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The Ising model serves as a model for magnetic phase transitions and as a testing ground for the
study of strongly-coupled systems. The model is exactly solvable in two dimensions and can be
simulated with relatively small computing resources. We investigate the phase transition of the
Ising model through a novel scaling procedure first proposed to explore the phase structure of a
theory with four SU(2) doublet fermions in Butt et al. (PRL 134, 2025, 031602). We present a
numerical validation of this scaling procedure by demonstrating that the procedure aligns with the
known properties of the two-dimensional Ising model.
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1. Introduction

Phase transitions are ubiquitous in physics. They occur across a wide range of scales, in
systems that range from elementary particles to large information networks, and are central to our
understanding of the collective phenomena. Identifying and characterising phase transitions is key
to understanding their behaviour and the emergence of macroscopic properties from microscopic
constituents.

Although the characterisation of phase transitions is complex, in part because of the wide
variety of systems in which they occur, they can be broadly characterised as discontinuous or
continuous. On the one hand, discontinuous phase transitions exhibit discontinuities in the free
energy and are characterized by the absorption or emission or heat as the system passes through a
mixed phase regime, such as the solid-liquid transition of water. On the other hand, continuous phase
transitions are characterized by diverging correlation lengths and a power law decay of correlations
near the critical region. The continuum limit of lattice quantum chromodynamics (QCD) is one
important example in the context of lattice field theories. In strongly-coupled systems, identifying
these phase transitions can be complicated by the need to solve the system numerically on a finite
lattice. Formally, second-order phase transitions cannot occur in a finite volume, because correlation
lengths cannot diverge. Nevertheless, exploring the phase diagrams of nonperturbative theories has
been an important area of investigation, especially for potential beyond-the-Standard Model of
particle physics theories, from composite Higgs and strongly interacting dark matter to minimally
walking technicolor models (see, for example, the reviews in Refs. [1-3]).

Phase transitions can be identified through a variety of methods, including: discontinuities in
physical quantities, such as the magnetic susceptibility in the case of the Ising model; changes in
spectral quantities; and the analysis of critical exponents. Here we study a new approach, based
on the scaling behaviour of masses extracted from two-point functions, inspired by the work of
Ref. [4]. We investigate the scaling behaviour of the two-point function in the two-dimensional
Ising model and validate this method by demonstrating that it correctly locates the known phase
transition in the dimensionless critical temperature.

The rest of this manuscript is organised as follows: first we review the renormalisation group
analysis of Ref. [4] in Section 2. We then describe our simulations, starting with the formulation
of the two-dimensional Ising model in Section 3 and then presenting results in Section 4. We
summarise in Section 5.

2. Renormalisation group analysis

This work has been motivated by the renormalisation group analysis presented in Ref. [4] as
part of their search for symmetric mass generation in a theory with a single staggered fermion in
the fundamental representation of SU(2). Renormalisation group flow provides a natural approach
to characterising phase transitions in non-thermal systems, because continuous phase transitions
correspond to renormalisation group fixed points, where strongly-coupled fluctuations occur at all
length scales and the Hamiltonian is invariant under coarse-graining. Close to a continuous phase
transition, the renormalisation group equations can be linearised to identify the critical exponents
of the system and the corresponding relevant operators. However, identifying critical exponents
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on the lattice can be very challenging for QCD-like theories and the critical behaviour in the
deep strong-coupling region is not always accessible. Therefore, alternative and computationally
tractable approaches to characterising phase transitions on the lattice are important tools in the
study of strongly-coupled QCD-like systems.

2.1 Symmetric mass generation

Symmetric mass generation is a mechanism for fermionic mass generation that avoids symmetry
breaking, in contrast to the spontaneous symmetry breaking of the Higgs mechanism and the
dynamical breaking of chiral symmetry that generates the hadron masses in QCD. Instead, mass is
generated through a nonvanishing vacuum state induced by a symmetric four-fermion condensate [5,
6]. In an anomaly-free system, symmetric mass generation can induce a fermionic mass gap
without breaking the anomaly-free symmetry and thus holds promise for lattice-regularised chiral
fermions [5]. Moreover, symmetric mass generation may allow for a new ultraviolet completion of
the standard model of particle physics, with far-reaching implications for new physics scenarios [6].
Demonstrating the existence of symmetric mass generation is therefore key to better understanding
chiral fermions on the lattice and potential new physics models, and a variety of models have been
studied nonperturbatively [4, 6—12].

In QCD-like theories, the necessary condition for an symmetric mass generation phase is that
Ny X Nomod8 = 0, where Ny is the number of fermion flavours and N. the dimension of the
gauge group (the number of colours). Both SU(2) gauge theory with Ny = 4 [4] and SU(3) with
Ny = 8 [6] theories have been studied numerically, with evidence for a strongly-coupled symmetric
mass generation phase in both cases. The phase diagram of this latter theory has been studied in
multiple simulations with massive fermions [13-16].

The phase diagrams of both theories show similar properties, with numerical evidence indicat-
ing an apparently conformal phase at weak coupling, separated by a continuous phase transition from
a strong-coupling, chirally-symmetric, confining symmetric mass generation SMG phase [4, 6]. To
identify this phase transition, the authors of Ref. [4] introduce a novel scaling procedure, studying
the renormalisation-group-invariant combination MpgL at different volumes and couplings. The
key insight underlying this procedure is that the volume dependence of meson states can disentangle
the different phases of the system.

2.2 Renormalisation group flow

For a (pseudoscalar) meson with mass Mpg, the dimensionless quantity Mpg L is renormalisation
group invariant. Thus, as the volume of the lattice is scaled from L — bL, the bare coupling must
be adjusted to ensure that Mps — Mps/b. The flow of the coupling, from ultraviolet to infrared, can
be inferred from its behaviour as the volume is reduced from large to small scales. For an ultraviolet
fixed point, as the volume is decreased, the bare coupling flows away from the critical point. This
behaviour was observed in the strong coupling region of of the theories studied in Refs. [4, 6]. In
contrast, at an infrared fixed point, the coupling will move towards the critical region; this behaviour
was observed in the weak coupling regime of Refs. [4, 6] and is reproduced in Figure 1.
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Figure 1: The renormalisation-group-invariant combination MpgL as a function of bare coupling, for a
single massless fermion in the fundamental reprentation of SU(2). From [4].

3. Ising model

The two-dimensional Ising model is a well-known and widely-studied model for magnetic ma-
terials that provides an ideal model for testing nonperturbative computational techniques (see, for
example, Ref. [17]). Although the Ising model does not exhibit some of the more interesting phe-
nomena associated with gauge theories, such as chiral symmetry breaking or asymptotic freedom, it
is nevertheless useful as a testing ground for three reasons: it is exactly solvable in two dimensions;
it exhibits a known second-order phase transition; and it has low computational simulation cost.
Here we use the Ising model as a simple model in which to demonstrate the feasibility of a scaling
procedure for identifying phase transitions first proposed in [4]. Indeed, the Ising model has a long
history as a testbed for understanding phase transitions and provided one of the earliest examples
of a phase transition that fell outside of Ehrenfest’s original classification paradigm.

The Ising model Hamiltonian for spin s; is defined by

H=-J SiSj—BZSi, (1)
(i) i
where J is the coupling and B is the external magnetic field. In this work we work at zero external

magnetic field. In the absence of the magnetic field, the Hamiltonian can be expressed in terms of
the single dimensionless combination J/kgT and the critical temperature is given by

T log(1 + V2)

2
kpT, 2J )

Ke =

For J = 1, the critical temperature is k. =~ 0.44. Throughout this calculation, we work in units in
which kg = 1.
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4. Results

We simulate the Ising model on two-dimensional lattices of size L/a € {32, 64, 128,256} using
the Metropolis and Wolff cluster algorithms [19, 20]. Initial thermalization consisted of 200 Monte
Carlo updates, with ten Metropolis sweeps followed by a cluster update step. After thermalization,
configurations were saved every 100 Monte Carlo steps. An analysis of the autocorrelation time for
the magnetization was carried out using the pyerrors package [18], a python implementation of
the I'-method [21]. Autocorrelation times were measured at three values of «, corresponding to the
deep paramagnetic and ferromagnetic regions and around the critical point. Integrated correlation
times varied from 7 = 7.8 at k = 1 to 7jr = 21.1 at k = 0.5 near the critical temperature. As
expected, autocorrelation times peak around the critical temperature. The Monte Carlo history of
one particular ensemble, with L/a = 128, is shown in the left-hand panel of Figure 2. The right-
hand panel of Figure 2 shows the magnetic susceptibility as a function of dimensionless coupling
K, illustrating the known phase transition at k. =~ 0.44. Uncertainties are calculated using jackknife

resampling.
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Figure 2: [Left:] A plot of the thermalisation history of the L/a = 128 lattice, showing the magnetization as
a function of Monte Carlo time.[Right:] A plot of the magnetic susceptibility for four different lattice sizes,
as a function of the dimensionless coupling «.

To extract the Ising model analog of the pseudoscalar mass, we studied the subtracted two-point
correlation function

COY = 57 D sse) = s 0

This correlation function exhibits exponential decay governed by the two-point “mass”, m = &1,
where £ is the correlation length. To extract the two-point mass, we fit the correlator data to the
exponential form

C(r)=Ae™™" “)

using the 1sqfit package [22].

In Figure 3 we show the renormalisation-group-invariant combination mL as a function of
the dimensionless coupling, «. Figure 3 demonstrates the paramagnetic phase on the left side; the
bare coupling moves away from the fixed point as the volume is decreased, as in Figure 1. In the
magnetic phase, the behaviour is clearly different: volume scaling is observed and we are unable
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to observe a coupling dependence in the (inverse) correlation length with our statistical resolution.
The distinct scaling behaviour in the paramagnetic and magnetic regions indicates the presence
of the phase transition and validates the approach of Ref. [4]. Note that, in contrast to Ref. [4],
there is no infrared fixed point and the volume dependence of the renormalisation-group-invariant
combination mL = L/ does not flip, as is seen in Figure 1.
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Figure 3: The renormalisation-group-invariant combination L /¢ as a function of the dimensionless coupling,
for four lattice sizes.

5. Summary

The Ising model has a long history as a testbed for understanding nonperturbative aspects
of statistical systems. Here we simulated the two-dimensional Ising model on lattices up to
256 x 256 to validate a novel method for identifying phase transitions. This method is based
on the behaviour of the renormalisation-group-invariant combination mL = L/¢, extracted from
two-point correlators. The scaling behaviour of correlators correctly identified the known phase
transition, demonstrating the feasibility of this method for characterising phase transitions in QCD-
like systems. This is of particular importance for nonperturbative studies of candidate theories
for symmetric mass generation, a mechanism for fermionic mass generation that avoids symmetry
breaking. The potential existence of symmetric mass generation, and the correct characterisation
of the corresponding phase transitions, in QCD-like theories paves the way for lattice studies
with significant implications for new physics scenarios and deep connections to condensed matter
systems.
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