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We use variational methods to numerically study the matrix model for two-color QCD coupled to
a single quark (matrix-QCD2,1) in the ultra-strong Yang–Mills coupling (𝑔 = ∞). The model’s
spectrum is divided into superselection sectors characterized by baryon number (𝐵) and spin (𝐽).
Our analysis focuses on the sectors (𝐵 = 0, 1, 2) and (𝐽 = 0, 1), which correspond to mesons,
(anti-)diquarks, and (anti-)tetraquarks. For each sector, we examine the ground-state properties
in both the chiral and heavy-quark limits, revealing a rich structure of quantum phase transitions
(QPTs). We further analyze how the total spin is distributed between the gluonic and quark
components, and find that the gluonic contribution is substantial in several sectors. Finally, by
introducing a finite baryon chemical potential (𝜇), we construct the model’s phase diagram and
demonstrate that, for sufficiently large (𝜇), the ground state can acquire non-zero spin.
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1. Introduction

The interactions of subatomic particles are fundamentally described by non-Abelian gauge
theories. However, performing computations within these theories, particularly in the strong
coupling regime is difficult. The matrix model of 𝑆𝑈 (𝑁) gauge theory proposed in [1] captures
many important features of the full field theory [2, 3]. Because this framework reduces the problem
to quantum mechanics, it makes the computation significantly more tractable. The matrix model
successfully reproduces the low-energy spectra of light hadrons [4] and glueballs [5], showing good
agreement with the underlying gauge theory.

In this work, we study the matrix model of two-color, one-flavor QCD (𝑆𝑈 (2) gauge theory
coupled to a single fundamental Dirac fermion), which we denote as matrix-QCD2,1. This system
possesses distinctive features. Because the fundamental representation of 𝑆𝑈 (2) is pseudo-real,
the usual baryon number symmetry 𝑈 (1)𝐵 is extended to 𝑆𝑈 (2)𝐵, leading to unusual bound states
such as physical di-quarks states [6]. Furthermore, in the two-color case the determinant of the
Euclidean Dirac operator is real, which makes it possible to study the theory at finite baryon density
[7]. Using a variational approach, we compute the low-energy spectrum of matrix-QCD2,1 in the
extreme strong-coupling limit. Our results show that the ground state exhibits level crossings which
is the indication of quantum phase transitions. We analyze the characteristics of the resulting phases
and find that, in some regimes, glue contribute substantially to the spin of hadron. Furthermore,
upon introducing a baryon chemical potential, the system can have a ground state with nonzero
spin, which is reminiscent of a LOFF like phase [8].
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1.1 Matrix-QCD2,1: Hamiltonian and its symmetries

The matrix model introduced in [1] provides a quantum-mechanical approximation to 𝑆𝑈 (𝑁)
Yang–Mills theory on R×𝑆3. In this construction, the spatial R3 is compactified to 𝑆3, which can be
mapped isomorphically to an 𝑆𝑈 (2) subgroup of the gauge group. The left-invariant Maurer–Cartan
one-form on 𝑆𝑈 (𝑁) is written as

Ω = Tr
(
𝑇𝑎 𝑔−1𝑑𝑔

)
𝑀𝑎𝑏𝑇

𝑏, 𝑎, 𝑏 = 1, . . . , 𝑁2 − 1, (1)

where 𝑔 ∈ 𝑆𝑈 (𝑁), 𝑇𝑎 are generators in the fundamental representation satisfying Tr(𝑇𝑎𝑇𝑏) =
1
2𝛿𝑎𝑏, and 𝑀 is a real (𝑁2 − 1)-dimensional matrix.

Under the mapping 𝑆3 → 𝑆𝑈 (2) ⊂ 𝑆𝑈 (𝑁), the orthonormal basis of vector fields on 𝑆3 can be
identified with the left-invariant vector fields on 𝑆𝑈 (2). The gauge fields 𝐴𝑖 arise as the pullback
of Ω onto 𝑆3 and take the form

A𝑖 = 𝑀𝑖𝑎𝑇
𝑎, 𝑖 = 1, 2, 3, (2)

where the coefficients 𝑀𝑖𝑎 constitute a 3 × (𝑁2 − 1) real matrix depending only on time and
representing the configuration space of the gluonic degrees of freedom.

Under spatial rotations 𝑅 ∈ 𝑆𝑂 (3), the gauge fields transform as

A𝑖 → 𝑅𝑖 𝑗A 𝑗 , (3)

while under gauge transformations ℎ ∈ 𝑆𝑈 (𝑁) they transform as

A𝑖 → ℎ−1A𝑖ℎ. (4)

The dynamical phase space of the matrix model is generated by the variables 𝑀𝑖𝑎 and their
conjugate momenta 𝑃𝑖𝑎,

𝑃𝑖𝑎 = − 𝑖
𝜕

𝜕𝑀𝑖𝑎

, Π𝑖 = 𝑃𝑖𝑎𝑇
𝑎, (5)

where Π𝑖 represents the chromoelectric field. The Hamiltonian of the matrix model of pure 𝑆𝑈 (𝑁)
Yang-Mills theory is given by

𝐻YM = Tr
[
𝑔2

𝑅3 Π𝑖Π𝑖 +
𝑅3

𝑔2

(
1
𝑅2 𝐴𝑖𝐴𝑖 +

𝑖

𝑅
𝜖𝑖 𝑗𝑘 [𝐴𝑖 , 𝐴 𝑗]𝐴𝑘 −

1
2
[𝐴𝑖 , 𝐴 𝑗]2

)]
. (6)

Here, we consider the 𝑆𝑈 (2) gauge group (i.e. 𝑁 = 2) and in our case the color index can
take values 𝑎 = 1, 2, 3. Fundamental quarks are represented by spinors 𝜓𝛼𝐴, which are Grassmann-
valued matrices depending only on time. These fields transform as spin- 1

2 under spatial 𝑆𝑂 (3)
rotations and in the fundamental representation of 𝑆𝑈 (2). The index 𝛼 = 1, 2 labels the spin
degrees of freedom, while 𝐴 = 1, 2 denotes the color index.

The Dirac fermion 𝜓 can be decomposed into a left-handed Weyl fermion 𝑏 and a right-handed
Weyl fermion 𝑐† as

𝜓𝛼𝐴 =

(
𝑏𝛼𝐴

−𝑖(𝜎2)𝛼𝛽𝑐†𝛽𝐴

)
≡

(
𝑏𝛼𝐴

𝑑
†
𝛼𝐴

)
. (7)

The operators 𝑏 and 𝑑 obey the canonical anticommutation relations

3
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{𝑏𝛼𝐴, 𝑏
†
𝛽𝐵

} = 𝛿𝛼𝛽 𝛿𝐴𝐵 (8)

To analyze the quark and gluon dynamics in the extreme strong-coupling regime (i.e. 𝑔 = ∞), it
is convenient to introduce dimensionless rescaled variables A′

𝑖
= 𝑅−1𝑔2/3A𝑖 and Π′

𝑖
= 𝑅𝑔−2/3Π𝑖 ,

where 𝑔 denotes the Yang–Mills coupling constant. To simplify the notation, we omit the primes
from now on. In terms of these variables, the Hamiltonian of matrix-QCD2,1 in the Weyl basis
takes the form

𝐻 ≡ 𝑒0

[
Tr

(
Π𝑖Π𝑖 −

1
2
[A𝑖 ,A 𝑗]2 + 𝑔−4/3A𝑖A𝑖 + 𝑖𝑔−2/3𝜖𝑖 𝑗𝑘 [A𝑖 ,A 𝑗]A𝑘

)
+ 𝑐𝐻𝑐 + 𝑀𝐻𝑚 + 𝐻int

]
(9)

𝐻int = 𝑀𝑖𝑎

(
𝑏
†
𝛼𝐴

𝜎𝑖
𝛼𝛽𝑇

𝑎
𝐴𝐵𝑏𝛽𝐵 − 𝑑𝛼𝐴𝜎

𝑖
𝛼𝛽𝑇

𝑎
𝐴𝐵𝑑

†
𝛽𝐵

)
, 𝐻𝑐 = 𝑏

†
𝛼𝐴

𝑏𝛼𝐴 − 𝑑𝛼𝐴𝑑
†
𝛼𝐴

(10)

𝐻𝑚 =

(
𝑒𝑖 𝜃𝑏

†
𝛼𝐴

𝑑
†
𝛼𝐴

+ 𝑒−𝑖 𝜃𝑑𝛼𝐴𝑏𝛼𝐴

)
. (11)

Here 𝑒0 ≡ 𝑔2/3𝑅−1 sets the energy scale of the Hamiltonian, 𝑀𝑒0 corresponds to the fermion mass,
and the dimensionless constant 𝑐 characterizes the curvature coupling of the fermion on 𝑆3. In the
double-scaling limit 𝑔, 𝑅 → ∞, the Hamiltonian admits a well-defined spectrum provided 𝑒0 is
kept fixed.

The glue and the fermion transform in the spin-1 and spin-1
2 representations of the spatial

rotation 𝑆𝑂 (3)rot, respectively. The corresponding generators are 𝐿𝑖 ≡ −2𝜖𝑖 𝑗𝑘 Tr
(
Π 𝑗A𝑘

)
and

𝑆𝑖 ≡ 1
2

(
𝑏
†
𝛼𝐴

𝜎𝑖
𝛼𝛽

𝑏𝛽𝐴 + 𝑑𝛼𝐴𝜎
𝑖
𝛼𝛽

𝑑
†
𝛽𝐴

)
. These satisfy the commutation relations [𝐿𝑖 , 𝐿 𝑗] = 𝑖𝜖𝑖 𝑗𝑘𝐿𝑘

and [𝑆𝑖 , 𝑆 𝑗] = 𝑖𝜖𝑖 𝑗𝑘𝑆𝑘 . The total angular momentum 𝐽𝑖 = 𝐿𝑖 + 𝑆𝑖 commutes with the Hamiltonian,
[𝐻, 𝐽𝑖] = 0 for 𝑖 = 1, 2, 3, and thus generates the rotational symmetry of the system.

The 𝑆𝑈 (2) gauge symmetry is generated by the Gauss-law generators𝐺𝑎 ≡ 2𝑖 Tr
(
[Π𝑖 ,A𝑖]𝑇𝑎

)
+(

𝑏
†
𝛼𝐴

𝑇𝑎
𝐴𝐵

𝑏𝛼𝐵+𝑑𝛼𝐴𝑇
𝑎
𝐴𝐵

𝑑
†
𝛼𝐵

)
, which obey [𝐺𝑎, 𝐺𝑏] = 𝑖𝜖𝑎𝑏𝑐𝐺𝑐 and commute with the Hamiltonian,

[𝐻,𝐺𝑎] = 0.
The fermionic Hilbert space H𝐹 is finite dimensional, with a maximum fermion occupancy

of eight. In contrast, the gluonic Hilbert space H𝐺 is infinite dimensional, consisting of square-
integrable functions of 𝑀𝑖𝑎 with inner-product measure 𝑑𝑀11 𝑑𝑀12 . . . 𝑑𝑀33. The physical Hilbert
space is the gauge-invariant subspace Hphys ⊂ H𝐺 ⊗ H𝐹 whose states satisfy the Gauss-law
constraint 𝐺𝑎 |·⟩ = 0, and therefore contains only color-singlet states.

Using the operators 𝑏𝛼𝐴 and 𝑑𝛼𝐴, we define

𝐵+ = 𝜖𝛼𝛽𝜖𝐴𝐵𝑏
†
𝛼𝐴

𝑑𝛽𝐵, 𝐵− = 𝜖𝛼𝛽𝜖𝐴𝐵𝑑
†
𝛼𝐴

𝑏𝛽𝐵, 𝐵3 =
1
2

(
𝑏
†
𝛼𝐴

𝑏𝛼𝐴 − 𝑑
†
𝛼𝐴

𝑑𝛼𝐴

)
, (12)

which satisfy [𝐵+, 𝐵−] = 2𝐵3 and [𝐵±, 𝐵3] = ∓𝐵±. Moreover, [𝐻, 𝐵±] = 0 = [𝐻, 𝐵3], showing
that the system possesses a global 𝑆𝑈 (2)𝐵 symmetry generated by {𝐵+, 𝐵−, 𝐵3}, known as the
Pauli–Gürsey symmetry.

In the massless limit (𝑀 = 0), the Hamiltonian (9) also commutes with the chiral charge
𝑄0 = 1

2 (𝑏
†
𝛼𝐴

𝑏𝛼𝐴 − 𝑑𝛼𝐴𝑑
†
𝛼𝐴

). However, the global 𝑈 (1)𝐴 symmetry generated by 𝑄0 is broken
to Z2 by quantum anomalies [3]. When 𝑀 ≠ 0, the 𝑈 (1)𝐴 symmetry is explicitly broken to Z2,
so that the global symmetry of matrix-QCD2,1 becomes 𝑆𝑈 (2)𝐵 × Z2. In the Hamiltonian, the
term 𝐻𝑐 = 2𝑄0, and the parameter 𝑐 can be interpreted as a chiral chemical potential. Since
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the symmetry generated by 𝑄0 is anomalous, 𝑐 does not represent a chemical potential in the
thermodynamic sense. Nevertheless, it is instructive to examine how 𝑐 affects the energy and other
observables.

The physical Hilbert space Hphys is spanned by color-singlet eigenstates of the Hamiltonian.
Such states necessarily contain an even number of fermions and can be chosen as simultaneous
eigenstates of 𝐽𝑖𝐽𝑖 , 𝐽3, 𝐵𝑖𝐵𝑖 , and 𝐵3, with eigenvalues 𝐽 (𝐽 + 1), 𝐽3, 𝐵(𝐵 + 1), and 𝐵3, respectively.
Here 𝐽 takes integer values 𝐽 = 0, 1, 2, . . . with 𝐽3 = −𝐽,−𝐽 + 1, . . . , 𝐽, while the baryon quantum
number 𝐵 takes the values 𝐵 = 0, 1, 2 with 𝐵3 = −𝐵,−𝐵+ 1, . . . , 𝐵. States with 𝐵3 = 0 correspond
to mesons containing equal numbers of quarks and antiquarks, whereas states with 𝐵3 = ±1
represent diquarks and those with 𝐵3 = ±2 correspond to tetraquarks.

2. Results

We used the Rayleigh–Ritz variational approach to construct color-singlet eigenstates of the
Hamiltonian (see [9] for details of the numerical procedure). The energies of the lowest colorless
states of 𝐻 in various (𝐵, 𝐽) sectors in the 𝑔 → ∞ limit are displayed in Fig. 1. Our analysis
shows that, in the extreme strong-coupling regime, the ground state is an unique mesonic state in
the (𝐵, 𝐽) = (0, 0) sector for all values of 𝑐 and 𝑀 .
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Figure 1: Ground-state energies in different (𝐵, 𝐽) sectors as functions of 𝑐 for 𝑀 = 0 (left) and 𝑀 = 0.5
(right), with vanishing baryon chemical potential.

2.1 Quantum Phase Transitions

In the chiral limit (𝑀 = 0), tuning the parameter 𝑐 leads to level crossings among the ground-
state energies of different (𝐵, 𝐽) sectors. Such crossings of the ground state indicate the presence
of quantum phase transitions (QPTs) in the system. The transition in the (𝐵, 𝐽) = (0, 0) sector is
particularly interesting, as it involves a triple level crossing (Fig. 2, left). In this sector, the phase
transition in the chiral limit occurs at 𝑐 = 𝑐∗0 ≈ 0.928. The QPT is reflected in discontinuities of
several observables. As shown in Fig. 2 (right), the expectation value of the chiral charge 𝑄0 in the
ground state of the (𝐵, 𝐽) = (0, 0) sector exhibits a discontinuous jump at 𝑐∗0 when 𝑀 = 0. Since
𝑄0 = 𝜕𝐸0/𝜕𝑐, this jump implies that the transition at 𝑐∗0 is first order.

For nonzero 𝑀 , these discontinuities are smoothed out, and the first-order transition is replaced
by a continuous crossover.
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Figure 2: Triple level crossing and quantum phase transition in the (𝐵, 𝐽) = (0, 0) sector. Left: first three
energy levels as functions of 𝑐 for 𝑀 = 0. Right: expectation value of 𝑄0 versus 𝑐 for different 𝑀 .
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Figure 3: Expectation values ⟨𝐿2⟩, ⟨𝑆2⟩, and ⟨𝑆3⟩± in the ground state of the (𝐵, 𝐽) = (1, 1) sector as
functions of 𝑐.

2.2 Quark Contribution to the Spin of Hadrons

In QCD, the contribution of quarks in spin of hadrons (particularly the proton) has been a
subject of immense interest [10]. Within the matrix model framework, it is possible to directly
evaluate the contributions of quark and gluonic degrees of freedom to the spin of any energy
eigenstate. In matrix-QCD2,1, we compute the expectation values ⟨𝐿2⟩, ⟨𝑆2⟩, and ⟨𝑆3⟩ for the any
energy eigenstates in order to determine how the total spin is shared between quark and glue. We
observe that in the chiral limit (i.e. 𝑀 = 0) the quark contribution to the total spin can be very
small, whereas in the heavy-quark limit the entire spin of the state may originate predominantly
from the quark sector.

To illustrate this behavior, we examine the ground state in the (𝐵, 𝐽) = (1, 1) sector in the
chiral limit. This state undergoes a level crossing at 𝑐 = 𝑐∗1 ≈ 0.22, signaling a QPT that is reflected
in discontinuities of observables (see Fig. 3). In both phases the ground state has total spin 𝐽 = 1.
We analyze the quark spin contribution to the states with 𝐽3 = ±1 by evaluating ⟨𝑆3⟩±. For 𝑐 < 𝑐∗1,
the quark provides a substantial fraction of the spin, with ⟨𝑆3⟩± ≈ 0.67. In contrast, for 𝑐 > 𝑐∗1, the
spin is dominated by gluonic contributions, and the quark accounts for only about 33% of the total
spin, with ⟨𝑆3⟩± ≈ 0.33.

For small but nonzero 𝑀 , the sharp discontinuities shown in Fig. 3 are smoothed out and the
QPT is replaced by a continuous crossover. In the heavy-quark limit, we obtain ⟨𝑆2⟩± ≈ 2 and
⟨𝑆3⟩± ≈ 1 for all values of 𝑐, indicating that the quark and gluonic sectors effectively decouple.
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2.3 Phases at Finite Baryon Chemical Potential

The behavior of matrix-QCD2,1 at finite baryon chemical potential can be studied by including
the term 𝐻𝜇 = 𝑒0𝜇𝐵3 in the Hamiltonian (9). Since [𝐻𝜇, 𝐵±] ≠ 0, the global 𝑆𝑈 (2)𝐵 symmetry is
explicitly broken to 𝑈 (1)𝐵 generated by 𝐵3. Consequently, for 𝜇 ≠ 0 the global symmetry of the
Hamiltonian is reduced to 𝑈 (1)𝐵 × Z2.

In the presence of the chemical potential, the energy spectrum shifts according to 𝐸 (𝜇) =

𝐸 (0) + 𝜇𝐵3. At 𝜇 = 0, states in sectors with 𝐵 > 0 are (2𝐵 + 1)-fold degenerate. Turning on 𝜇 lifts
this degeneracy, so that mesons, diquarks, and tetraquarks within a given sector acquire different
energies. For sufficiently large (but finite) |𝜇 |, it is possible that the lowest meson state in the
(𝐵, 𝐽) = (0, 0) sector becomes heavier than diquark or tetraquark states in the (𝐵, 𝐽) = (1, 1) and
(2, 0) sectors.
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Figure 4: Phase diagram in the presence of baryon chemical potential for 𝑐 = 0 (left) and 𝑀 = 0 (right).
The blue, orange, and green curves denote coexistence lines between phases, while the black dot marks the
triple point where all three phases coexist.

As a result, the system can exhibit three distinct phases: Phase I, where the ground state is
a spin-0 meson with (𝐵, 𝐽) = (0, 0); Phase II, where the ground state is a spin-1 diquark with
(𝐵, 𝐽) = (1, 1); and Phase III, where the ground state is a spin-0 tetraquark with (𝐵, 𝐽) = (2, 0).
The realized phase depends on the parameters 𝑐, 𝑀 , and 𝜇 (see Fig. 4).

Notably, in Phase II the ground state is a spin-1 diquark, forming a triplet that is not rotationally
invariant. Introducing a small perturbation 𝜖𝐽3 lifts the degeneracy of the triplet, selecting a unique
linear combination as the ground state. In the limit 𝜖 → 0, the degeneracy is restored, but the
system remains in this chosen linear combination, indicating spontaneous breaking of 𝑆𝑂 (3)rot in
Phase II. This behavior is reminiscent of the LOFF phase in two-color QCD [8] and is consistent
with earlier results [6] predicting a spin-1 diquark ground state.

3. Conclusion

We studied the matrix model of two-color, one-flavor QCD (matrix-QCD2,1) in the extreme
strong-coupling regime using a variational approach. The model provides a quantum-mechanical
setting that retains key nonperturbative features of the underlying gauge theory. We found that the
ground state is a mesonic state in the (𝐵, 𝐽) = (0, 0) sector for all values of the parameters.

In the chiral limit, tuning the chiral parameter 𝑐 induces level crossings among ground states of
different sectors, signaling quantum phase transitions. These transitions are first order and turn into
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smooth crossovers when the fermion mass is nonzero. We also examined the spin decomposition
of hadronic states and showed that the relative contributions of quark and gluonic degrees of
freedom depend strongly on the parameters, with gluons dominating in the chiral regime and quarks
dominating in the heavy-quark limit.

Finally, introducing a finite baryon chemical potential produces a rich phase structure with
mesonic, diquark, and tetraquark ground states, including a phase with a spin-1 diquark that
spontaneously breaks rotational symmetry.

In addition to the results presented here, we have also investigated the matrix model of 𝑆𝑈 (2)
gauge theory coupled to adjoint fermions, denoted as Matrix-QCDadj

2,1, which exhibits N = 1
supersymmetry. In that context, we studied the localization-delocalization transition in the weak-
coupling regime (for details see [11]). Extending these studies to the matrix model of three-color,
three-flavor QCD is currently under investigation.
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