. (12) and (13) and the physical values given in Eq. (1).

Before presenting these analyses, we first discuss the calculation of the renormalization con-
stants 𝑍Γ for all local quark bilinear operators, of which 𝑍𝐴 is used to renormalize 𝐴𝜇 needed in
the calculation of 𝑓𝜋 and 𝑓𝐾 .

3.1 Renormalization

We use nonperturbative 𝑍Γ in the RI-sMOM scheme with matching to MS at 2 GeV; details
and ensemble-by-ensemble values are given in the accompanying long paper.

3.2 Extracting the scales 𝑡Phy
0 and 𝑤Phy

0 using the data for 𝑓𝜋𝐾

To extract 𝑡Phy
0 and 𝑤Phy

0 from the data for 𝑓𝜋𝐾 , a fit is made using the following ansatz:√︁
8𝑡0 𝑓𝜋𝐾 (𝑀𝜋 , 𝑀𝐾 , 𝑎) =

𝐴

4𝜋

[
1 − 7

6
𝐿

(
𝜙2

𝐴2

)
− 4

3
𝐿

(
𝜙4 − 1

2𝜙2

𝐴2

)
− 1

2
𝐿

(
4
3𝜙4 − 𝜙2

𝐴2

)
+ 𝐵𝜙4

] (
1 + 𝐶 𝑓 ( 𝑎

√
8𝑡0

)
)
,

(9)

4
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with the first part on the right hand side modeling, motivated by 𝜒PT [6–8], the chiral behavior and
the second part the discretization corrections.

Here 𝐿 (𝑥) = 𝑥 ln 𝑥 and 𝐴, 𝐵, 𝐶 are fit parameters that, in general, depend on 𝜙2, 𝜙4 and other
low-energy constants of 𝜒PT. The ideal situation for the adequacy of such a low-order ansatz would
be if the ensembles had been generated along the green line in Fig. ?? implying a roughly constant
𝑚𝑠. Our ensembles, unfortunately, have a large variation with 𝑚𝑠 > 𝑚

Phy
𝑠 . Future lattice generation

should target the green line.
For parameterizing the discretization errors, we investigate three possibilities:

𝑓 (𝑎) = 𝑎2

8𝑡0
,

𝛼𝑠𝑎√
8𝑡0
,

𝑎
√

8𝑡0
, (10)

with 𝛼𝑠𝑎/
√

8𝑡0 expected to be the closest for our almost 𝑂 (𝑎) improved action.
As shown in Eq. (9), the analysis is done making all terms dimensionless using 𝑡0/𝑎2 or 𝑤0/𝑎

that are also calculated on the lattice. When using 𝑡0/𝑎2, 𝐴 = 4𝜋
√

8𝑡0 𝑓𝜋𝐾 chiral limit. Doing the full
analysis using 𝑤2

0 instead of 𝑡0/𝑎2 in Eq. (9) gives 𝑤Phy
0 , however, the results for 𝑡Phy

0 and 𝑤Phy
0 are

highly correlated.
Our central analysis assumes {𝐴, 𝐵, 𝐶} to be constants and uses 200 bootstrap samples for

uncertainties. The three discretization ansätze give consistent results, with only a mild upward shift
under 𝑎2 → 𝛼𝑠𝑎 → 𝑎.

Since the action is close to 𝑂 (𝑎) improved, we adopt the 𝛼𝑠𝑎 ansatz as our central choice and
quote the largest uncertainty among the three cases:√︃

𝑡
Phy
0 = 0.1424(26) fm, 𝑤

Phy
0 = 0.1718(25) fm. (11)

These agree within 1𝜎 with the FLAG 2024 averages, though our uncertainties are larger.
The lattice spacing on each ensemble is determined from the extracted value of 𝑡phy

0 and
the measured 𝑡0/𝑎2. Differences between alternative definitions are numerically small at current
precision and are neglected.

3.3 Calculating the ratio 𝑓𝐾/ 𝑓𝜋
Having used 𝑓𝜋𝐾 to set the lattice scale, we can determine the second independent quantity

𝑓𝐾/ 𝑓𝜋 using the data for 𝑓𝜋 and 𝑓𝐾 . For this, we investigate two ansatz to carry out the chiral-
continuum extrapolation. The first is the next-to-leading order chiral fit given in Ref. [9] that is
based on the SU(3) 𝜒 𝑃𝑇 in Ref. [6]:

𝑓𝐾

𝑓𝜋
= 1 + 𝑐0

2

[
5
4

(
8𝑡0𝑀2

𝜋

)
log

(𝑎𝑀𝜋)2

(𝑎𝜇)2 − 1
2

(
8𝑡0𝑀2

𝐾

)
log

(𝑎𝑀𝐾 )2

(𝑎𝜇)2

− 3
4

(
8𝑡0𝑀2

𝜂

)
log

(𝑎𝑀𝜂)2

(𝑎𝜇)2 + 𝑐18𝑡0
(
𝑀2
𝐾 − 𝑀2

𝜋

) ]
, (12)

where 𝑀2
𝜂 = (4𝑀2

𝐾
− 𝑀2

𝜋)/3 and 𝜇 is a fixed renormalization scale of the chiral effective theory
in physical units, which we choose to be 𝜇 = 770 MeV. Then, to keep all terms in Eq. (12)
dimensionless requires knowing the lattice spacing 𝑎 on each ensemble to convert 𝜇 to 𝑎𝜇. We use
𝑎naive.

5
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1.150 1.175 1.200 1.225 1.250 1.275
fK±/f ±

CLQCD 23

QCDSF/UKQCD 16

BMW 16

Laiho 11

MILC 10

MILC 09A

MILC 09

Aubin 08

MILC 04

 FLAG avg (Nf=2+1)

This paper

Nf = 2 + 1 results for fK ± /f ±

Figure 1: Comparison of 𝑓𝐾±
𝑓𝜋±

(blue square) obtained in this work with results from previous lattice studies
with 2+1-flavor QCD: CLQCD 23 [11], QCDSF/UKQCD 16 [12], BMW 16 [9], Laiho 11 [13], MILC 10 [14],
MILC 09A [15], MILC 09 [16], Aubin 08 [17], and MILC 04 [18]. The grey band shows the FLAG 2024
average taken from Ref. [2].

We also consider the 4-parameter polynomial ansatz used in Ref. [9]:

𝑓𝐾

𝑓𝜋
= 1 + 8𝑡0

(
𝑀2
𝐾 − 𝑀2

𝜋

) [
𝑐0 + 𝑐18𝑡0

(
𝑀2
𝐾 − 𝑀2

𝜋

)
+ 𝑐28𝑡0𝑀2

𝜋 + 𝑐38𝑡0𝑀4
𝜋

]
. (13)

Table ?? gives the results for 𝑓𝐾/ 𝑓𝜋 |Phy obtained using different models for the CC fit: the
three ansatz for discretization errors, the two ansatz for the chiral correction, and the two values
of the lattice spacing, 𝑎naive

𝑓𝜋𝐾
and 𝑎corr.

𝑓𝜋𝐾
. We choose 𝑓𝐾/ 𝑓𝜋 = 1.193(33) given in Table ?? for the

O(𝛼𝑠𝑎) continuum correction with 𝑎naive. To compare this isosymmetric 2+1-flavor theory result
with the phenomenological extraction, 𝑓 ±

𝐾
/ 𝑓 ±𝜋 , requires applying the isospin breaking correction

𝛿SU(2) [2, 10] using the relation:

𝑓𝐾±

𝑓𝜋±
=
𝑓𝐾

𝑓𝜋

√︁
1 + 𝛿SU(2) . (14)

We find 𝛿SU(2) = −0.0039(11) =⇒ 𝑓𝐾±
𝑓𝜋±

= 1.191(32). As shown in Fig. 1, while our central value
is consistent, the error is large compared with other lattice determinations that enter the FLAG
average and the FLAG 2024 average 𝑓𝐾±

𝑓𝜋±
= 1.1917(37). We obtain ( 𝑓𝐾/ 𝑓𝜋)phy = 1.193(33)

(isospin-symmetric), corresponding to 𝑓𝐾±/ 𝑓𝜋± = 1.191(32) after applying 𝛿SU(2) .

4. Analysis of the octet and decuplet baryon spectrum

Our analysis includes the octet baryons 𝑂 ∈ {𝑁,Λ, Σ,Ξ} and the Ω baryon. Physical-point
results are obtained from simultaneous chiral–continuum fits using 𝑡0 or 𝑤0 to form dimensionless
combinations. The chiral dependence is described using NLO and NNLO HB𝜒PT in terms of 𝑀𝜋

and 𝑀𝐾 [19, 20], and discretization effects are modeled by the three ansätze in Eq. (10).

6
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Figure 2: Comparison of NLO versus NNLO chiral fits to the four octet baryon masses in units of 𝑡0,
i.e., the y-axis labels are {

√
8𝑡0𝑀𝑁 ,

√
8𝑡0𝑀Λ,

√
8𝑡0𝑀Σ,

√
8𝑡0𝑀Ξ}. The O(𝛼𝑠𝑎) ansatz is used to remove

discretization errors and 𝑡Phy
0 is used to set the scale.
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Figure 3: Comparison of the NLO versus NNLO chiral fits to the Omega baryon mass in units of 𝑡0, i.e.,√
8𝑡0𝑀Ω. The ansatz used to remove discretization errors is the O(𝛼𝑠𝑎) and 𝑡Phy

0 is used to set the scale.

Fit parameters and notation. We perform simultaneous chiral–continuum fits to the octet masses
using NLO and NNLO HB𝜒PT expressions in terms of 𝑀𝜋 and 𝑀𝐾 [19, 20]. All quantities are
made dimensionless using either 𝑡0 or 𝑤0. Discretization effects are modeled by Eq. (??) with
𝑓 (𝑎) given in Eq. (10). The coefficients 𝑐𝑜 and 𝑐𝑜 are common to all octet states, while 𝛿𝑐𝑂
parametrizes SU(3)-breaking discretization effects for each𝑂. The chiral fit parameters in Table ??
are: 𝑴0 ≡

√
8𝑡0𝑀0 (octet chiral-limit mass), 𝒃̄ and 𝒃𝑫, 𝒃𝑭 (NLO mass LEC combinations), and

𝑫, 𝑭 (axial couplings entering the NNLO loop contributions). For theΩ baryon, 𝑐𝑑 , 𝑐𝑑 , 𝛿𝑐Ω denote
the discretization coefficients and 𝑴𝐷0, 𝒕, 𝒕𝐷 are the chiral parameters at NLO; the NNLO coupling
𝑯 is not constrained by our data.

Analysis of the decuplet baryon masses In the decuplet sector we analyze only the Ω baryon.
NLO and NNLO fits provide comparable descriptions of the data, with no statistically significant
improvement from NNLO. We therefore adopt the NLO ansatz for scale setting in this sector.

The full set of dimensionless fit parameters is not shown here for brevity. Table 1 summarizes
the fit quality. NNLO is clearly preferred in the octet sector, while in the Ω sector NLO and NNLO
are statistically indistinguishable.
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Fit 𝜒2/𝑁DF (𝑡0) 𝜒2/𝑁DF (𝑤0)
Octet NLO 3.75 3.02

Octet NNLO 0.57 0.79
Ω NLO 0.57 0.88
Ω NNLO 0.63 1.02

Table 1: Fit quality for the combined chiral–continuum analysis. NNLO significantly improves the octet
description, while no clear improvement is observed for the Ω sector.

Physical baryon mass used as input
Flow scales [fm] 𝑁 Λ Σ Ξ Ω√︃

𝑡
Phy
0 (NLO) 0.1457(26) 0.1394(44) 0.1384(57) - 0.1489(58)√︃

𝑡
Phy
0 (NNLO) 0.1461(17) 0.1453(26) 0.1456(21) 0.1501(22) 0.1491(56)

𝑤
Phy
0 (NLO) 0.1756(31) 0.1681(58) 0.1672(77) 0.161(11) 0.1778(98)

𝑤
Phy
0 (NNLO) 0.1738(22) 0.1730(38) 0.1731(28) 0.1791(30) 0.1783(92)

Table 2: Determinations of
√︃
𝑡
phy
0 and 𝑤phy

0 from octet and Ω input masses. Results are shown for NLO and
NNLO chiral fits. Discretization effects are modeled with the O(𝛼𝑠𝑎) ansatz.

𝑚𝑁 𝑚Λ 𝑚Σ 𝑚Ξ 𝑚Ω 𝑓𝜋𝐾

Pheno: Eq. (1) 937.54(6) 1115.68(1) 1190.66(12) 1316.9(3) 1669.5(3.0) 148.32(34)

Fit with 𝑎2 939.3(7.7) 1114(11) 1188.7(8.3) 1333.7(8.8) 1682(34) 146.3(1.5)

Fit with 𝛼𝑠𝑎 945(10) 1118(14) 1195(11) 1340(12) 1698(46) 146.5(1.6)

Fit with 𝑎 955(14) 1126(19) 1206(16) 1350(17) 1737(72) 147.0(1.9)

Table 3: Predicted baryon masses and 𝑓𝜋𝐾 (MeV) after chiral–continuum extrapolation (NNLO). Rows

correspond to different discretization ansätze. The scale is set using
√︃
𝑡
phy
0 = 0.14474(57) fm (FLAG 2024).

Conclusions

We have analyzed eleven 2+1-flavor NME ensembles and presented results for the gradient-flow
scales 𝑡0, 𝑤0, the decay constants 𝑓𝜋 and 𝑓𝐾 , and the octet and Ω baryon spectrum.

Using 𝑓𝜋𝐾 , we determine√︃
𝑡
Phy
0 = 0.1424(26) fm, 𝑤

Phy
0 = 0.1718(25) fm,

consistent with FLAG 2024 within uncertainties. We obtain ( 𝑓𝐾/ 𝑓𝜋)Phy = 1.193(33).
In the octet sector, NNLO HB𝜒PT provides a significantly improved description relative to

NLO. For the Ω baryon, NLO and NNLO fits are statistically indistinguishable, and the NLO result
is preferred.

The dominant limitation is the small number of ensembles in the chiral–continuum extrapola-
tion. These ensembles provide a validated basis for future precision studies.
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Figure 4: Our results for 𝑡Phy
0 (left) and 𝑤Phy

0 (right) using various measured quantities specified in the y-axis
labels and for the three ansatz used to remove discretization errors. For comparison, the FLAG 2024 average
value [2] is shown at the top.
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