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quire the inclusion of Δ� = 1/2 rule-enhanced, isospin-breaking effects. Here we give an update
on the program to include electromagnetism and quark mass differences in a first-principles calcu-
lation of Y′. We combine finite-volume hadronic matrix elements with an infinite-volume photon
propagator. In order to avoid large finite-volume effects due to low-energy ccW states, we omit
low-energy photons but show this introduces a negligible error.
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1. Introduction

One of the important shortcomings of the Standard Model (SM) is its failure to explain the
amount of CP violation observed in the universe. This suggests precision tests of CP-violating pro-
cesses as promising opportunities to find hints of new physics. One such process is the CP-violating
decay of a neutral kaon to two pions. This process is parameterized by Y′ and has been measured
experimentally at the ten percent level: Re(Y′/n) = 16.6(2.3) × 10−4 [1]. Lattice QCD calculations
of Y′ have reached near-experimental statistical precision, but suffer from large systematic uncer-
tainties due to, among other things, neglect of the isospin-breaking (IB) effects. The most precise
lattice result is Re(Y′/Y)LAT = 21.7(2.6)stat(6.2)sys(5.0)IB × 10−4[2]. The IB effects to be taken
into account are <D ≠ <3 and electromagnetic (EM) radiative corrections at low and intermediate
energies, which we define to be the scales accessible to the reasonably fine lattice QCD ensembles
�W ® 2.0 GeV [2–6]. These effects typically contribute on the order of one percent, but are en-
hanced by ∼ 20× in Y′ due to the Δ� = 1/2 rule. The contributions of high-energy photons above
this scale can be safely computed in QCD + electroweak (EW) perturbation theory and will, when
they become available, appear in modified values of the Wilson coefficients of the ten effective
four-quark operators which are used in lattice QCD calculations; see Ref. [7] for a detailed review.

In this article, we describe how to include IB effects in a lattice QCD simulation with exponentially-
suppressed finite-volume (FV) effects. Our key observation is that states containing low-energy pho-
tons, which we define to be those carrying a spatial momentum less than the kaon mass | ®:W | ® " ,
contribute negligibly to Y′ and therefore may be omitted from a lattice QCD calculation. These
states would otherwise experience large FV distortions and invalidate the Lellouch-Lüscher strat-
egy for calculating weak decay amplitudes on the lattice [8]. To demonstrate that these states may be
safely excluded, we use QCD + QED chiral perturbation theory (ChPT), which in this low-energy
range is a valid model of meson interactions and should reasonably describe the photon contri-
bution. The remainder of the EM contributions coming from photons in the intermediate range
" ® | ®:W | ® 2.0 GeV decay rapidly in Euclidean space and are therefore sufficiently local that
they can be safely included in lattice calculation. The quark mass differences introduce no massless
states and can be safely included to first order in perturbation theory. To summarize, our EM strat-
egy is to combine infinite-volume (IV) photon propagators with FV hadronic matrix elements that
include the insertion of EM currents. We will omit photons in the low-energy region from the IV
propagator. We should be able to vary the arbitrary energy cutoff to demonstrate the insensitivity
of Y′ to these photons. The IB corrections also result in the mixing of isospin channels, making the
calculation a coupled multi-channel decay. This can be dealt with using the strategy described in
Ref. [9]; see Ref. [10] for more details.

The IB contribution to neutral kaon decays has been analyzed in ChPT [11–14], and we rely
on these previous treatments for the numerical values of the large number of a priori unknown
low-energy coefficients (LECs) which enter the chiral Lagrangian. Where our treatment differs
from these previous analyses is that lattice QCD allows us to make first-principles calculations
of the decay amplitudes �0 and �2 in an isospin-symmetric (IS) universe in which IB effects are
excluded, to which we add IB contributions to leading order in perturbation theory. We find that Y′

is largely insensitive to the lowest-energy EM corrections when expressed in terms of these IS decay
amplitudes. This is in contrast with the previous analyses which appropriately find contributions
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on the order of several to ten percent of Y′ when IB corrections are added to the real parts of decay
amplitudes which are determined from experiment, in which IB phenomena necessarily appear.
Furthermore, we demonstrate that Y′ is free from IR divergences when expressed in terms of IS
amplitudes.

The outline of this talk is as follows. In the first section we describe the Δ� = 1/2 rule and the
parameter Y′. In the second section we derive a generalized formula for Y′ including IB effects to
leading order in perturbation theory. In the third section we discuss the chiral Lagrangians required
for our calculation and demonstrate the important cancellation which underlies the insensitivity of
Y′ to low-energy EM effects. In the fourth section we use ChPT to make a concrete numerical
estimate of the low-energy EM effects. Finally, we summarize these results and the outlook for the
calculation in the conclusion.

2. The Δ� = 1/2 rule and Y′

First, we discuss the neutral kaon phenomenology. We are interested in the neutral kaon decay
 → (cc)� , where the final state pions can be in the � = 0 or � = 2 isospin channel. The amplitudes
for these processes are

��4
8 X� = 〈(cc)� | �, | 〉 , (1)

where �, is the weak Hamiltonian that changes the strangeness quantum number by one and X� is
the c−c scattering phase shift in the � = 0, 2 isospin channel, as dictated by Watson’s theorem. The
amplitudes �� are complex in the presence of CP violation. The key feature of neutral kaon decays
is the large ratio Re�0 / Re�2 ≈ 22; this is the Δ� = 1/2 rule. In a lattice QCD calculation, �, is
constructed from a sum of four-quark effective operators and Wilson coefficients which are com-
puted in QCD + EW perturbation theory. It is important to note that the previous RBC/UKQCD
calculations use �, that includes the effective four-quark realization of the EW penguin opera-
tors. The additional effects of high-energy photons above the lattice scale will modify the Wilson
coefficients that enter the weak Hamiltonian.

The parameter Y′ is defined as

Y′ =
1
3

[
〈c+c− |�, | !〉
〈c+c− |�, | (〉

− 〈c0c0 |�, | !〉
〈c0c0 |�, | (〉

]
. (2)

The terms in the brackets are called [+− and [00. Here  ! and  ( are the long- and short-lived
neutral kaon states. Because we are focused on direct CP violation, we take  ! and  ( to be the
symmetric and antisymmetric linear combinations of  and  , respectively. We use a CP transfor-
mation to express the  decay in terms of �0 and �2, then simplify this expression, keeping only
the leading-order terms in the small ratio Re�2 / Re�0. This gives the usual formula for Y′:

Y′ =
8
√

2
48 (X2−X0 ) Re�2

Re�0

[
Im�2
Re�2

− Im�0
Re�0

]
. (3)
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3. IB corrections to Y′

In this section we discuss the IB contributions to Y′. The main result of this section is the
derivation of a generalized formula for Y′ that includes IB effects to first order in QED perturbation
theory.

We first demonstrate that Y′ does not suffer from infrared (IR) divergences due to virtual soft
photons. To do so we note that Y′ is defined by the terms [+− and [00, which are ratios of amplitudes
with identical particles in the final states. As is well known, the standard way to treat IR divergences
from virtual soft photons is to partition the photons into ‘soft’ and ‘hard’ energy regions, separated
by an arbitrary energy cutoff Λ. The photons in the hard region contribute to the physical, IR-finite
amplitude. The photons from the soft region contribute an IR-divergent exponentiated factor which
multiplies the physical amplitude. Since the ratios [+− and [00 have identical particles in the final
states, these IR-divergent factors are identical and will cancel between them. This leaves us with a
result for Y′ which depends on the arbitrary energy Λ separating the soft and hard regions. However,
the main result of this talk is to show that Y′ is largely insensitive to low-energy photons, and we
plan to omit all photons in this region.

Next we derive the generalized formula for Y′ including IB corrections. To do so, we introduce
the following quantities which characterize the IB corrections to the  decay amplitudes

8�-. = f-
〈
(cc).

����) {[ − 8 ∫ 34G
<3 − <D

2
(
3̄3 (G) − D̄D(G)

)
− 1

2!

∫
34G

∫
34H�` (G)�` (G)�a (H)�a (H)

]
H-
, (0)

}���� 0
〉
.

(4)

Here we choose - = 4, > corresponding to f4, f> = 1, 8 to extract CP-violating phase. The first
term in this equation is the perturbative insertion of the light quark mass difference and the second
term is the first-order EM correction from photons at and below the lattice scale. All of the terms
in the above equation are to be evaluated at the level of quark fields in a lattice QCD calculation. In
order to facilitate the following analysis, we use the charged basis . = +−, 00. We simplify in the
same manner as before to find our generalized equation for Y′ including IB effects.

Y′ =
8
√

2
48 (X2−X0 ) Re�2

Re�0

[
Im�2
Re�2

− Im�0
Re�0

+ 4−8 X2

3Re�2Re�0

{
(Re�0) (�>+− +

√
2�>00) − (Im�0) (�4+− +

√
2�400)

}]
.

(5)

In the above, the amplitudes �0 and �2 are evaluated in IS QCD, but do include the four-quark
operators that are the effective realization of the EW penguin operators. These amplitudes will also
contain the effects of high-energy photons when modified values of the Wilson coefficients that
include short-distance EM effects become available. A few key features of this equation are as fol-
lows. First, the term in the curly brackets is complex due to the � = 2 scattering phase out front and
due to the amplitudes �+− and �00 which can have CP-conserving complex phases due to the pres-
ence of 8n in intermediate state Feynman propagators. This is to be expected as Watson’s theorem
requires modified final-state scattering phases when there are additional photon intermediate states.
Second, the factor of Re�2 in the denominator of this term means that it receives the Δ� = 1/2 rule
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enhancement. Finally, the fact that the two terms in the curly bracket enter with a difference will
result in a large cancellation for the corrections from low-energy photons.

4. Chiral perturbation theory analysis

In this section we introduce the chiral Lagrangians necessary to make our estimate, and make
an analysis of the IB terms which enter Eq. (5). In all of what follows we work to first order in
U�" . The result is that the leading-order terms in ChPT from EM corrections cancel exactly in
the difference in Eq. (5). Therefore, the first contribution from the low-energy photons comes from
higher orders in ChPT which are suppressed by powers of momentum. In the low-energy region,
this suppression is substantial. As is explained below, we also consider only the EM corrections to
the charged pion decay channel.

As is conventional, we represent the pseudoscalar mesons by the 3 × 3 special unitary matrix

* (G) = exp
(
8

�
5

)
, (6)

where the Hermitian matrix 5 = (1/
√

2)∑ q0_0 has the explicit form

1
√

2

8∑
0=1

q0_0 =

©­­­«
1√
2
c0 + 1√

6
[ c+  +

c− − 1√
2
c0 + 1√

6
[  0

 −  ̄0 − 2√
6
[

ª®®®¬ . (7)

Here {_0}1≤0≤8 are the Gell-Mann matrices. In ChPT the Δ� = 1/2 weak Hamiltonian takes the
form

�
Δ�=1/2
,

= �8�
4Tr

(
_�`*†�`*

)
+ �8�

2
∑
8

#8$
8
8 +$ (�� ?6). (8)

In this equation _ is a matrix which projects onto the Δ( = 1 transition. The covariant derivatives
take the form �`* = m`* + 84�` [&,*], where �` is the photon field and& is the matrix of quark
charges. The operators in the second term on the RHS contain four covariant derivatives or their
equivalent in ChPT power counting. We have highlighted in blue all of the constants containing
CP-violating phases.

Since we are considering only the photon coupling to the charged pions, we can focus on the
difference

(Re�0)�>+− − (Im�0)�4+− . (9)

To identify the pieces that cancel in this difference, we expand each of the terms in this equation in
the orders in which they receive contributions in ChPT. For the amplitude �0, the Hamiltonian in
Eq. (8) results in

�0 = �8

[
A (?2 ) + A (?4 )

]
+ �8

∑
8

#8A (?4 )
8

. (10)

This amplitude has had the CP-conserving scattering phase 48 X0 removed. The scattering phase
also has a well-defined expansion in ChPT, and we have taken this into account in our following
calculations. On the RHS, the A (?2 ) term is the tree-level contribution from the first term on the
RHS in Eq. (8). The term A (?4 ) has a Δ( = 1 transition resulting from the same LO term in �, ,
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(A) (B)

(C)
(D)

Figure 1: Feynman diagram topologies contributing to �+− . The solid black dot vertices indicate the Δ( = 1
transition. Diagram D contributes via the wavefunction renormalization factor of the charged pions.

but is higher-order in ChPT because it contains meson loops. In ChPT, meson loops contribute an
extra factor of $ (?2) to the amplitude. The terms A (?4 )

8
are tree-level diagrams coming from the

second term on the RHS of Eq. (8). For the amplitude �+−, we have

�+− = U�"�8

[
B (?2 )
+− + B (?4 )

+−

]
+ U�"

∑
8

�8#8B (?4 )
+−,8 . (11)

Here, B (?2 )
+− is the O(U�" ) EM correction to the charged pion portion of the tree-level amplitude

A (?2 ) . Likewise, B (?4 )
+− and B (?4 )

+−,8 represent O(U�" ) corrections to the charged pion portions of

A (?4 ) and A (?4 )
8

, respectively. Plugging Eqs. (10) and (11) into Eq. (9) and keeping only terms of
lowest order in ChPT, we find

Re(�0)�>+− − Im(�0)�4+− = U�"

∑
8

A (?2 )B (?4 )
+−,8

[
Re(�8)Im(�8#8) − Im(�8)Re(�8#8)

]
+U�"

∑
8

A (?4 )
8

B (?2 )
+−

[
Re(�8#8)Im(�8) − Im(�8#8)Re(�8)

]
. (12)

In this difference, the largest terms proportional to the product A (?2 ) · B (?2 )
+− have canceled, since

their CP-even and CP-odd parts come from the same complex coefficient �8. This is the source
of the suppression of the low-energy photon contribution: Y′ arises from an interference between
different CP-violating phases in the �0 and �2 amplitudes. The leading EM correction adds the
same CP-violating phase to each of these amplitudes, and therefore it can only contribute through
interference between higher-order contributions to the CP-violating phases.

5. Results

In this section we make a numerical estimate of the contribution from low-energy photons.
Because of the large number of terms which enter the first term on the RHS of Eq. (12), we elect
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to make an explicit evaluation of only the second term. (It is this choice which results in our con-
sideration of only the c+c− amplitude, since the corresponding B (?2 )

00 term vanishes because of
the neutrality of the two external c0 mesons.) We find that the low-energy photons make only a
negligible contribution, and therefore neglecting other terms of the same characteristic size should
not affect our conclusion. From Ref. [13] we can find numerical results for the amplitudes A (?4 )

8

and the corresponding LECs #8 and �8.
To evaluate B (?2 )

+− , we quantize the EM field in Coulomb gauge and evaluate the diagrams in
Fig. 1. These loop diagrams are divergent and would typically be renormalized by local countert-
erms appearing at higher order in ChPT. However, since we are interested only in the low-energy
contribution, we complete the integral over the loop momenta :0 using the residue theorem and then
impose a cutoff `max limiting the magnitude of the three-momenta carried by the photon propagator
in the kaon rest frame to what we refer to as the low-energy range. To regulate IR divergences, we
also include an IR cutoff: `min < | ®:W | < `max. We have varied `min and confirmed that it has a
negligible effect on our result.

To complete the estimate we calculate the IB term in Eq. (12)

Λ�� =
4−8 X2

3Re�2Re�0

[
Re(�0)�>+− − Im(�0)�4+−

]
, (13)

which we compare to the largest term in the IS formula for Y′

Λ0 =
Im�0
Re�0

. (14)

To get a concrete numerical estimate, we use the experimental results for Re�2 and Re�0 and the
ChPT result for IS Im�0 from Ref. [13]. While these do not correspond to the values that would
be evaluated on the lattice in the IS limit, the differences are small enough that our conclusion is
unaffected. Our results for the relative contribution to Y′ from the low-energy EM corrections are
plotted in Fig. 2 for a range of maximum photon energies. We find contributions on the order of
0.1% of Y′. This is well below the current precision with which lattice calculations can evaluate Y′

and therefore appears safe to neglect.
Before closing this section, we comment on the effects of the above on the pion masses. Ne-

glecting the low-energy photons will change the charged pion mass splitting, which will also affect
the final result. This is a contribution on the same order as those effects discussed above, and there-
fore can be expected to contribute on the same negligible scale. In a lattice calculation with those
photons with momentum below `max removed, this shift in the pion EM self-energy will affect only
the mass counterterms needed to restore the pion masses to their physical values.

6. Conclusion

In this talk we described our strategy for making a lattice calculation of the isospin-breaking
corrections to Y′ with exponentially suppressed finite-volume effects. Our main result was to demon-
strate that the problematic low-energy photon states can be omitted from a calculation of Y′ with
negligible effect. This is because the leading-order QED + QCD effects in ChPT contribute the
same CP-violating phase to the � = 0, 2 isospin channels, which leave Y′ unchanged; contributions

7
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Figure 2: The estimated relative contribution of low-energy EM corrections Y′ plotted as a function of the
maximum allowed photon energy in the kaon rest frame. Plotted uncertainties are dominated by theoretical
uncertainties in the values of chiral LECs. We observe effects on the order of 0.1% of Y′, corresponding to
∼ 1% of the expected contribution from IB effects.

only start at higher order in ChPT. To summarize: our strategy is to work with isospin-symmetric
QCD and add isospin-breaking effects to leading order in QED perturbation theory. To include
electromagnetic effects, we will combine hadronic matrix elements evaluated in finite volume with
infinite-volume photon propagators. We will omit the low-energy photons with | ®:W | ® " . The
propagation of the remaining photons, carrying momenta above the kaon mass, will fall off rapidly
in Euclidean space and be sufficiently local that they may be safely included in a finite-volume lat-
tice calculation. The quark mass differences introduce no light, propagating states and therefore can
be safely included.

We have begun the calculation of the isospin-breaking contributions to Y′ on a physical quark
mass 243×64 ensemble with periodic boundary conditions and an inverse lattice spacing 0−1 ≈ 1.02
GeV, continuing the strategy developed in Refs. [3, 15]. Work is also underway to address the other
systematic errors in the calculation of Y′; see Ref. [16].
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