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In these proceedings, we review progress on an effort to compute QCD corrections to Higgs boson
pair production at next-to-next-to-leading order (NNLO) in QCD. We use an expansion around
the “𝑡 → 0”, or “forward-scattering” limit, to make the computation tractable, producing results
which are valid in the smaller transverse momentum region; this region is the most relevant, phe-
nomenologically. The results of this work will determine the size of the NNLO corrections beyond
estimates based on the large-𝑚𝑡 expansion, and enable studies of the uncertainties induced by the
renormalization scheme and scale of the top quark mass, which are the dominant uncertainties at
next-to-leading order (NLO).
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1. Introduction

For the upcoming “high-luminosity” phase of the Large Hadron Collider (LHC) at CERN, a
key objective is to verify our understanding of the Standard Model’s (SM) scalar sector. The cubic
and quartic self-couplings of the Higgs boson are governed by the parameter 𝜆, which is determined
in terms of the Higgs mass (𝑚𝐻) and vacuum expectation (𝑣) as 𝜆 = 𝑚2

𝐻
/(2𝑣2). However, this

parameter must be measured experimentally to determine whether the structure of the SM’s scalar
potential is consistent with nature.

𝜆 can be measured by studying processes which depend on it, the most obvious of which is
the production of Higgs boson pairs. At the LHC, the dominant production mechanism of this
final state is via gluon fusion, owing to the large gluon luminosity present in hadron collisions.
Experimental limits are continuously improving even before HL-LHC data becomes available, due
to developments in data analysis techniques. The current limit, after combining ATLAS and CMS
measurements, stands at −0.71 < 𝜆𝑜𝑏𝑠/𝜆 < 6.1 [1]. Projections of the HL-LHC performance are
increasingly optimistic, reaching observation of Higgs pair production with a significance over 5𝜎
and a measurement of 𝜆 at the few-10% level [2]. These projections build in an assumed reduction
in theory uncertainties by a factor of 2; in order to achieve such a reduction, it is necessary to
provide more detailed NNLO predictions than are available currently [3], which include top quark
mass effects beyond the HTL in the virtual and real-virtual contributions.

At NLO, Higgs pair production is well studied using numerical methods [4–7] as well as
analytic approaches, including expansions in the large-𝑚𝑡 region [8], the high-energy region [9],
the small-𝑝𝑇 region [10] and the small-𝑡 region [11]. Results from different but complementary
approaches have been combined to produce descriptions which are valid over wider regions of phase
space [11–14]. NLO studies show that the dominant uncertainty is due to the renormalization scale
and scheme choices of the top quark mass [15, 16], strongly motivating NNLO QCD computations
and efforts to study these effects via resummation of high-energy logarithms [17]. There are various
ongoing efforts to compute NLO electroweak (EW) corrections, but in these proceedings we focus
on QCD corrections.

At NNLO, results are available for expansions in the large-𝑚𝑡 limit [18–21] (including also at
N3LO for the HTL [22, 23]) and in the small-𝑡 limit for parts of the amplitude: the “𝑛𝑙 part” [24]
and the “𝑛ℎ part” in the large-𝑛𝑐 limit [25]. Work on the “𝑛2

ℎ
part” is ongoing, and was reported

on separately at this conference. The factorizable contributions are also known [26]. See Fig. 1 for
example Feynman diagrams of these contributions.

2. Computational methods

The amplitude for Higgs boson pairs 𝑔(𝑞1)𝑔(𝑞2) → 𝐻 (𝑞3)𝐻 (𝑞4) can be decomposed into
two linearly-independent Lorentz structures 𝐴𝜇𝜈

1 and 𝐴
𝜇𝜈

2 with “form factor” coefficients 𝐹1 and 𝐹2

according to
M𝜇𝜈,𝑎𝑏 = 𝛿𝑎𝑏𝑋0𝑠

(
𝐹1𝐴

𝜇𝜈

1 𝐹2𝐴
𝜇𝜈

2
)

(1)

where 𝑎, 𝑏 are the colour indices of the gluons, 𝑋0 =
√

2𝐺𝐹𝑇𝐹𝛼𝑠 (𝜇)/(4𝜋), 𝐺𝐹 is the Fermi
constant,𝑇𝐹 = 1/2, and the strong coupling constant at renormalization scale 𝜇 is denoted by 𝛼𝑠 (𝜇).
The form factors are functions of the particle masses and kinematic invariants 𝑠 = (𝑞1 + 𝑞2)2 and

2



P
o

S
(

L
L

2
0

2
6

)
0

0
6

Precision predictions for Higgs boson pair production Joshua Davies

(a) “𝑛𝑙 diagrams”: a light and
heavy quark loop

(b) “𝑛ℎ diagrams”: one heavy
quark loop

(c) “𝑛2
ℎ

diagrams”: two heavy
quark loops

Figure 1: Representative NNLO Feynman diagrams, showing the different types of fermion loops.

𝑡 = (𝑞1+𝑞3)2. The form factors can be projected from the amplitude, and computed as an expansion
in 𝛼𝑠 by considering multi-loop Feynman diagrams as shown in Fig. 1. The amplitude is generated
with qgraf [27], and tapir [28] and exp1 [29, 30] are used to map the individual diagrams onto
integral topologies and produce FORM [31] compatible notation. The amplitude is then processed
using the FORM-based in-house “calc” setup, which performs the projections, Dirac and colour
algebra, the mapping onto the integral topologies identified by exp and their minimization using
relations from Feynson [32], and the expansion in the forward limit; the result is an amplitude in
terms of scalar integrals in forward-scattering kinematics, ready for integration-by-parts reduction.

2.1 Integration-by-parts reduction

The expansion in the forward limit produce integrals which depend only on the ratio 𝑠/𝑚2
𝑡 ,

however the number and complexity of integrals to be expressed in terms of master integrals through
integration-by-parts (IBP) reduction is large, particularly for sub-leading terms (which include 𝑡1

and 𝑚2
ℎ

contributions) in the forward expansion. For the 𝑛𝑙 diagrams at 𝑡0, the reduction could
be computed in a relatively straightforward way with Kira 2 [33]. The 𝑛ℎ diagrams at 𝑡0 were
significantly more difficult, for which the most complicated integral topology required over 40 days
and 2TB of memory for reduction.

Reducing the integrals produced by the 𝑡1 expansion of the 𝑛𝑙, 𝑛1
ℎ

and 𝑛2
ℎ

diagrams requires
a different approach, since Kira is not able to generate a suitable equation system within 4TB of
memory. For this reason we use FIRE 7 [34], which does not generate the entire equation system at
once, but rather proceeds sector-by-sector, generating only what is required for successful reduction.
Nonetheless, the more difficult integral topologies are still prohibitively expensive to reduce, and
work is on-going to complete these computations. We have been able to reduce the complexity of
the integral lists to some extent by performing a preliminary reduction of the top-level integrals
only to the next-to-top level by modifying FIRE. Substituting these partial rules into the amplitude
allows many of the next-to-top level integrals produced by the IBP identities to cancel, yielding a
smaller integral list for further reduction.

2.2 Finding a minimal basis of master integrals

Once reductions for each topology are complete, we look for mappings between master integrals
of each topology in order to produce an amplitude and differential equation in terms of a minimal set

1https://gitlab.com/m-steinhauser/exp
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of integrals. Already for the 𝑡0 contribution of the 𝑛1
ℎ

diagrams, finding these mappings proves too
costly to run as a single Kira job. We proceed with a more manual set of steps. First, we use FIRE’s
FindRules function to expose equivalences in the list of reduced integrals, between all topologies.
Applying the IBP tables to these equivalent-integral pairs reveals non-trivial relations between
master integrals belonging to different integral topologies. This list of relations can be solved in
terms of a more minimal set of master integrals by providing it to Kira as a user_defined_system.
For the 𝑛1

ℎ
diagrams, we manage to reduce the initial 33K master integrals from all topologies to

a set of 1561 integrals with this method. For the 𝑛2
ℎ

integral topologies we have exposed further
relations between master integrals of differing topologies by applying sub-sector mapping rules
from Feynson to the integral list; this produces relations beyond the simple equivalences revealed
by FindRules.

2.3 Post-processing integration-by-parts tables

Once IBP reduction is complete, it is necessary to apply the reduction rules to the amplitude.
Due to the large size of the amplitude and the IBP tables we perform this step in FORM, however tables
produced by FIRE are in a Mathematica-readable format, and FORM-compatible files produced by
Kira are not in a format which can be applied optimally. Therefore a post-processing step is required
to produce Fill statements for FORM Tablebase files, which are formatted in a suitable way.
The largest tables produced so far are hundreds of GB when compressed with gzip; such tables are
impractical to load in Mathematica. We therefore perform the post-processing in an efficient way
with the dedicated C++ package ibppp2 which can process FIRE and Kira tables, and has some
key features which are important in this context:

• IBP rules are streamed from gzip input files, processed, and Fill statements are written to
gzip output files. At no point are the complete tables stored in memory, and the files are
not temporarily stored in a decompressed form; this is important when using shared network
filesystems.

• The integral coefficients are processed into an improved format for FORM using FLINT [35]; 𝑑
is replaced with 4− 2𝜖 , denominators are factorized, and numerator multivariate-polynomial
coefficients of 𝜖 are held in function arguments to avoid intermediate expression swell upon
substituting the rules. Laurent series expansion in 𝜖 is also possible at this stage, if 𝜖-exact
tables are not required. This processing is parallelized over the rules.

In the future, this package will also support applying master integral basis-change relations during
the post-processing.

2.4 Computation of master integrals

The final master integrals are computed in a “semi-analytic” way using the “expand-and-match”
method [36–38]; the differential equation for the master integrals w.r.t. 𝑠/𝑚2

𝑡 is used to transport
analytic boundary conditions determined from the large-𝑚𝑡 expansion of the master integrals (i.e. at
𝑠/𝑚2

𝑡 → 0) across the phase space. The transported boundary conditions are matched to series
expansions at a variety of intermediate points in the phase space. These series expansions can

2https://github.com/jodavies/ibppp

4

https://github.com/jodavies/ibppp


P
o

S
(

L
L

2
0

2
6

)
0

0
6

Precision predictions for Higgs boson pair production Joshua Davies

then be evaluated, within their region of validity, to produce values at arbitrary phase-space points.
For the large-𝑛𝑐 part of the “𝑛1

ℎ
” amplitude presented in [25], intermediate series expansions are

made at 𝑠/𝑚2
𝑡 = {0, 1, 2, 3, 3.5, 4, 4.5, 5, 6, 7, 8, 10, 12, 14, 15, 16, 18, 22, 27, 35, 45}. The matching

procedure is verified at various intermediate points by comparing results with direct numerical
evaluation using AMFlow [39].

3. Conclusions

Building on the methods we have developed and the partial results published so far, we aim to
compute the complete amplitude including sub-leading terms in the forward expansion. Computing
beyond the leading term produces the transverse-momentum dependence of the form factors, and
in particular provides a non-zero description of 𝐹2. This will provide a state-of-the-art NNLO
approximation of the virtual amplitude for Higgs pair production, allowing a detailed study of its
dependence on the top quark renormalisation, which proves to be the dominant uncertainty at NLO.
Our results will be implemented in C++ in the library ggxy [14] to provide an efficient and high-
performance means of evaluation which can be easily interfaced with other tools, as for example
with POWHEG [40] in Refs. [14, 41].
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