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The free string spectrum is highly degenerate, with a degeneracy that grows exponentially with the
mass. Turning on a non-vanishing string coupling 𝑔𝑠 introduces interactions, rendering massive
string states unstable and allowing them to decay into lower-mass states, with mixing constrained
by Lorentz invariance. This behavior is expected already at one-loop level. The imaginary part of
the one-loop mass correction is related to the width of the decay into two lower-mass states at tree
level, whereas the real part is generally IR-divergent and needs regularization and renormalization.
The analysis simplifies for states in the first Regge trajectory.
In particular, we consider the one-loop mass corrections for these states in the NS-NS sector
of Type-II string theories. We explicitly construct the related vertex operators and exploit the
properties of elliptic functions in order to obtain a closed form expression for the integral over the
insertion point. We further regularize the divergences of the integral over the modular parameter
of the torus by means of the 𝑖𝜀-prescription in string theory. Finally we extract numerical results
for the mass correction up to level 𝑁 = 4.
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1. Motivations

String theory was originally introduced to describe hadronic resonances, which are known to
exhibit level repulsion: states with identical quantum numbers are shifted apart in mass and, after
unfolding, their spectra follow the Wigner–Dyson distribution [1–3] characteristic of the Gaussian
Orthogonal Ensemble. Although string theory is now viewed as a candidate framework for all
fundamental interactions, it remains important to ask whether level repulsion is an intrinsic feature
of string theory itself. Initial results for the bosonic string have been obtained in [4, 5], and the
supersymmetric case can be investigated along similar lines.

A further motivation for studying the string spectrum is its exponential degeneracy with mass
[6]. This feature makes highly excited string states natural candidates for black-hole microstates in
string theory, whose complexity is comparable (see e.g. [7–9] and recent developments [10]). This
perspective motivates the study of one-loop mass corrections, which are technically challenging
concerning both vertex operators and the arising of IR divergences [11–14]. Recent progress [15]
has enabled reliable computations for a special class of string states, which we investigate here.

2. NS-NS spectrum and one-loop amplitudes

We focus on the NS-NS sector of Type II string theories, for which the lowest states are
massless, featuring the symmetric traceless graviton 𝑔𝑀𝑁 , the Kalb-Ramond 2-form field 𝐵𝑀𝑁 ,
and the dilaton 𝜙. We will always assume the level matching condition 𝑁 = 𝑁 , where 𝑁 and 𝑁 are
positive integers. The mass of a state at level 𝑁 is given by 𝛼′𝑀2

𝑁
= 4(𝑁 − 1). We will set 𝛼′ = 2.

Mass corrections arise from one-loop contributions to the propagator and are therefore ex-
tracted from one-loop two-point amplitudes. The loop expansion of amplitudes is actually a genus
expansion. At any given order in the string coupling 𝑔𝑠, the interaction is represented by two closed
strings inserted on a worldsheet in the Euclidean signature, with a suitable genus. At one-loop level,
such a genus-1 worldsheet is the torus, which is identified by a modular parameter 𝜏 = 𝜏1 + 𝑖𝜏2
and parametrized by 𝑧 = 𝑥 + 𝜏𝑦, with 𝑥, 𝑦 ∈ [0, 1]. The interaction at a given genus is en-
coded in the vertex operators V𝑖 (𝑧, 𝑧) that enter with each string insertion. The isometry group
of the torus allows one insertion point to be fixed, whereas we must integrate over the remaining
point. Furthermore, as a consequence of the modular invariance of the torus, we only have to
consider the inequivalent tori. Hence, we must further integrate over the fundamental domain

F :=
{
𝜏 ∈ C : −1/2 ≤ 𝜏1 ≤ 1/2,

√︃
1 − 𝜏2

1 ≤ 𝜏2 < +∞
}

of modular parameters. The interested

reader may refer to [16] for a pedagogical introduction.
Here we restrict our attention to the states of the leading Regge trajectory, namely the states

for which the spin is maximal and equal to 2𝑁 . This simplification enables us to provide a compact
form of the corresponding vertex operators. Additionally, since this Lorentz representation is unique
at each level, Lorentz invariance forbids any perturbative mixing of these states with other states at
the same level, thus diagonalizing the mixing matrix in this sector. Furthermore, notice that states
at different mass levels cannot mix in perturbation theory.
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3. Mass corrections to the leading Regge trajectory

The vertex operator of the NS-NS states in the leading Regge trajectory in the 0-picture1 is

W =
1

(𝑁 − 1)!𝐻𝜇1...𝜇𝑁 𝜇̄1...𝜇̄𝑁
V𝜇1...𝜇𝑁V 𝜇̄1...𝜇̄𝑁

, (1)

where 𝐻𝜇1...𝜇̄𝑁
∼

⊗𝑁

𝑖=1 𝜆𝜇𝑖𝜆 𝜇̄𝑖 is a totally symmetric, transverse, traceless tensor,

V𝜇1...𝜇𝑁 = [𝜕𝑋𝜇1𝜕𝑋𝜇2+(𝑁−1)𝑃·𝜓𝜓𝜇1𝜕𝑋𝜇2+(𝑁−1) (𝑁−2)𝜓𝜇1𝜕𝜓𝜇2]
(

𝑁∏
𝑖=3

𝜕𝑋𝜇𝑖

)
𝑒𝑖𝑃𝑋 (2)

and V 𝜇̄1,..., 𝜇̄𝑁 is the complex conjugate of (2). The one-loop scattering amplitude for the mass
corrections of the above massive states thus reads (up to an overall factor)

A (𝑁 ) :=
∑︁
𝑠1,𝑠2

𝑐𝑠1𝑐𝑠2

∫
F

𝑑2𝜏

𝜏2
2

Z(𝑠1,𝑠2 )

〈∫
𝑇2

𝑑2𝑧W(𝑧, 𝑧)
∫
𝑇2

𝑑2𝑤W(𝑤, 𝑤̄)
〉
(𝑠1,𝑠2 )

, (3)

where 𝑠1 and 𝑠2 denote the spin structures on the torus 𝑇2 and the Type II partition function reads

Z(𝑠1,𝑠2 ) :=
𝜗4
𝑠1 (0|𝜏)𝜗𝑠2 (0|𝜏)

4

4𝜏4
2𝜂(𝜏)12𝜂(𝜏)12 , (4)

with 𝜂 the Dedekind function and 𝜗𝑠 the Jacobi theta functions (𝑠 = 1, . . . , 4) defined in, e.g., [16].
We must now perform the Wick contractions between the bosonic and fermionic coordinates.

In the holomorphic sector, the fermionic propagator (Szego kernel) is defined as

⟨𝜓(𝑢𝑖)𝜓(𝑢 𝑗)⟩𝑠𝑇2 =


𝑆𝑠 (𝑢𝑖 𝑗) := 𝜗𝑠 (𝑢𝑖 𝑗 |𝜏 )

𝜗1 (𝑢𝑖 𝑗 |𝜏 )
𝜕𝑢𝜗1 (0 |𝜏 )
𝜗𝑠 (0 |𝜏 ) , 𝑠 = 2, 3, 4

𝑆(𝑢𝑖 𝑗) := −𝜕𝑢𝑖 ⟨𝑋 (𝑢𝑖)𝑋 (𝑢 𝑗)⟩𝑇2 , 𝑠 = 1
(5)

with 𝑢𝑖 𝑗 = 𝑢𝑖 − 𝑢 𝑗 , whereas the bosonic propagator (Bargmann kernel) is

⟨𝑋 (𝑢𝑖 , 𝑢̄𝑖)𝑋 (𝑢 𝑗 , 𝑢̄ 𝑗)⟩𝑇2 = 𝐺 (𝑢𝑖 𝑗 , 𝑢̄𝑖 𝑗) := − log
���� 𝜗1(𝑢𝑖 𝑗 |𝜏)
𝜕𝑢𝜗1(0|𝜏)

����2 + 2𝜋
(Im 𝑢𝑖 𝑗)2

𝜏2
. (6)

The integration of the zero-mode of the bosonic coordinates results in momentum conservation
among contracted vertex operators 𝑃1 = −𝑃2 = 𝑃. Assuming the transversality relations 𝜆 (1)

𝑘
·𝑃1 =

0 = 𝜆
(2)
𝑘

·𝑃2, this further produces 𝜆
(1)
𝑘

·𝑃2 = 0 = 𝜆
(2)
𝑘

·𝑃1. Hence, all the contractions between
𝑒±𝑖𝑃𝑋 and 𝜕𝑋 terms vanish [17]. The only bosonic contributions are thus (𝑧 = 𝑢1 − 𝑢2)

⟨𝑒𝑖𝑃1𝑋𝑒𝑖𝑃2𝑋⟩ = 𝑒−𝑃1𝑃2𝐺 (𝑧,𝑧̄) = 𝑒−𝑀
2𝐺 (𝑧,𝑧̄) =

���� 𝜗1(𝑧 |𝜏)
𝜕𝑧𝜗1(0|𝜏)

����4(𝑁−1)
𝑒
−4𝜋 (𝑁−1) (Im 𝑧)2

𝜏2 , (7)

⟨
𝑁∏
𝑖=3

𝜕𝑋𝜇𝑖 (𝑢1)
𝑁∏
𝑗=3

𝜕𝑋𝜇 𝑗 (𝑢2)⟩ =
[
𝜕2
𝑧𝐺 (𝑧)

] (𝑁−2)
. (8)

1The vertex operator (2) is derived from the one in the (−1)-picture V (−1) = 𝑒−𝜑𝜓𝜇1
(∏𝑁

𝑖=2 𝜕𝑋
𝜇𝑖

)
𝑒𝑖𝑃𝑋 through the

picture-changing operator Γ+1 = 𝑒𝜑𝜓·𝜕𝑋+..., with 𝜑 the scalar bosonizing the super-ghost (𝛽, 𝛾) system [16].
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For each spin structure 𝑠, the fermionic contractions schematically amount to

⟨
2∏
𝑖=1

(𝜕𝑖𝑋)𝑁 ⟩𝑠+⟨
2∏
𝑖=1

𝑃𝑖 ·𝜓𝜓(𝜕𝑖𝑋)𝑁−1⟩𝑠+⟨
2∏
𝑖=1

𝜓𝜕𝑖𝜓(𝜕𝑖𝑋)𝑁−2⟩𝑠 . (9)

Due to the Jacobi and Riemann identities, after summing over 𝑠, only the last term survives:

⟨𝜓𝜕𝜓(𝜕𝑋)𝑁−2𝜓𝜕𝜓(𝜕𝑋)𝑁−2⟩𝑠 ∼ [𝜕𝑧𝜗1(0|𝜏)]4 [
𝜕2
𝑧𝐺 (𝑧)

]𝑁−2
, (10)

where, since 𝜕𝑧𝜗1(0|𝜏) = 2𝜋𝜂(𝜏)3, the factor [𝜕𝑧𝜗1(0|𝜏)]4 cancels out the denominator in eq. (4).
Including the anti-holomorphic sector, the complete integral then reads (𝑧2 := Im 𝑧)

A (𝑁 ) =

∫
F

𝑑2𝜏

𝜏5
2

∫
𝑇2

𝑑2𝑧 𝑒
−

4𝜋𝑧2
2

𝜏2
(𝑁−1)

���� 𝜗1(𝑧 |𝜏)
𝜕𝑧𝜗1(0|𝜏)

����4(𝑁−1) ��𝜕2
𝑧𝐺 (𝑧)

��2(𝑁−2)
, (11)

where we have fixed one of the worldsheet insertions. We may write 𝜕2
𝑧𝐺 in the more compact form

𝜕2
𝑧𝐺 (𝑧 |𝜏) = 𝑒1(𝜏) + 𝑓1(𝜏)

𝜗2
2 (𝑧 |𝜏)

𝜗2
1 (𝑧 |𝜏)

, (12)

with 𝑒1:=−4𝜋𝑖𝜕𝜏 log
[√

𝜏2𝜗2(0|𝜏)
]

and 𝑓1:= [𝜕𝑧𝜗1 (0 |𝜏 ) ]2

𝜗2
2 (0 |𝜏 )

. By the binomial identity, eq. (11) becomes

A (𝑁 ) =

∫
F

𝑑2𝜏

𝜏5
2 |𝜕𝑧𝜗1(0|𝜏) |4(𝑁−1)

∫
𝑇2

𝑑2𝑧 𝑒
−

4𝜋𝑧2
2

𝜏2
(𝑁−1)

𝑁−2∑︁
𝑛=0

(
𝑁−2
𝑛

) 𝑁−2∑̄︁
𝑛=0

(
𝑁 − 2
𝑛̄

)
𝑒𝑛1

¯̃𝑒𝑛̄1 𝑓
𝑁−2−𝑛

1 𝑓 𝑁−2−𝑛̄
1 𝜗1(𝑧 |𝜏)2𝑛+2𝜗1(𝑧 |𝜏)

2𝑛̄+2
𝜗2(𝑧 |𝜏)2𝑁−4−2𝑛𝜗2(𝑧 |𝜏)

2𝑁−4−2𝑛̄
. (13)

We now closely examine the worldsheet integral

I
𝑁1,𝑁1,𝑁2,𝑁2

(𝜏, 𝜏) =
∫

0

1
𝑑𝑥

∫
0

1
𝑑𝑦 𝑒−4𝜋𝑖𝜏2𝑦

2 (𝑁−1)𝜗1(𝑧 |𝜏)𝑁1𝜗1(𝑧 |𝜏)
𝑁1

𝜗2(𝑧 |𝜏)𝑁2𝜗2(𝑧 |𝜏)
𝑁2

, (14)

with the level matching constraint 𝑁1+𝑁2=2(𝑁−1)=𝑁1+𝑁2. Using the definitions of 𝜗1 and 𝜗2,
the integral over 𝑥 gives a projector onto the allowed contributions and enables the recasting of the
integral over 𝑦 in eq. (14) as a Gaussian integral, yielding (𝑞 := exp(2𝑖𝜋𝜏), 𝑘𝑖 , 𝑘̂𝑖 ∈ Z∀𝑖)

I
𝑁1,𝑁1,𝑁2,𝑁2

=
(−)

𝑁1
2 + 𝑁1

2

2
√︁
𝜏2(𝑁−1)

2(𝑁−1)∑︁
ℎ=1

𝑒−
𝜋𝜏2ℎ

2
𝑁−1

©­­«
∑︁
𝑘1

...
∑︁
𝑘𝑁1

∑̂︁
𝑘1

...
∑̂︁
𝑘𝑁2

ª®®¬
©­­«
∑̄︁
𝑘1

...
∑̄︁
𝑘
𝑁1

∑̄︁
𝑘̂1

...
∑̄︁
𝑘̂
𝑁2

ª®®¬
𝛿∑2(𝑁−1)

ℓ=1 𝑘ℓ ,ℎ
𝛿∑2(𝑁−1)

ℓ=1 𝑘̄ℓ ,ℎ
𝑞

1
2
∑2(𝑁−1)

ℓ=1 𝑘2
ℓ𝑞

1
2
∑2(𝑁−1)

ℓ=1 𝑘̄2
ℓ 𝑒

𝑖 𝜋

(∑𝑁1
𝑖=1 𝑘𝑖−

∑𝑁1
𝑖=1 𝑘̄𝑖

)
, (15)

⇒ A (𝑁 ) =

∫
F

𝑑2𝜏

𝜏4
2 |𝜕𝑧𝜗(0|𝜏) |4(𝑁−1)

𝑁−2∑︁
𝑛=0

(
𝑁−2
𝑛

) 𝑁−2∑̄︁
𝑛=0

(
𝑁−2
𝑛̄

)
𝑒1(𝜏)𝑛𝑒1(𝜏)

𝑛̄

𝑓1(𝜏)𝑁−2−𝑛 𝑓1(𝜏)
𝑁−2−𝑛̄I2𝑛+2, 2𝑛̄+2, 2𝑁−4−2𝑛, 2𝑁−4−2𝑛̄ (𝜏, 𝜏). (16)

The final step is to compute the integral over the fundamental domain F , which diverges and
needs to be regularized and renormalized. This is achieved by extending the 𝑖𝜀-prescription to
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string theory [15, 18, 19], ensuring a consistent analytic continuation: when a long “tube” develops
on the worldsheet, the prescription implements a passage from Euclidean to Lorentzian signature,
thus regulating IR divergences. Reinstating the overall factors as in [11], we find

𝛿M2
1-loop, 𝑁 = −

𝑔2
𝑠√︁

2(𝑁−1) (8𝜋2)3
A (𝑁 ) , (17)

where the real part is related to the mass shift and the imaginary part accounts for the decay width
of the state. These corrections vanish for the massless level 𝑁 = 1, which is protected by gauge
symmetry, while they are non-zero for massive states. The computation for the first massive level
𝑁 = 2 has been carried out in [11, 14] and reproduced in [15]. Our result

A (𝑁=2) = (4.4687 + 𝑖9.52381)·10−3 (18)

agrees with the existing literature, up to an overall factor. Our scheme allows us to compute these
corrections systematically, at arbitrary mass level. We focused on 𝑁 = 3 and 𝑁 = 4, yielding

A (𝑁=3) = (1.699 + 𝑖1.708)·10−3 and A (𝑁=4) = (7.975 + 𝑖6.242)·10−4. (19)

Our results suggest that the mass shifts decrease at large 𝑁 . While too early to predict the suppression
rate, our method enables this analysis for higher-mass states, which we leave for future work.

4. Conclusions and outlook

We presented a systematic method to compute one-loop mass corrections for NS–NS states in
the leading Regge trajectory. Exploiting Jacobi 𝜗𝑠 functions and an extension of the 𝑖𝜀-prescription,
we obtain a closed-form modular integrand at arbitrary mass level, enabling numerical evaluation.

Extending this approach to subleading trajectories and states with generic partitions of 𝑁 could
shed light on the chaotic features of string scattering, though the relevant vertex operators become
increasingly complex [20, 21]. As subleading trajectories admit multiple states with identical
Lorentz quantum numbers at fixed mass, perturbative mixing and level repulsion may occur.

A meaningful assessment of complex behavior ultimately requires the study of heavier states,
and the present results should be viewed as a first step in this direction.
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