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1. Introduction

Over a period of several years, studying hadron-hadron scattering systems using the Liischer
method for finite volumes [1, 2] has become one of the most popular approaches for obtaining
information on physical scattering amplitudes from Lattice Field Theory. The use of the Wilson-
clover action usually employed for the light-quark sector (up, down and strange) introduces large
heavy-quark discretisation effects when applied naively to hadrons containing charm and bottom
quarks.

These discretisation effects can be reduced by tuning the dispersion relation to be approximately
relativistic with a speed of light ¢> = 1 in natural units. Earlier studies of the charmonium
spectrum e.g [3] only worked with the continuum dispersion relation and used moving frames
by extracting energy differences related to close-by non-interacting meson-meson levels, which
however introduces hard to quantify systematic uncertainties.

In the following we will investigate the impact of our charm prescription on the D-meson
ground state and higher momentum projections. In Section 2 we will describe the action used, as
well as the tuning procedure. Afterwards, in Section 3, we will present show initial effective mass
plots of the D-meson projected onto different momenta, followed by a comparison of the computed
energies to the expected dispersion relation.

2. Methodology

2.1 Charm-quark action

Our starting point is a general asymmetric Wilson action [4, 5].
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The parameter r; is redundant and set to 1. Which leaves us with five free parameters «., ry, v,
cg and cp. We are able to tune these parameters to approximate the relativistic dispersion relation.
Several prescriptions exist in the literature to fix these parameters, e.g. [6, 7].

2.2 Neural-network tuning

A detailed description of our fixing procedure is given in [8], but a short overview will be
given here. We started with randomly choosing the parameters «., rs, v, cg and ¢, measuring
the charmonium ground state masses (Table 1) on a sufficient number of gauge configurations on
different ensembles. The parameters which gave measurements closest to these charmonium ground
states and reproduced the spin-averaged dispersion relation were then fed to the neural-network.
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The neural-network was then trained to "understand" the relationship between the charmonium
masses, the dispersion relation and the action parameters. Afterwards the resulting model was used
predict the best guess for the action parameters which lie closest to the experimental masses with
¢? = 1, aiming for an accuracy of 1 %. By design, the measured states obtained from the predicted
parameters approach the continuum masses, as we move to the (chiral-)continuum limit.

State Ne J/l// Xc0 Xcl he
I ¥s Yi 1 YiYe YiYij
JPC ot 1— ott 1+ 1+
Experiment [GeV] | 2.9839 3.096916 3.41471 3.51072 3.52549

Table 1: List of operators used in our measurement of charmonium, their expected quantum number
equivalents to continuum states and the experimental masses of these states [9].

The parameter values were produced for ensembles with different coupling 8 and light quark-
mass. At the level of our tuning resolution no significant light quark-mass dependence was observed
in the action parameters [8]. Therefore, a combined tuning of all ensembles with the same coupling
B was performed. The action parameters we used for this investigation are listed in Table 2.

Parameter K¢ s v CE CB
Value 0.11810(4) | 1.894(4) | 2.052(5) | 1.1043(12) | 1.0926(12)

Table 2: Charm-quark action parameters for CLS ensembles with 8 = 3.46 obtained using neural-network
tuning. Light quark-mass dependence was shown to be negligible [8].

2.3 The distillation method

The distillation method is a smearing procedure for the efficient computation of multi-hadron
correlation functions [10]. It is based on the idea of approximating the lattice laplacian VZ, which
is used as a smearing operator, using a truncated low mode representation

N
0() = VOV (1) = 0y () = Y v v (), @)
k=1

where O is called the distillation operator. The number of necessary eigenvectors scales with the
physical volume. We see that this method is currently very expensive for large volumes. Fortunately,
an exact calculation of the full perambulators is not needed: As long as the uncertainty introduced
through the stochastic estimation is smaller than the statistical fluctuations arising from the gauge-
field sampling within the distillation approach, it is sufficient to approximate the distillation operator
stochastically [11].

In order to stochastically estimate the operator random noise vectors 1" are introduced, which
are useful in estimating inverse matrices. However this creates many stochastic zeros in our
estimate, which increase the variance. Thus, a dilution projection is performed [12], which projects
the stochastic zeros onto actual zeros.

After all these steps the resulting meson two-point correlator C 1(\3) takes the following form
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C? (p1 = pa to,1) = Tr [0 (p1, 10)7 (10, VD (2, 1) (1, 10) | , 3)

where ®4(p;, t) encodes the meson structure at time ¢ with momentum p; and 7(t, t) is the
perambulator, encoding the quark propagation from a set of Laplacian low-modes from time #( to
time ¢.

3. Results

3.1 D-meson mass

We are now able to present an initial fit of the D-meson ground state mass. The analysis
was performed on 1/4 of available configurations of the X451 ensemble produced by the CLS
consortium. The ensemble parameters of X451 are listed in Table 3.

Ensemble L3xT my mg myL B
X451 403 x 128 | 287MeV | 462MeV | 4.4 | 3.46

Table 3: Ensemble information of X451. Shown are the lattice volume L3 x T, the pion mass m ., the kaon
mass mg, the m, L value of the ensemble, as well as the coupling .
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Figure 1: Effective mass plot of the D-meson ground state. The blue data points represent the effective mass
of our correlator, which we fitted to a one-exponential fit. The red line is the fitted ground state mass. The
fit was performed from #,,,;, = 16 to t,,,4x = 39.

The effective mass plot of the D-meson ground state is shown in Figure 1. Higher momentum
projections with P? < 4 are shown in Figure 2. The effective mass is displayed as blue data points
together with a one-exponential fit of the correlation function at large times.
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Figure 2: Fitted effective energies of higher momentum projections of the D-Meson. For each fit ¢,,;,, = 16,
while 7,4 was different for each momentum projection. For increasing P? they were 39, 34,33 and 32.

3.2 The dispersion relation

An important test of our action is verifying that the relativistic dispersion relation holds for
D-mesons as it did for our tuning to charmonium. The relative agreement with the relativistic
dispersion relation is shown in Figure 3.

Our fitted momentum-projected effective energies show strong agreement with the relativistic
dispersion relation, with a maximal deviation of 0.1 %. A relativistic dispersion relation is highly
advantageous for any future scattering study employing moving frames in the charm quark sector.

4. Summary and Outlook

We determined the D-Meson ground state mass as well as higher momentum projections with
P? < 4. We expect a naive improvement of our signal by a factor of ~ 2 when all available
gauge-configurations are used in a full analysis, since we only used the first quarter of available
gauge configurations on X451 so far.



Investigation of a novel fully relativistic heavy-quark action in D meson systems David Thoma

Dispersion Relation
T

]

¢  Fitted energies / Continuum dispersion relation [
1.0020 + 4
1.0015 + 4

)

A 1.0010 + o T

~ [ ]

/M 1.0005 + T
1.0000+ e -+
0.9995 + T

f f f f f
0 1 2 3 4

p2

Figure 3: Relative agreement of our measured energy values with the relativistic dispersion relation.
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Figure 4: The expected D spectrum on X451. Shown are the D threshold as a red dashed line and the
Dn threshold as a solid red line. The short blue lines indicate the expected non-interacting D energy levels
for different momentum projections and the corresponding irreps.

The neural-network tuning was shown to reproduce the desired dispersion relation well, with
a maximal deviation of 0.1 %. Testing our relativistic heavy-quark action is the foundation for a
full study of the Dr scattering system and further the DK scattering system. The Dy and D,
resonances of the D and DK system have sparked a plethora of theoretical investigations, since
their discovery by BELLE [13] and FOCUS [14]. Using the quark-model both states have a similar
P-wave ¢4 construction, with most of their mass difference arising form the difference in the light
and strange quark masses. However, unlike the D the D, is reported to be around 200 MeV below
quark model predictions [9]. Recent studies [15, 16] suggest a strong coupling of D to the S-wave
D channel. Interesting S-wave features for the D:O in the D K-channel were also observed in [17]
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like a near-threshold J¥ = 0* bound state. The investigation of these curious states is one of the
main goals of our upcoming research.

The expected energy levels of the following D study on the X451 ensemble are shown in Figure
4. Using stochastic distillation, the signal for isoscalar mesons is usually rather noisy rendering the
extraction of states difficult. Therefore no energy levels, which would need the inclusion of a Dn
interpolator are considered.
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