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A duality route to the weak-coupling limit of SU(N) lattice gauge theory: A Hamiltonian formulation Atul Rathor

I. Introduction

“What’s in a name?” Perhaps little. What is in a representation? Perhaps quite a lot. In field theories,
a suitable representation can, in principle, expose entirely different aspects of the underlying physics. Under
a change of representation, interacting parts of a theory can become non-interacting and vice versa. A
convenient representation can reveal nontrivial features—such as nonlocal excitations, topological degrees
of freedom, and disorder operators—that are extremely difficult to access in the original formulation [1-3].
Dualities exploit these aspects of a theory by relating its distinct representations. In some cases, a duality
even connects seemingly unrelated physical systems. In statistical field theories, a duality relates the high-
temperature regime of a system to its low-temperature regime, and vice versa. In quantum field theories,
a duality typically relates the weak-coupling regime of one description to the strong-coupling regime of
another, and vice versa. Duality is one of the few powerful exact techniques in many-body quantum theory
that does not rely on approximations or perturbative expansions. Nevertheless, when used in conjunction
with other techniques such as perturbation theory, duality can be even more potent. For example, it can
provide a way to perturbatively handle a strongly coupled regime of a theory by working with the weakly
coupled regime of its dual theory.

The dual, or magnetic, representation of Abelian lattice gauge theories has been remarkably successful
[1, 3]. The well-known Wegner duality maps a Z; gauge theory with local gauge invariance in (2+1)
dimensions onto a Z, quantum Ising model in (2+1) dimensions with nearest-neighbor interactions. Unlike
the original Z, gauge theory, whose Hilbert space contains a vast majority of unphysical states, the Hilbert
space of the dual spin model consists only of physical states, and its dimension is exponentially reduced.
A similar correspondence also holds for the U(1) gauge theory. This reduction of the Hilbert space can
significantly lower the computational cost of numerical simulations of the theory [4]. Since the presence of
local gauge invariance precludes an unambiguous definition of entanglement entropy in gauge theories, the
Wegner duality also provides a faithful way to define entanglement for such systems [5].

The dual, or magnetic, representation of SU(N) lattice gauge theory in the Hamiltonian formulation
is of significant interest for both theoretical analysis and numerical computations. The need for such a
magnetic representation was recognized soon after the original formulation was introduced [6], where it was
proposed that color confinement may be more naturally understood in the dual framework. Additionally,
the ground state of the theory is expected to be magnetically disordered, corresponding to a condensate of
disorder operators that create and annihilate magnetic fluxes. However, subsequent studies pointed out that
the well-known ’t Hooft operators, which create Zy magnetic fluxes, do not constitute the complete set of
disorder operators in the theory [7]. Recently, a complete set of disorder operators for SU(N) lattice gauge
theory has been constructed by exploiting duality transformations [8—10]. In these proceedings, we discuss
the recent developments in dual representations of SU(N) lattice gauge theory in the Hamiltonian formulation
and how they can be used to study the weak-coupling limit of the theory. Most importantly, we discuss how
various useful techniques applicable to the original Kogut-Susskind formulation can be used to exploit the
dual description to its fullest potential.

The recent developments in quantum simulations have renewed interest in the Hamiltonian formulation
of gauge theories, and they have become more topical than ever [4, 11-16]. Various formulations of
gauge theories with Abelian and non-Abelian gauge groups suitable for quantum simulation have been
presented. Many proof-of-concept demonstrations of quantum simulations for Abelian gauge groups have
been performed successfully in one-dimensional theories. However, quantum simulations for non-Abelian
gauge groups are still out of reach of present-day resources. To meet these challenges, resource-efficient
approaches to simulate non-Abelian lattice gauge theories are highly desirable. More recently, several
proposals in this direction have been put forward [17-19]. In these proceedings, we also discuss how the dual
representation of SU(N) lattice gauge theory can be potentially leveraged to enhance the resource efficiency
of such simulations.
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Figure 1: The Kogut-Susskind Hamiltonian formulation of SU(N) lattice gauge theory: (a) shows a 2-dimensional
lattice with sites n and links £(n,7),i = x,y. (b) shows the link operator U(£) associate with the link £ = (n,7) and
its conjugate left and right electric fields E%(¢) and E? (¢) respectively. (c) shows the four electric fields at any site n
constituting Gauss law operators in Eq. (5). (d) shows the a plaquette operator Up = Uf, UTU;; UL.

II. Kogut-Susskind Hamiltonian formulation of SU(N) lattice gauge theory

The basic field operators of Kogut-Susskind Hamiltonian formulation of SU(N) LGT are the unitary link
operators U(£) (UTU = I') associated with each link £ = (n,7) of the lattice ( Fig. 1(b)), and their conjugate
Ei(f)(a=1,2,---,N*> - 1) electric fields that satisfy the following canonical commutation relations

[E-?-(Z)’ U(f)nﬁ] = _(TaU(f))ab” [Ei (5), U(g)(lﬁ] = (U(Z)Ta)aﬁ (D

In the above equation, T”’s are the generators of the SU(N) group in the fundamental representation satisfying
[T2, TP] = if®°T° and tr(T°T°) = 6°°/2. All the matrix elements of the link operator commute i.e.,
[Uap,Uys] = 0. The operator E2(£)(E? (), rotates the link operator from left (right) and hence bear the
name left (right) electric field. These left and right electric field operators also satisfy the following:

[E2(0), E2(O)] =if™ES(6), [E(€),EXD] =0, E(€)=-R®UW)E) 2)

In Eq. (2), the repeated indices are assumed to be summed over, and the parallel transport operators R are
defined as R*®(U) = 2tr(UT*U'T®). The Kogut-Susskind (KS) Hamiltonian is given by [20, 21]

1
HKS:HE+HM:g22E2(5)+g—22tr(2—Up—Ug). 3)
4 p

In the above equation, g is the bare coupling, E(£) = ":':21‘ 'E 2(€)EL (L) are the SU(N) electric field Casimir
associated with each link £ and U, are the plaquette operators associated with each plaquette p, (see Fig.
1(d)). This is the electric field representation of the theory in which the electric field part of the Hamiltonian
Hpg is non-interacting. On the other hand, the magnetic field part of the Hamiltonian Hj;, contains the
plaquette operators U, = U LUTU}; U, representing the four link-link interactions. Under SU(N) gauge
transformations, the link operators and their conjugate electric fields transform as

Um;i) » AmUm; HAT(n+7),  Ei(n;7) — A)E2(n,7)A(n). 4)

where A(n) are arbitrary SU(N) matrices associated with each site n. The generators of the above SU(N)
gauge transformations are the Gauss law operators (see Fig. 1(c)):

G*m) =E*(m; R) +E2(m; R) + E2 (m; §) + ES(n; §), VY, a. (5)

Unlike the Lagrangian formulation of electromagnetism, in the Hamiltonian formulation, local Gauss’s laws
are not part of the equations of motion. Rather, they must be imposed as constraints. Consequently, the
physical Hilbert space P > [/phys), of the theory is defined by G*(n) [Yphys) = 0 . Therefore, the link
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conjugate pairs (E (), U(£)) are not free to evolve under time evolution but are constrained to satisfy these
local Gauss laws.

Since the electric field part of the Hamiltonian scales with g2, the KS formulation is well suited for
studying the strong-coupling regime. In fact, the theory admits a confinement phase with a linearly rising
potential in this limit [22, 23]. However, the continuum limit of the theory, which is expected to reproduce
SU(N) Yang-Mills theory, lies in the weak-coupling regime. Therefore, a representation in which the magnetic
part of the Hamiltonian, H,;, is simple would be desirable. It is interesting that quantum Yang-Mills theory
is relatively well understood in the weak-coupling limit, while very little is known at strong coupling. In
contrast, the lattice theory is fairly well understood at strong couplings, but much less is known in the weak-
coupling regime. While the classical naive limit of the Kogut-Susskind theory reproduces Yang-Mills theory,
taking the continuum limit at the quantum level remains a crucial problem. The central question is whether
the quantum dynamics generated by the SU(N) lattice theory in the weak-coupling limit can reproduce the
known results of quantum Yang-Mills theory.

II.1 Numerical simulation of SU(N) LGT in electric basis

The local Hilbert space associated with each link ¢ can be spanned by the electric basis, a set of vectors
characterized by the eigenvalues of electric field operators E4 (£). In the simplest SU(2) case, the complete set
of commuting operators is {E>(¢), E¥3(¢), E*=3(£)}. Hence the SU(2) electric basis [j(£) my(£) m_(¢))
is defined as

{E2(0), EX(0), EX(O}i(60) mi (&) m-(0) = ((OG(£) +1), me(6), m— ()} j(£) ms(£) m-(£)) (6)

The angular momentum index j(£) = 0,1/2,1,3/2,--- can take all integer and half-integer values and the
indices my () are restricted by —j(£) < m.(€) < j(£). The electric basis for the total Hilbert space can
be obtained by taking the tensor product of these local bases, ®, |j(£) m,(£) m_(£)). However, these basis
states, by construction, are not gauge invariant. The physical states satisfying the Gauss law constraints (Eq.
(5)) can be constructed by forming appropriate linear combinations of them, weighted by the corresponding
Clebsch-Gordan coefficients.

Since the eigenvalues of electric field operators are unbounded, the local Hilbert space associated with
each link degree of freedom is infinite dimensional. Consequently, the total Hilbert space—given by the
tensor product over all links—is also infinite-dimensional, with its size growing rapidly with system size.
Therefore, in order to perform any feasible numerical computation, the Hilbert space must be truncated,
reducing it to a finite-dimensional subspace. Additionally, the truncation must be designed such that
the fundamental properties of the theory, such as the canonical commutation relations and SU(N) gauge
symmetry, are preserved, if not fully, then as much as possible. However, for SU(N) there exists no
unique truncation scheme that preserves these properties and can be applied to all coupling limits[24].
In the literature various truncation schemes have been opted for various purposes. The widely used and
perhaps the simplest truncation scheme is the one constructed by capping the electric field Casimir j by
a maximum value j < jmax. In this scheme, the dimension of the Hilbert space for each link reduces to

dlm((]_{f) = 1:236,1/2,1,... (ZJ + 1)2 = (jmax + 1)(2jmax + 1)(4jmax + 3)/3 For largejmam dlm(ﬂé’) ~ (8/3)]%&(

III. Dual or magnetic representation of the SU(N) lattice gauge theory

Now in this section, we construct the magnetic representation of the theory discussed in the previous
section. As discussed earlier, the KS formulation is an electric-field representation of the theory in which the
electric part of the Hamiltonian, Hg, is non-interacting. A magnetic representation of the theory would be
one in which the magnetic part of the KS Hamiltonian, Hj,, becomes non-interacting. However, due to the
complex structure of the SU(N) gauge group, the dual or magnetic representation of the theory is not unique
(see Sec. III.1 and Sec. II1.2). In the following, we discuss two versions of the magnetic representation of
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Figure 2: Elementary canonical transformation (ECT) gluing two link conjugate pairs: Two original Kogut-
Susskind link conjugate pair (E% (1), U(1)) and (E%(2), U(2)) are converted into two new conjugate pairs (E3 (1), U(1))
and (E%(2), U(12)) defined by Eq. (7) and Eq. (8).

the theory. Both the dual representations discussed in this article are derived using a method of canonical
transformations (CTs)[8—10]. In this method, a series of CTs are used to generate new canonical degrees of
freedom from the original canonical degrees of freedom. An elementary canonical transformation (ECT)
gluing two link operators is presented as follows (see also Fig. 2). We consider two canonical conjugate
link pairs (E4(1),U(1)) and (E%(2),U(2)) obeying Eq. (1) and Eq. (2), and convert them into two new
conjugate pairs (&3 (1), U (1)) and (EL(12), U(12)) defined as;

U =UuQ), E ()= E*(1)+E%(2) and U(12) =U(1)U(2), E*(12) = E*(2) (1)
The left electric fields of /(1) and U (12) can be obtained by parallel transporting their right electric fields,
E1(1) = —R®UT())(EL (1) + E2(2)), £3(12) = -R® U (U (1)E>(2) (8)

Eq. (7) and Eq. (8) ensure that the newly generated conjugate pairs are mutually independent, i.e.,
[E1(1),U((12)] =0 and [E5(12),U(1)] = 0. They also satisty Eq. (1) and Eq. (2). Therefore, the above
ECT keeps the number of independent degrees of freedom intact and preserves the canonical commutation
relations. These properties of the ECT must also preserve the spectral properties of Hgs when represented
in terms of the new conjugate pairs. This simple ECT can be applied iteratively to the entire lattice to
reformulate the theory in terms of holonomies of desired shapes. In the next section, we reformulate the
theory in terms of plaquette (loop) operators.

III.1 Duality by solving local Gauss laws: From SU(N) LGT to SU(N) spin model

In this section, we construct a dual representation by solving the local SU(N) Gauss laws. Such an
approach is motivated by the well-known Wegner duality for Z, gauge theory[25]. The Wegner duality
maps a Z, gauge theory in (2+1) dimensions to a Z; quantum Ising model in (2+1) dimensions with nearest-
neighbor interactions. Unlike the original theory, which has local gauge invariance, the dual theory is a spin
model without local gauge invariance. Its SU(N) generalization—-mapping the Kogut-Susskind SU(N) lattice
gauge theory to an SU(N) spin model without local SU(N) gauge invariance—was first presented in [8, 9]. In
the following, we briefly discuss this dual representation obtained by solving the SU(N) Gauss laws.

For simplicity of presentation, in this section we consider a small lattice with four plaquettes, as shown
in Fig. 3-(a). Using a series of CTs, we convert the twelve original KS link operators in Fig. 3(a) into four
plaquette operators ‘W (m, n), with m,n = 0, 1, and eight string operators T(m, n), as shown in Fig. 3(b).
All the plaquette holonomies start and end at the origin. All the string operators start at the origin, and their
other ends lie at lattice sites away from the origin. Such a choice of the new holonomies naturally solves all
SU(N) Gauss laws except at the origin. The step-by-step CTs for a finite lattice can be found in [8, 9]. The
end results of the CTs are as follows:

Unphysical string conjugate pairs ( E} (m, n), T(m, n))

T(1,0) = U(0,0;%), T(0,1) =U(0,0;9), T(2,1) =U(0,0;£)U(1,0:£)U(2,0: 9),
T(1,1) =U(0,0:;£)U(1,0;9),  T(2,0) =U(0,0;£)U(1,0;%), T(0,2) =U(0,0;£)U(0,1;9), (9)
T(1,2) =U(0,0;5)U(1,0;)U(1,1: 9), T(2,2) =U(0,0;£)U(1,0;£)U(2,0; H)U(2,1; ).

The right electric fields of these unphysical string operators are given by the Gauss law operators E? (m, n) =
G*(m,n) defined by Eq. (5). Their left electric fields can be obtained using parallel transports i.e.,
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Figure 3: Duality by solving local SU(N) Gauss laws: Using canonical transformations, we convert the rwelve original
Kogut-Susskind link operators in (a) into four physical plaquette operators and eight unphysical string operators shown
in (b). All the string holonomies have their electric fields equal to the Gauss-law operators at the sites at their ends away
from the origin; hence, they decouple from the theory. The dual model is therefore described only by the four plaquette
operators, thereby reducing the size of the Hilbert space.

E2 (m,n) = —R¥®(TT(m,n))E" (m, n). The above relations along with Eq. (1) and Eq. (2) implies that the
( E& (m,n), T(m,n)) also obey Eq. (1) and Eq. (2).
Physical plaquette conjugate pair (‘W (m, n), &% (m, n))
W(0,0) = U(0,0; ) U(0, 1;£)UT(1,0; $)U' (0, 0; %)
W(0,1) = T(0, HU(0, 1;$)U(0,2; 2)UT (1, 1; $)UT (0, 1; £)T7 (0, 1)
W(1,0) = T(1,00U(1,0; $)U(1, 1;$)UT(2,0; $)UT(1,0;£)TT(1,0)
W(,1) =T(1, DU, 1;HU,2: U (2, 1;9)UT(1, 1; )T (1, 1)

(10)

In the above, T(m, n) are same as defined in Eq. (9). The right electric fields of these plaquette operators are

E1(0,1) = —R*™(T(0,2))E®(0,2; %), EX(1,1) = —R™(T(1,2))E>(1,2: %),
E1(0,0) = —R™(T(0,1))E®(0, 1; £) + R™®(T(0, HU(0, 1;2)U(1,1;$))E®(1,2: %) (11)
E2(0,1) = —R¥®(T(1, 1))E(1, 1; %) + R®(T(1, HU(1,1;2)U(2,1; $))E® (2,2: %)

Again, the left electric fields of these plaquette operators can be obtained through parallel transports. The
relation in Eq. (11), together with Eq. (1) and Eq. (2), implies that the set (&3 (m, n), W (m, n)) also satisfies
Eq. (1) and Eq. (2). Since the electric fields of all string operators coincide with the Gauss law operators
at their endpoints (away from the origin), they decouple from the theory. Consequently, the dual model is
described solely by the four plaquette operators. The Kogut-Susskind Hamiltonian, in terms of the dual
operators, can be written as

Hks= ), [g%(Z—W(m,n)—W*(m,n))+4g282(m,n)

m,n=0,1

+2g> [&(0, 0)-8_(0,1) +E,(1,0) - E_(1,1) +E_(0,0) - E:(1,0) + E_(0, 1) - E(1, )| (12)

In the above we have used (x - y) = Zg‘jf ! x2y2. Since the Gauss law at the origin (0, 0) is not solved, we still
have a global residual Gauss law G* Yimon [Si(m n) + &% (m, n)] The plaquette operators and their

residual —
conjugate potentials transform under the global residual Gauss law which unlike the original local Gauss law
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at each site is related to the charge conservation[26]. For a lattice larger than four plaquettes, the Hamiltonian
also has non-local interactions between the plaquette electric fields.

Hys= Y. [%(2 —Wp) - Wi(p) +4 g282(p)] +8% Y &u(p)- & (p') +non-local terms~ (13)
b 8 (p-p")

In light of the above discussion, the dual description offers the following advantages. Firstly, it is
formulated entirely in terms of physical variables—the plaquette conjugate pairs (E(p), W (p))-while the
unphysical string conjugate pairs are decoupled from the theory . This is a huge simplification, as the dual
theory no longer contains spurious degrees of freedom. The number of independent canonical degrees of
freedom is reduced from the number of links, £ = 2N (N + 1), to the number of plaquettes, ¥ = N 2,
Consequently, the size of the Hilbert space is reduced exponentially. A comparison between the Hilbert

space dimensions of the KS formulation, dim(%Hs), and the dual formulation, dim(FHgy,;), with truncation
j < jmax. is shown in Table 1; For a large lattice, we get dim(Hgua) = (dim(Hgs))?/N < dim(Hs).

N=2,L=12,P=4 | N=3, L=24,P=9
Jmax d (J max) dim Hys dim Hyyal dim Hys dim Hyyal

1/2 5 512 5% 524 59
1 14 1412 144 14% 149
3/2 30 3012 30 302 30°

Table 1: Comparison of Hilbert space dimensions in the Kogut-Susskind formulation and in the dual formulations.

Secondly, the magnetic part of the Hamiltonian Hj; which dominates in the continuum limit g — 0 is now
non-interacting giztr((W +Wh) ~ éBz, hence coupling inversion (g2 <> 1/g%). All the interactions are
now, shifted to electric field part which can be handled perturbatively. Therefore, the dual representation is
suitable for the computation at weak-couplings. These results are exact and involve no approximations but
various approximations and ansatzs can be applied to the dual theory to exploit the advantages of duality.
For example, the Schwinger bosons representation, constructions of electric(Sec. II.1) and magnetic basis,
qubit regularization etc. can be now applied to the dual theory[24]. The quantum simulation of LGT based
on continuous variables presented in [27] can now be applied to the dual theory to get both the benefits
of reduced Hilbert space and without imposing Gauss-law constraints[17-19]. Finally, as the dual scalar
potentials can be used to construct the most general disorder operators(see Sec. IV) that creates local SU(N)
magnetic fluxes. These disorder operators, when represented in terms of KS electric field are highly non-local
operators[8, 9] and therefore it is almost impossible to construct and analyze them in the original formulation.

II1.2 Duality with local dynamics

Although the dual description obtained by solving the non-Abelian Gauss law offers several advantages,
it also introduces non-locality. In this dual description, the KS Hamiltonian contains non-local interaction
between electric scalar potentials conjugate to the plaquette variables. However, it is possible to construct
an alternative dual model with a simpler Hys as well as local dual dynamics. Such a construction was
presented in [10], which we discuss here briefly. In this approach, CTs are used to produce local plaquette
conjugate pairs (E.(m), W(n)) (physical magnetic fields) as shown in Fig. 4(b). Unlike the previous
approach, the unphysical gauge degrees of freedom (&(n, $), U (n, §)) are not decoupled from the dual
theory rather some additional auxiliary gauge fields (& (n, X), U (n, X)) along with local plaquette constraints
Wm) = Um; H)Um + $;)UT(n + £, $)UT (n; £) are introduced to make the dual dynamics local. The
duality relations in the electric field sector, in this approach, are given by

E3(n,i) = EX(n,i) + &, V;(U)E*(n) (14)
Vy(U)E*(n) = E*(n) + R™®(U(n - $;9))EL (n - 9), (15)
V. (U)E (n) = -E2(n) - R®(U(n - £;£))E" (n - %) (16)
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Figure 4: Magnetic representation of SU(N) lattice gauge theory with local dual dynamics: (a) shows Kogut-
Susskind link conjugate pairs. (b) shows the dual degrees of freedom, the physical plaquette operators ‘W (n), and the
auxiliary gauge field U (n; %) and U (n; §). Dual Gauss laws and local plaquette constraints are also shown.

With the above duality relations, the Kogut-Susskind Hamiltonian, can be expressed as

2 2 1 +

H=Y [g2 Te ) (Ee(n ) + eV, (U) Em)) + = Tr(2 — W(n) - W (n))] (17)
n i=1,2

The physical degrees of freedom, or the SU(N) magnetic field is associated only with the plaquette conjugate

pair (E(n), W (n)). Under the dual SU(N) gauge transformation A(n), generated by the Gauss law operators

Gl = E1(m) + &2 (M) + 2y, EL(m; i) + & (mn;1), these plaquette operators and their conjugate electric

fields transform as adjoint matter fields

W) - AmWmA ), ) — AMELmA’(n)

The dual interactions in Eq. (17) correspond to minimal coupling between adjoint electric scalar potentials
and the SU(N) auxiliary gauge fields. In contrast to the duality by solving local Gauss laws, number of
dual degrees of freedom is not reduced, rather we have introduced auxiliary gauge degrees of freedom along
with local constraints that have to be implemented along with the dual Gauss laws. The coupling inversion
g% & 1/g? still persists. This approach can be more suitable for quantum simulations of lattice gauge theory
in the weak-coupling limit. For such simulations, a reduction in the number of canonical degrees of freedom
may not be a severe limitation; however, a local Hamiltonian is desirable for Trotter decompositions.

IV. Disorder operators

The trace of the Wilson loop operators Wm, defined as the path ordered product of link operators on a
closed path C is the gauge invariant

wil =T ol (18)
teC
and therefore can acquire a non-zero expectation value. Characterized by N — 1 Casimir G] =J1,J2, " »JN=1

of SU(N), Wilson loop operators create and annihilate SU(N) electric flux and act as the order operator of the
theory. It is well known that the expectation values of large Wilson loops follow the area law in confinement
phase and the perimeter law in de-confinement phase. There exists another set of gauge invariant operators,
introduced by 't Hooft—now known as 't Hooft operators—create Zy magnetic fluxes[28]. The 't Hooft operator
are characterized by an index ¢ representing the center charge ¢ = 0, 1,--- ,N — 1 and satisfy a remarkably
simple algebra with Wilson loop operators known as the order-disorder algebra[7, 28].

Es(PIWeEl(p) = {e"N We if peC, We if peC] (19
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The 't Hooft operator and their role in confinement and deconfinement phases have been studied extensively|[7,
29, 30]. However, it was pointed out in the past by many that 't Hooft operators are dual to Wilson loop
operators only in a limited sense as they do not constitute the full set of disorder operators[7, 31]. This can
be understood as follows. For SU(N) gauge group, the Wilson loop operators are characterized by N — 1
SU(N) Casimirs, ji,]2,- -+ ,jN—1 €ach taking infinite values. Hence, they can create N — 1 number of SU(N)
electric fluxes characterized by these N — 1 Casimirs. On the other hand, 't Hooft operator is characterized
by a single discrete parameter taking only N — 1 values. Hence its incompleteness is manifest.

We have exploited the dual representation to construct the most general disorder operators for SU(N)
lattice gauge theory that create and annihilate SU(N) magnetic fluxes[32];

Z[i91,02,~~~ sHN—]](p) = 1 0(D)-&:(p) (20)

In Eq. (20), the dot product represents the scalar product in adjoint color space (X - j) = Z';'zzf Lxay2,
A color vector @(p) is characterized by N — 1 angles g = 01,05, -+ ,0n-1 each taking values from the
interval [0, ) and constructed from plaquette operator ‘W (p). The exact definition of é(p) can be found
in [32]. By construction, these disorder operators are gauge invariant and unitary, i.e. 2+ (p) . (p) =

16]
[5] (p)EErH] (p) = I(p). The two operators 2;6] (p) and 2[5] (p) are the Hermitian conjugates of each other.

Moreover, they satisfy the SU(N) order-disorder algebra;

(o) (W ) 1o ={oUwl),, itpec,  wh),, ifpec) @1)

In the above equation, Dg] denotes the SU(N) Wigner rotation matrices in the ﬁ] representation. For the

angles ] corresponding to the center elements zN = 1, using D (3 (2) = ()" [f], where 7 [_f] is the N-ality of the
G] -representation, we recover the standard ’t Hooft-Wilson order-disorder algebra Eq. (19). By utilizing the
order disorder algebra, it can be shown that they create and annihilate N — 1 SU(N) magnetic fluxes[2, 32].
It can also be shown that, in the strong coupling (g — o0) vacuum |0) is dominated by disorder operators

-

Oz 10— 1 VA and  (Olu(Wil)jo)— 0 v [j]

The study of expectation values of the disorder operators Z[i”] and vacuum correlation functions

(Z (p)Z+ (p )) for a finite coupling g requires further investigation.

V. Discussion and outlook

In these proceedings, two distinct approaches to construct the magnetic (dual) representation of SU(N)
lattice gauge theory in (2 + 1) dimensions are discussed. In approach A), the non-Abelian Gauss laws are
explicitly solved, and the dual theory is described solely in terms of spin-like physical plaquette degrees of
freedom. As a result, the size of the Hilbert space is significantly reduced. In contrast, in approach B), the
non-Abelian Gauss laws are not solved. Instead, auxiliary gauge fields are introduced to render the dual
dynamics local. In this case, the dual description is formulated in terms of plaquette loops and their conjugate
electric scalar potentials, both of which transform as adjoint matter fields under SU(N) gauge transformations.
The interaction terms in the dual Hamiltonian take the form of minimal coupling between the dual scalar
potentials and the auxiliary gauge fields. In both approaches, the magnetic field part of the Kogut-Susskind
Hamiltonian, which dominates in the weak-coupling regime, is completely simplified. We discuss how these
dual representations can be advantageously employed for both analytical and numerical investigations of the
weak-coupling regime of the theory. In addition, the disorder operators of the theory are discussed.
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