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1. Introduction

In scalar 𝜙4 theory in dimensions less than four, there exist two well-known fixed points. The
first is the trivial, or Gaussian, fixed point located at (𝑚2 = 0, 𝜆 = 0). The second is the non-trivial
fixed point, also known as the Wilson–Fisher fixed point [12], characterized by (𝑚2 ≠ 0, 𝜆 ≠ 0)
in the parameter space. Both fixed points lie on the critical line that separates the symmetric
(unbroken) phase, where ⟨𝜙⟩ = 0, from the symmetry-broken phase, where ⟨𝜙⟩ ≠ 0.

All points along the critical line exhibit similar critical behavior and are connected through RG
transformations [1, 2, 7]. However, fixed points are invariant under RG transformations. At these
points, the theory becomes scale invariant and is described by a conformal field theory (CFT) [6].

There have been attempts to interpret RG flow as a gradient flow, known as the Gradient Flow
Renormalization Group (GFRG) [3–5, 8, 9, 14]. The gradient flow is not itself the renormalization
group equation; rather, it describes the evolution of the field with respect to a dimensionful parameter
𝑡, called the flow time. The flow time is identified with the renormalization scale in order to interpret
the gradient flow as the Wilsonian RG flow.

In this work, we investigate the critical behavior of the two-dimensional scalar 𝜙4 theory under
the GFRG framework.

Since our focus is on studying the theory at criticality, we use a Conditional Normalizing Flow
(CNF) to efficiently generate samples in the critical region [15–21]. Using the GFRG framework,
we confirm the existence of the well-known Wilson–Fisher fixed point.

2. Search for FP in a 2D 𝜙4 Theory on the Lattice

The 𝜙4 action on a 2D lattice with lattice spacing 𝑎 is given by

𝑆[𝜙] =
∑︁
𝑥


1
2

2∑︁
𝜇=1

(𝜙(𝑥 + 𝑎𝜇̂) − 𝜙(𝑥))2 + 1
2
𝑚2

𝐿𝜙(𝑥)2 + 𝜆𝐿
8
𝜙(𝑥)4

 , (1)

where 𝑥 is a 2D discrete vector and 𝑚𝐿 = 𝑚0𝑎, 𝜆𝐿 = 𝜆0𝑎
2, with 𝑚0 and 𝜆0 being the bare mass

and bare coupling, respectively. 𝜙(𝑥) is a real-valued scalar defined on each lattice site.
Infrared (IR) fixed points are connected to the critical surface by RG flow. Thus, reaching a

fixed point is a two-step process: (i) first, we need to locate a critical point, and (ii) then perform
the RG flow, which will terminate at a fixed point. Finding the critical mass 𝑚𝑐 for any given 𝜆𝐿
is computationally costly. This involves generating samples for multiple values of 𝑚𝐿 to precisely
determine the critical point, where 𝑚2

𝐿
= 𝑚2

𝑐. Moreover, to trace out the critical line, we must
determine 𝑚2

𝑐 for different values of 𝜆𝐿 . Overall, locating the critical point is computationally
expensive and time-consuming.

In this paper, we propose using a machine learning–based conditional generative model to
efficiently sample the theory over a range of 𝑚𝐿 values and to search for the known signatures of
criticality. To reach the fixed point, we employ the GFRG as the RG flow.

2.1 Searching for critical points

As mentioned above, the first step in the search for a fixed point is to find the critical region,
where 𝑚2

𝐿
≈ 𝑚2

𝑐 for a fixed 𝜆𝐿 . Conventionally, it is done by plotting the susceptibility, correlation
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length, or Binder cumulant against 𝑚2
𝐿

for a fixed 𝜆𝐿 . At 𝑚2
𝐿
= 𝑚2

𝑐, the susceptibility should
diverge (showing a maximum for a finite lattice), and the Binder crossing occurs. But near the
critical region, it is computationally expensive and time-consuming, particularly in the case of large
𝜆𝐿 . To make the search efficient, we propose using CNF.

2.1.1 Conditional Normalizing Flow (CNF)

Mathematically, a CNF represents a parameterized invertible transformation conditioned on
external parameters, which can be trained to transform a known standard distribution to a target
distribution [15–21].

Let 𝑧 ∈ R𝑁 be sampled from a known standard distribution 𝑞𝑧 (𝑧).

𝜙 = 𝑇 (𝑧;𝑚2
𝐿 , 𝜆𝐿) (2)

where 𝑇 is an invertible transformation. The model distribution is given by the change of variables
formula,

𝑞𝜙 (𝜙 ;𝑚2
𝐿 , 𝜆𝐿) = 𝑞𝑧

(
𝑇−1(𝜙;𝑚2

𝐿 , 𝜆𝐿)
) ���det

(
𝐽𝑇−1 (𝜙;𝑚2

𝐿 , 𝜆𝐿)
)��� (3)

𝐽𝑇−1 (𝜙;𝑚2
𝐿 , 𝜆𝐿) =

𝜕𝑇−1(𝜙;𝑚2
𝐿
, 𝜆𝐿)

𝜕𝜙
(4)

If we parametrize the invertible function as 𝑇 (𝑧; 𝜃, 𝑚2
𝐿
, 𝜆𝐿), then the conditional model distribution

𝑞𝜙 (𝜙, 𝜃;𝑚2
𝐿
, 𝜆𝐿) can be used to parametrize the target distribution 𝑝(𝜙;𝑚2

𝐿
, 𝜆𝐿), where 𝜃 represents

the trainable model parameters. Here,

𝑝(𝜙;𝑚2
𝐿 , 𝜆𝐿) ∝ exp

(
−𝑆[𝜙;𝑚2

𝐿 , 𝜆𝐿]
)

(5)

The CNF can be trained by minimizing the reverse KL (RKL) divergence between 𝑞𝜙 (𝜙, 𝜃;𝑚2
𝐿
, 𝜆𝐿)

and 𝑝(𝜙;𝑚2
𝐿
, 𝜆𝐿):

𝐿RKL(𝜃) = KL
(
𝑞𝜙 (𝜙, 𝜃;𝑚2

𝐿 , 𝜆𝐿) ∥ 𝑝(𝜙;𝑚2
𝐿 , 𝜆𝐿)

)
(6)

= E𝑞𝑧 (𝑧)
[
log 𝑞𝑧 (𝑧) − log

��det 𝐽𝑇 (𝑧, 𝜃;𝑚2
𝐿 , 𝜆𝐿)

�� − log 𝑝
(
𝑇 (𝑧, 𝜃;𝑚2

𝐿 , 𝜆𝐿);𝑚2
𝐿 , 𝜆𝐿

)]
.(7)

The reverse KL divergence is known to exhibit mode-seeking behavior [25–27]. In the context of
symmetry breaking, this may lead the model to preferentially sample from a single broken vacuum
instead of representing the full symmetric distribution. This can be problematic at criticality, as
mode collapse might trigger early symmetry breaking.

2.1.2 Metropolis-Hastings (MH) algorithm

We want to sample field configurations 𝜙 from the target Boltzmann distribution

𝑝(𝜙) ∝ 𝑒−𝑆 (𝜙) , (8)

where 𝑆(𝜙) is the lattice 𝜙4 action.
We use the CNF as a proposal distribution 𝑞𝜃 (𝜙) that generates candidate configurations

together with their log-probabilities efficiently. The MH algorithm then constructs a Markov chain
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whose stationary distribution is the target Boltzmann distribution, allowing unbiased estimation of
observables.

In the independent MH algorithm, a proposal is drawn from the CNF as 𝜙′ ∼ 𝑞𝜃 (𝜙′). The
proposal is accepted with probability

𝛼 = min
(
1,
𝑝(𝜙′) 𝑞𝜃 (𝜙)
𝑝(𝜙) 𝑞𝜃 (𝜙′)

)
. (9)

Using 𝑝(𝜙) ∝ 𝑒−𝑆 (𝜙) , the acceptance rule becomes

𝛼 = min (1, exp [−𝑆(𝜙′) + 𝑆(𝜙) + log 𝑞𝜃 (𝜙) − log 𝑞𝜃 (𝜙′)]) . (10)

2.1.3 Z2-Symmetric RealNVP Coupling Layer

Many lattice field theories, such as the scalar 𝜙4 theory, possess a discrete symmetry 𝜙 → −𝜙,
which implies

𝑝(𝜙) = 𝑝(−𝜙). (11)

Incorporating known symmetries directly into generative models often improves efficiency and
generalization. In this work, we use RealNVP for the sample generation.

RealNVP coupling layer. In RealNVP [16], the generative model is constructed as a sequence of
invertible affine coupling transformations that map a simple base distribution (typically a standard
Gaussian) to a complex target distribution. The central idea is to design transformations that are
exactly invertible and whose Jacobian determinants are analytically tractable.

In an affine coupling layer, the input variables are partitioned using a binary mask𝑚. One subset
remains unchanged, while the complementary subset undergoes a conditional affine transformation
parameterized by scale and shift functions. Explicitly, the transformation reads

𝑦 = 𝑚 ⊙ 𝑥 + (1 − 𝑚) ⊙ (𝑥 ⊙ exp(𝑠(𝑥𝑚, 𝑐)) + 𝑡 (𝑥𝑚, 𝑐)) , (12)

where 𝑥𝑚 = 𝑚 ⊙ 𝑥, and the functions 𝑠(·, 𝑐) and 𝑡 (·, 𝑐) (parameterized by the model parameters)
depend on the masked variables and on the conditioning parameter 𝑐.

Because only a subset of variables is transformed, the Jacobian of this mapping simplifies to a
sum over the scaling outputs,

log | det 𝐽 | =
∑︁

(1 − 𝑚)𝑠(𝑥𝑚, 𝑐). (13)

This analytic expression for the Jacobian determinant enables exact evaluation of the model likeli-
hood and therefore allows direct computation of the 𝐿RKL(𝜃) in Eq. (7).

Z2 symmetrization. To enforce the transformation symmetry 𝑥 → −𝑥, we construct even and odd
combinations of unconstrained neural networks 𝑓𝑠 and 𝑓𝑡 ,

𝑠(𝑥, 𝑐) = 𝑓𝑠 (𝑥, 𝑐) + 𝑓𝑠 (−𝑥, 𝑐), 𝑡 (𝑥, 𝑐) = 𝑓𝑡 (𝑥, 𝑐) − 𝑓𝑡 (−𝑥, 𝑐). (14)

These definitions ensure

𝑠(−𝑥, 𝑐) = 𝑠(𝑥, 𝑐), 𝑡 (−𝑥, 𝑐) = −𝑡 (𝑥, 𝑐). (15)
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Substituting into the affine coupling layer yields a transformation satisfying 𝑇 (−𝑥) = −𝑇 (𝑥), which
guarantees that the model density respects 𝑞𝜃 (𝑥, 𝑐) = 𝑞𝜃 (−𝑥, 𝑐). We employ this technique to
generate samples from a random 𝑍2-symmetric distribution constructed as a perturbation of a
Gaussian distribution, to study the effect of gradient flow.

Relation to symmetry-preserving flows. Embedding group symmetries into generative models is
a central idea in equivariant normalizing flows and related approaches [22, 23]. Such constructions
enforce invariances of the target distribution directly at the architectural level rather than relying on
data augmentation or regularization.

2.2 Gradient Flow As RG Flow

After locating the critical region, if we evolve the theory under RG flow, the theory will pass
through very near to the fixed point, and if the theory is at precisely at the criticality, it should
go to the fixed point [7]. Remember that the symmetric and broken phases are disconnected
under RG flow. To mimic RG flow on lattice we can use a technique known as gradient flow
(This study reproduces the analysis of Refs. [9, 10]. In Ref. [10], the method was applied to the
three-dimensional 𝑂 (𝑁) sigma model), in which the scalar fields are flowed in fictitious time 𝑡, via
gradient flow equation [3, 11]:

𝜕

𝜕𝑡
𝜑(𝑡, 𝑥) = 𝜕2

𝜇𝜑(𝑡, 𝑥), 𝜑(0, 𝑥) = 𝜙(𝑥). (16)

The solution can be written as the action of the heat kernel 𝐾𝑡 [5]on the initial field configuration
𝜑:

𝜑(𝑡, 𝑥) = (𝐾𝑡𝜙) (𝑥) =
∫
R𝑑

d𝑑𝑦
exp

(
−|𝑥 − 𝑦 |2/4𝑡

)
(4𝜋𝑡)𝑑/2 𝜙(𝑦). (17)

Thus, the flowed field represents a locally smeared version of the original field, corresponding
to an average over a region of radius approximately

√
8𝑡. This smoothing scale can be related to the

renormalization group scale as 𝜇 ∼ 1√
8𝑡
.

The correlation functions of 𝜑(𝑡, 𝑥) can be calculated by substituting

𝜑(𝑡, 𝑥) =
∫

𝑑𝑑𝑦

∫
𝑑𝑑𝑝

(2𝜋)𝑑
𝑒𝑖 𝑝 (𝑥−𝑦)𝑒−𝑝2𝑡𝜙(𝑦) (18)

As an illustrative example. The leading contribution in two-point function for small flow time
𝑡 is given by

⟨𝜑(𝑡, 𝑥)𝜑(𝑡, 𝑥)⟩ =
∫

𝑑2𝑝

(2𝜋)2
𝑒−2𝑝2𝑡

𝑝2 + 𝑀2 . (19)

Evaluating the integral for small 𝑡 yields

⟨𝜑(𝑡, 𝑥)2⟩ = 𝑒2𝑀2𝑡

4𝜋
[
−𝛾 − ln(2𝑀2𝑡) + 2𝑀2𝑡 + O(𝑡2)

]
, (20)

where 𝛾 is the Euler–Mascheroni constant. In the limit 𝑡 → 0,〈
𝜑(𝑡, 𝑥)2〉 𝑡→0−−−→ 1

4𝜋
[
− ln(𝑡𝜇2)

]
+𝑂 (𝑡), (21)
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where 𝜇2 is a reference scale. In the following calculations, we set 𝜇2 = 1. In the small 𝑡 limit, the
renormalized field variable is defined as

𝜑̄(𝑡, 𝑥) ≡
√︄

1
4𝜋

− ln(𝑡 )
〈
𝜑 𝑗 (𝑡, 𝑥)2

〉 𝜑(𝑡, 𝑥) 𝑡→0−−−→ 𝜑(𝑡, 𝑥) (22)

Furthermore,〈
(𝜕𝜇 𝜑̄(𝑡, 𝑥))2〉 = − ln(𝑡)

4𝜋

(∫
𝑑2𝑝

(2𝜋)2
𝑒−2𝑝2𝑡

𝑝2 + 𝑀2

)−1 ∫
𝑑2𝑝

(2𝜋)2 𝑒
−2𝑝2𝑡 + ln(𝑡)

4𝜋
𝑀2. (23)

In the small flow-time limit, the two-point function behaves as〈(
𝜕𝜇 𝜑̄(𝑡, 𝑥)

)2
〉

𝑡→0−−−→ 1
8𝜋𝑡

− −𝛾 − ln(2𝑀2)
4𝜋

1
2𝑡 ln 𝑡

+𝑂
( 1
𝑡 ln2 𝑡

)
+𝑂 (𝑡 ln 𝑡) . (24)

Similarly, the four-point function satisfies〈
𝜑̄(𝑡, 𝑥)4〉 − 3

〈
𝜑̄(𝑡, 𝑥)2〉2

= lim
𝑡→0

−𝜆0 𝑡

∫ 4∏
𝑖=1

𝑑2𝑘𝑖

(2𝜋)2
𝑒−𝑘

2
𝑖

𝑘2
𝑖
+ 𝑀2𝑡

(2𝜋)2𝛿 (2)

( 4∑︁
𝑖=1

𝑘𝑖

)
. (25)

𝑘 ′𝑠 are dimensionless variables. Instead of the running coupling 𝜆 and mass 𝑀 , we define the
corresponding dimensionless operators in 𝑑 = 2:

𝑂1(𝑡, 𝑥) ≡ −16𝜋2

ln2 𝑡
[𝜑̄(𝑡, 𝑥)]4 + 3 (26)

𝑂2(𝑡, 𝑥) ≡ 𝑡 [𝜕𝜇 𝜑̄(𝑡, 𝑥)]2 − 1
8𝜋
. (27)

In the small-𝑡 limit, their expectation value goes as,

⟨𝑂1⟩
𝑡→0−−−→ 𝜆0𝑂

( 𝑡

ln 𝑡

)
(28)

⟨𝑂2⟩
𝑡→0−−−→ −𝛾 − ln(2𝑀2)

4𝜋
1

2 ln 𝑡
. (29)

3. Results

3.1 Model Details and Experiments

To model the two-dimensional 𝜙4 distribution (1) we use a Conditional RealNVP normalizing
flow [16] with affine coupling layers and checkerboard masks. Each coupling block contains
two convolutional hidden layers with ReLU activations and convolutional heads producing the
scale (with tanh) and translation fields. Circular padding is used to impose periodic boundary
conditions. For the 48× 48 lattice, the model is trained in the conditioning range 𝑚2

𝐿
∈ [−1, 0] and

𝑚2
𝐿
∈ [−1.5,−1.0] for 𝜆𝐿 = 1, 2, respectively. The architecture uses 12 coupling layers with 320

feature channels in the hidden convolutional layers, and training typically requires about 7-8 hours.
For the 56 × 56 lattice, we train in the conditioning range 𝑚2

𝐿
∈ [−1, 0] with 𝜆𝐿 = 1, using 14

coupling layers and 340 hidden feature channels, with training taking approximately 10–12 hours.
To compute the flowed operators 𝑂1 and 𝑂2, we sampled configurations from CNF and apply

MH step (10), The resulting configurations are then evolved using the gradient flow equation (16),
which is integrated with a fourth-order Runge–Kutta method.

6
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(a) (b)

Figure 1: RG Flow for 48 × 48 lattice and different 𝑚, for (a) 𝜆𝐿 = 1.0 and (b) 𝜆𝐿 = 2.0.

Figure 2: RG Flow for 56 × 56 lattice, 𝜆𝐿 = 1.0 and different 𝑚

3.2 WF Fixed Point

Fig. 1 shows the phase space of flowed operators 𝑂1(𝑡.𝑥) and 𝑂2(𝑡.𝑥) near critical region
𝑚2 ∼ 𝑚2

𝑐 for two fixed values of 𝜆𝐿 = 1.0, 2.0 on a 48 × 48 lattice, while Fig. 2 represents the
same for 𝜆𝐿 = 1.0 on a 56 × 56 lattice. Along each trajectory, 𝑡 flows from bottom to top, i.e.,
𝑡 is smallest at the bottom-most point (bottom-left region), and each point along the ⟨𝑂1⟩ − ⟨𝑂2⟩
trajectory corresponds to an increasing 𝑡 value. In the intermediate region, the flow curves tend to
level off as t increases, indicating the presence of the Wilson–Fisher fixed point. The RG trajectories
flowing toward the left correspond to the symmetric phase, whereas those flowing toward the right
correspond to the broken phase.

7
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(a) (b)

Figure 3: RG Flow for 𝜆𝐿 = 1.0 and different 𝑚, on a (a) 48 × 48 lattice and (b) 56 × 56 lattice. The two
black continuous lines in (a) and (b) are trajectories computed as gradient flow on the samples generated
using a untrained 𝑍2 symmetric RealNVP coupling layer as discussed in section 2.1.3.

3.3 IR Stationary Point With 𝑍2 Symmetry

Fig. 3(a) and 3(b) show the phase space of flowed operators 𝑂1(𝑡, 𝑥) and 𝑂2(𝑡, 𝑥) for different
𝑚2

𝐿
and 𝜆𝐿 = 1 and for 48 × 48 and 56 × 56 lattices, respectively. Similar to Fig. 1, we can see

trajectories deviating right and left of the WF fixed point. But interestingly, all the trajectories in the
symmetric phase (deviating towards left) are approaching towards a single point before dying out
due to finite volume effects (diffusion radius becomes larger than lattice size), and the trajectories at
extreme left, which are from the untrained 𝑍𝑧 symmetric model, also end up at the same point. The
only thing common among these trajectories is that they all belong to a 𝑍2 symmetric distribution.
This effect is clearer in Fig. 3(b), with lattice size 56 × 56. This stationary point is an IR limit,
which means 𝜙4 distribution with a finite volume can not reach there exactly, but with increasing
lattice size, we can reach closer to it.

This happens because, along the Gradient flow (suppressing fast modes and then rescaling),
the lower momentum modes will survive (the rescaling will cancel the effect of suppression). With
𝑍2 symmetry, which imposes < 𝜙 >= 0, the lowest non-zero momentum will dominate. In d-
dimensions, the dimensionless operators are defined as 𝑂1 ∼ 𝑡𝑑−2𝜙4, 𝑂2 ∼ 𝑡𝑑/2(𝜕𝜇𝜙)2. Only in
2d, these dimensionless operators are classically scaling invariant considering rescaled fields; so,
in 2d, after long Gradient flow (when quantum corrections are very small) ⟨𝑂1⟩ and ⟨𝑂2⟩ will stop
evolving.

4. Conclusion

We have CNF to accelerate the search for the critical point in 2D 𝜙4, and using GFRG, we
have shown the existence of the Wilson-Fisher fixed point. We have also found another asymptotic
stationary point in the deep IR massive phase of 2D 𝜙4 theory, which is common for any 𝑍2
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symmetric distribution. Several questions, like the nature and origin of this stationary point,
whether it is a finite volume artifact or not, are not clear to us yet and need more investigation.
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