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1. Introduction

The planar (large 𝑁𝑐) limit of N = 4 super-Yang-Mills theory (SYM) is the prototype con-
formal field theory in the Anti-de-Sitter/conformal field theory (AdS/CFT) duality. It has played a
key role in developing modern scattering amplitude methods. The large 𝑁𝑐 limits leads to quantum
integrability, which gives rise to the quantum spectral curve, the duality of amplitudes and Wilson
loops, and the pentagon operator product expansion (OPE) for Wilson loops [1]. There is also a
mysterious principle of maximal transcendentality relating N = 4 SYM to quantum chromodynam-
ics (QCD) [2–4], which was first seen in the DGLAP evolution of twist-two operators, as well as in
BFKL (small 𝑥) evolution.

Beyond twist-two and BFKL anomalous dimensions, planar N = 4 SYM teaches us “some-
thing” about the leading transcendental part of QCD amplitudes, although the connection is not
always precise. For simple processes, the N = 4 answer is a polylogarithmic function of known
transcendental weight (weight 2𝐿 at loop order 𝐿) and high loop order computations can be rela-
tively simple. Furthermore, we know how to remove all infrared divergences, either via “framing”
dual Wilson loops [1], or via a BDS(-like) ansatz [5–8].

In this talk we will consider the three-point form factors for the BPS operators called tr𝜙2 and
tr𝜙3. The former is also a representative of the chiral stress tensor multiplet. The dimensionally-
regulated matrix elements of these operators with three massless partons can be divided by a suitable
BDS-like ansatz [9–11], which removes all infrared divergences, leaving the finite functionsE3(𝑢, 𝑣)
for tr𝜙2 and E3,3(𝑢, 𝑣) for tr𝜙3. Here 𝑢 and 𝑣 are the underlying dimensionless kinematic variables,
expressed in terms of the massless parton momenta 𝑝𝑖 , 𝑖 = 1, 2, 3, with 𝑝2

𝑖
= 0:

𝑢 =
(𝑝1 + 𝑝2)2

(𝑝1 + 𝑝2 + 𝑝3)2 , 𝑣 =
(𝑝2 + 𝑝3)2

(𝑝1 + 𝑝2 + 𝑝3)2 , 𝑤 =
(𝑝3 + 𝑝1)2

(𝑝1 + 𝑝2 + 𝑝3)2 = 1 − 𝑢 − 𝑣 . (1)

The operator momentum is 𝑝1 + 𝑝2 + 𝑝3.
The loop expansion of these functions is

E3[,3] (𝑢, 𝑣) =
∞∑︁
𝐿=0

𝑔2𝐿 E (𝐿)
3[,3] (𝑢, 𝑣), (2)

where 𝑔2 ≡ 𝑁𝑐𝑔
2
𝑌𝑀

/(4𝜋)2. (We have also normalized by the tree-level form factor, so that
E (0)

3[,3] ≡ 1.) These quantities are “Goldilocks” processes for the planar N = 4 SYM form-
factor/amplitude bootstrap because they are simple, but not too simple. They depend on only two
dimensionless variables via weight 2𝐿 polylogarithms that involve only six “letters”, a remarkably
small symbol alphabet [12]. The simplicity of the polylogarithmic function space makes it possible
to construct an ansatz for the answer to high loop order. The ansatz can then be subjected to a variety
of constraints, including the generalization of the pentagon OPE to form factors (FFOPE) [13–16]
which controls the limit 𝑣 → 0 at fixed 𝑢. This combination of factors made it possible to get to 8
loops for tr𝜙2 [10]. With the discovery of antipodal duality [17] between this form factor and the
maximally-helicity violating (MHV) six-gluon amplitude [18], it was then possible to use the form
factor to compute the MHV amplitude to 8 loops as well [19].

In this contribution, we will review some of these developments and also present new results
for the three-point tr𝜙3 form factor to 8 loops [20]; previously it was known to 6 loops [11]. It was
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also computed at 2 loops analytically [21], and at 3 loops numerically [22, 23] and analytically [24].
Thus the total Loops + Legs for these processes is currently 8+ 4 = 12 (for the two form factors,
counting the operator momentum) and 8+ 6 = 14 (for the MHV six-gluon amplitude).

It is noteworthy that another representative of the chiral stress tensor multiplet is tr𝐺𝜇𝜈,SD𝐺
𝜇𝜈

SD,
where SD stands for the self-dual part of the field strength tensor. This operator is very similar to the
operator tr𝐺𝜇𝜈𝐺

𝜇𝜈 that couples the Higgs boson to gluons, as the leading term in the limit of a large
top quark mass. It has been known for a while that through two loops, the leading transcendental
part of the QCD result coincides with the N = 4 result [25, 26]. Recently, the leading-color QCD
result was computed at three loops [27]; comparing with the N = 4 result [9], it was found that the
principle of maximal transcendentality still holds for this process at three loops and large 𝑁𝑐.

2. Polylogarithmic function space and ansatz

We bootstrap the three-point form factors of both tr𝜙2 and tr𝜙3 using the same function space
C. (The fact that the same space works for both form factors is not obvious.) We map weight 𝑛
polylogarithms 𝐹 to their symbols [12] by iterating their derivatives,

𝑑𝐹 =
∑︁
𝑠𝑖∈L

𝐹𝑠𝑖 𝑑 ln 𝑠𝑖 ⇒ S[𝐹] =
∑︁
𝑠𝑖∈L

S[𝐹𝑠𝑖 ] ⊗ 𝑠𝑖 , (3)

𝑑𝐹𝑠 𝑗 =
∑︁
𝑠𝑖∈L

𝐹𝑠𝑖 ,𝑠 𝑗 𝑑 ln 𝑠𝑖 ⇒ S[𝐹] =
∑︁
𝑖, 𝑗

S[𝐹𝑠𝑖 ,𝑠 𝑗 ] ⊗ 𝑠𝑖 ⊗ 𝑠 𝑗 , (4)

reaching finally
S[𝐹] =

∑︁
𝑠𝑖1 ,𝑠𝑖2 ,...,𝑠𝑖𝑛

𝐹𝑖1,𝑖2,...,𝑖𝑛 𝑠𝑖1 ⊗ 𝑠𝑖2 ⊗ · · · ⊗ 𝑠𝑖𝑛 , (5)

where the symbol letters 𝑠𝑖 belong to the symbol alphabet L. The tensor 𝐹𝑠𝑖1 ,𝑠𝑖2 ,...,𝑠𝑖𝑛 is a set of
rational numbers — in fact, it turns out to always be integers for E (𝐿)

3 and E (𝐿)
3,3 through 8 loops!

The symbol alphabet for the tr𝜙2 and tr𝜙3 three-point form factors is

L = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓 } , (6)

where

𝑎 =

√︂
𝑢

𝑣𝑤
, 𝑏 =

√︂
𝑣

𝑤𝑢
, 𝑐 =

√︂
𝑤

𝑢𝑣
,

𝑑 =
1 − 𝑢

𝑢
, 𝑒 =

1 − 𝑣

𝑣
, 𝑓 =

1 − 𝑤

𝑤
. (7)

The quantities E (𝐿)
3 and E (𝐿)

3,3 are invariant under a dihedral symmetry 𝐷3 ≡ 𝑆3 that comes from
permuting the three massless momenta 𝑝𝑖 . Its generators act on the alphabet by

cycle : 𝑎 → 𝑏 → 𝑐 → 𝑎, 𝑑 → 𝑒 → 𝑓 → 𝑑, (8)

flip : 𝑎 ↔ 𝑏, 𝑑 ↔ 𝑒. (9)
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The symbols of the tr𝜙2 form factor at one and two loops are just one and two terms, plus their
dihedral images:

S[E (1)
3 ] = −2 𝑏 ⊗ 𝑑 + dihedral images, (10)

S[E (2)
3 ] = 8 𝑏 ⊗ 𝑑 ⊗ 𝑑 ⊗ 𝑑 + 16 𝑏 ⊗ 𝑏 ⊗ 𝑏 ⊗ 𝑑 + dihedral images. (11)

The symbols of the tr𝜙3 form factor at one and two loops are not quite as simple:

S[E (1)
3,3 ] = 𝑎 ⊗ 𝑏 − 𝑎 ⊗ 𝑎 + dihedral images, (12)

S[E (2)
3,3 ] = 6 aaaa − 6 aaba − 6 abaa + 5 abba + abca − 3 aeaa + 3 aeca + 8 aabb − 6 aaab

− 6 abbb + 5 abab + abcb + acab + accb − 2 aacb − 2 acbb + 3 afab − 3 afbb

+ dihedral images, (13)

where we abbreviated 𝑎 ⊗ 𝑏 ⊗ 𝑐 ⊗ 𝑎 → abca, etc., in eq. (13) to save space.
The amplitude/form factor bootstrap has been refined over the years [9, 10, 28–31]. For the

tr𝜙3 form factor, it combines:

1. Knowledge of the polylogarithmic function space (borrowed from experience with tr𝜙2).

2. Empirical constraints on multiple final entries (analogous to tr𝜙2 but different in detail).

3. Knowledge of leading and next-to-leading discontinuities from the FFOPE [16], but lifted
into general kinematics.

4. Generation of an ansatz as a linear combination of basis elements in the function space,
consistent with the above constraints, including dihedral invariance.

5. Matching the near-collinear limit to the FFOPE prediction for one flux-tube excitation, but
all subleading logarithms [16], in order to fix all remaining constants in the ansatz.

We now expand on these five elements of the bootstrap.
1. Function Space: Besides the symbol alphabet (6), there are branch-cut constraints: The only
physical discontinuities are at (𝑝𝑖 + 𝑝 𝑗)2 = 0 and at (𝑝1 + 𝑝2 + 𝑝3)2 = 0. They imply that every
word in the symbol starts with 𝑎, 𝑏 or 𝑐, because 𝑑 = 0 corresponds to (𝑝1+ 𝑝2)2 = (𝑝1+ 𝑝2+ 𝑝3)2,
where there is no such discontinuity. The same branch-cut constraint has implications deeper in the
symbol, namely that [9]

𝐹𝑑 |𝑣,𝑤→0 = 0. (14)

There are also powerful constraints on pairs of adjacent letters. They include integrability, which
enforces the equality of mixed partial derivatives, 𝑑2𝐹 = 0. Other constraints ban the appearance
of the following pairs of adjacent letters:

. . . ad . . . , . . . da . . . , . . . de . . . , [+ dihedral] (15)

There is also a constraint on adjacent triples,

𝐹𝑎,𝑎,𝑏 + 𝐹𝑎,𝑏,𝑏 + 𝐹𝑎,𝑐,𝑏 = 0. [+ dihedral] (16)

4
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weight 𝑛 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

𝐿 = 1 1 2 1

𝐿 = 2 1 3 3 2 1

𝐿 = 3 1 3 9 13 6 2 1

𝐿 = 4 1 3 9 21 29 13 6 2 1

𝐿 = 5 1 3 9 21 48 57 29 13 6 2 1

𝐿 = 6 1 3 9 21 48 105 112 57 29 13 6 2 1

𝐿 = 7 1 3 9 21 48 108 242 206 112 57 29 13 6 2 1

𝐿 = 8 1 3 9 21 48 108 242 519 375 206 112 57 29 13 6 2 1

Table 1: The number of independent {𝑛, 1, 1, . . . , 1} coproducts of the form factor E (𝐿)
3,3 through 𝐿 = 8

loops, at symbol level. The meaning of the colors is discussed in the text.

The constraints beyond integrability can be understood from the extended Steinmann relations [32]
or cluster adjacency [33], properties which are obeyed by the hexagon function space H describing
six-gluon amplitudes, after mapping H to C using antipodal duality [17]. On the other hand,
antipodal duality itself is not well understood!
2. Multiple final entries: After computing the weight 2𝐿 function E (𝐿)

3,3 , we take its iterated
derivative, or rather its {2𝐿 − 1, 1} coproducts (3), then its {2𝐿 − 2, 1, 1} coproducts (4), and so on.
We record the dimension of these spaces in table 1. We observe that they saturate in two different
ways:

• We display a number in green once it appears at the same weight 𝑛 and at two consecutive loop
orders. This indicates the stabilization of the frontspaceC. We also check that the independent
functions (or symbols) we find are the same as those obtained by taking coproducts of the
tr𝜙2 form factor E (𝐿) .

• We display a number in blue once it appears at weight 𝑛 = 2𝐿 − 𝑤 𝑓 for the same 𝑤 𝑓 at two
consecutive loop orders. Here we can read off the dimensions of the tr𝜙3 backspace, and
correspondingly, a set of multi-final-entry relations that enforce these dimensions.

For example, we find that there are 4 relations among the 6 possible single final entries of E3,3:

E𝑑
3,3 = E𝑒

3,3 = E 𝑓

3,3 = 0, E𝑎
3,3 + E𝑏

3,3 + E𝑐
3,3 = 0, (17)

leaving only the 2 entries recorded in table 1, say E𝑎
3,3 and E𝑏

3,3. These relations should be contrasted
with the 3 relations among the single final entries of the tr𝜙2 form factor E3: E𝑎

3 = E𝑏
3 = E𝑐

3 = 0.
The 6 double final entry relations for E3,3 are:

E𝑑,𝑎

3,3 = E𝑒,𝑏

3,3 = 0, E 𝑓 ,𝑏

3,3 = −E 𝑓 ,𝑎

3,3 , E𝑐,𝑎

3,3 = −E𝑎,𝑎

3,3 − E𝑏,𝑎

3,3 , (18)

E𝑐,𝑏

3,3 = −E𝑎,𝑏

3,3 − E𝑏,𝑏

3,3 , E𝑑,𝑏

3,3 = E𝑒,𝑎

3,3 − E 𝑓 ,𝑎

3,3 + E𝑎,𝑏

3,3 − E𝑏,𝑎

3,3 . (19)

5
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They relate 6×2 possible pairs of double final entries (after taking into account the single final entry
conditions), and so they leave 6 independent ones in table 1. After each new loop is computed, we
learn a new layer of multi-final-entry conditions (at one larger value of 𝑤 𝑓 ). For example, at 𝐿 = 3
we see the 6 corresponding to eqs. (18) and (19) for the first time; at 𝐿 = 4 the 6 is confirmed.
3. Leading Discontinuity: Near the collinear limit where 𝑝1 ∥ 𝑝3, 𝑤 → 0, we parametrize the
kinematics by

𝑢 =
1

1 + 𝑆2 + 𝑇2 , 𝑣 =
𝑆2(

1 + 𝑇2) (1 + 𝑆2 + 𝑇2) , 𝑤 =
𝑇2

1 + 𝑇2 , (20)

with 𝑆 = 𝑒𝜎 , 𝑇 = 𝑒−𝜏 . At 𝐿 loops, the leading discontinuity of the three-point form factor for tr𝜙3

(or more precisely the dual periodic Wilson loop W3,3) follows from the FFOPE [11, 16], in the
limit 𝑇 → 0:

W (𝐿)
3,3 |𝑇1 ln𝐿 𝑇 =

∫ ∞

−∞
𝑑𝑢

𝜋

cos(𝜋𝑖𝑢) 𝑆
2𝑖𝑢 1

𝐿!
[2(𝜓( 1

2 + 𝑖𝑢) + 𝜓( 1
2 − 𝑖𝑢) − 2𝜓(1))]𝐿 , (21)

where in this equation 𝑢 is the rapidity of the single flux-tube excitation, and 𝜓(𝑥) = 𝑑 ln Γ(𝑥)/𝑑𝑥.
To evaluate (21), we close the 𝑢 contour in the upper half-plane, sum over residues at 𝑖𝑢 = 1

2 +𝑛,
for 𝑛 a non-negative integer, and then reconstruct the result as 𝑆/(1 + 𝑆2) multiplied by a linear
combination of weight 𝐿 harmonic polylogarithms (HPLs) [34] with indices 0 and 1 and argument
𝑆2. Normally such an expression would only hold near 𝑇 = 0, but by a suitable choice of
parametrization we find that the leading- (and next-to-leading-) discontinuities can be resummed to
all powers in 𝑇 so that they hold in the bulk. Their symbol involves two combinations of the usual
6 letters:

A =
𝑢

𝑣
=

1 + 𝑇2

𝑆2 , C =
1 − 𝑤

𝑣
=

1 + 𝑆2 + 𝑇2

𝑆2 . (22)

After converting the leading discontinuity from the normalization W3,3 to the normalization
R ≡ exp(𝑅3,3) |𝑇1 ln𝐿 𝑇 , where 𝑅3,3 is the remainder function, we find for the symbols of R (𝐿) :

R (0) = 1, (23)

R (1) = 0, (24)

R (2) = − AA, (25)

R (3) = −2 CAA − 6 ACA + 4 AAA, (26)

R (4) = −16 CCAA − 16 CACA − 48 ACCA + 16 CAAA + 32 ACAA + 32 AACA − 15 AAAA, (27)

R (5) = −160 CCCAA − 160 CACCA − 160 CCACA − 480 ACCCA + 160 CCAAA + 160 CACAA

+ 160 CAACA + 320 ACCAA + 320 ACACA + 320 AACCA − 102 CAAAA − 150 ACAAA

− 190 AACAA − 150 AAACA + 56 AAAAA . (28)

We computed up to R (10) from (21). Next we observed [20] the following recursive pattern: Let
𝑐𝐿 (XCA𝑘) be the coefficient in R (𝐿) of the string XCA𝑘 , where X is any string of A’s and C’s of length
𝐿 − 𝑘 − 1. In other words, for any given string at 𝐿 loops, we find the last C in the string, which
always has 𝑘 ≥ 1 A’s behind it. (That is, 𝑐𝐿 (X) = 0 if X ends in a C.) Then,

𝑐𝐿 (XCA𝑘) = 2𝐿 𝑐𝐿−1(XA𝑘) − 𝜉𝑘
𝐿!

(𝐿 − 𝑘 − 1)! 𝑐𝐿−𝑘−1(X), (29)

6
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where the coefficients 𝜉𝑘 can be expressed in terms of a confluent hypergeometric function,

𝜉𝑘 =

𝑘∑︁
𝑚=0

(−1)𝑘−𝑚 2𝑚+1

(𝑚 + 1)!
𝑘!

𝑚!(𝑘 − 𝑚)! (30)

= 2 (−1)𝑘 1𝐹1(−𝑘, 2; 2) (31)

= 0,−2
3 ,

2
3 ,−

2
5 ,

4
45 ,

10
63 ,−

32
105 ,

142
405 , . . . . (32)

If we normalize the coefficients by 𝐿!, so that

𝑐𝐿 (XCA𝑘) =
𝑐𝐿 (XCA𝑘)

𝐿!
, (33)

then they are no longer always integers, but the recursion relation becomes simpler:

𝑐𝐿 (XCA𝑘) = 2 𝑐𝐿−1(XA𝑘) − 𝜉𝑘 𝑐𝐿−𝑘−1(X) . (34)

Because the recursion always lowers the number of C’s in a string by 1, we also record the boundary
condition for the recursion, which is the string with no C’s:

𝑐𝐿 (A𝐿) =
𝑐𝐿 (A𝐿)

𝐿!
=

𝐿∑︁
𝑚=0

(−1)𝐿−𝑚
𝑚!

𝐿!
𝑚!(𝐿 − 𝑚)! = (−1)𝐿 1𝐹1(−𝐿, 1; 1) , (35)

so 1𝐹1 appears a second time. Note that the boundary condition also obeys a recursion relation,

𝑐𝐿 (A𝐿) = −𝐿 − 1
𝐿

[
2𝑐𝐿−1(A𝐿−1) + 𝑐𝐿−2(A𝐿−2)

]
. (36)

We have verified that the next-to-leading discontinuity (the coefficient of 𝑇1 ln𝐿−1 𝑇) can also be
lifted into the bulk, where it also depends on A and C, and on a logarithmic letter.
4. Ansatz: We build an ansatz using a previous construction of the C frontspace through weight
8 [10], where it has dimension 1,495 including zeta-valued terms (i.e. terms beyond the symbol).
At eight loops, these 1,495 functions are married to a 403-dimensional weight 8 backspace for tr𝜙3

via a sewing matrix [11]. (Only after the fact do we know that there are only 375 independent
weight 8 backspace functions.) The sewing-matrix ansatz has 1,495× 403 = 602,485 parameters
to be determined by the constraints. They were solved by the SparseRREF package [35]. Only
one 10 digit prime was needed to reconstruct the entire answer over the rational numbers. The
rational reconstruction was greatly aided by the fact that the 1,251× 403 = 504,153 symbol-level
coefficients were all integers (in the right representation).
5. Matching to FFOPE: We matched the ansatz to the predictions of the FFOPE through 8 loops, at
the level of a single flux tube excitation but all subleading logarithms [11, 16]. It is straightforward
to evaluate the flux-tube formula in a fashion similar to (21), as a truncated sum over residues,
which provides a truncated series expansion in 𝑆. However, the reconstruction in terms of HPLs at
the full weight 16 (with over 216 terms) would require too many terms in the series expansion, if not
for patterns that we found in the lower-weight results that relate the coefficients of many different
HPLs [20].
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Figure 1: (a) Ratios of successive loop orders for the finite function E (𝐿)
3,3 along the 𝑣 = 𝑢 line within the

Euclidean region, which corresponds to 0 < 𝑢 < 1/2. (b) Ratios of E (𝐿)
3,3 at successive loop orders in the

high-energy fixed-angle region, 𝑢, 𝑣 → ∞ with 𝑟 = 𝑢/𝑣 fixed, within the space-like scattering region.

3. Results

We fixed the coefficients uniquely in the ansatz for the tr𝜙3 form factor through 8 loops, first at
symbol level and then at function level. We then integrated up the result along various lines through
the phase space [10, 11], which requires fixing boundary conditions involving multiple zeta values
at weights from 9 up to 16. Weight 16 multiple polylogarithms take too long to evaluate, so we
performed series expansions along lines with overlapping radii of convergence.

In figure 1a, we plot the ratio of E (𝐿)
3,3 to the previous loop order along the symmetric line

𝑣 = 𝑢 (where (𝑢, 𝑣, 𝑤) = (𝑢, 𝑢, 1 − 2𝑢)) in the (pseudo-)Euclidean (decay) region 0 < 𝑢 < 1
2 .

For 𝐿 = 6, 7, 8, the ratio is very close to constant, away from the endpoints where E (𝐿)
3,3 becomes

singular. The motivation for considering successive loop ratios is the expected finite radius of
convergence of the perturbative series for planar N = 4 SYM. Because its beta function vanishes,
this theory lacks renormalons. Because of the large 𝑁𝑐 limit, instantons are suppressed. These
“-ons” are the leading reasons why a perturbative series in quantum field theory is asymptotic,
not convergent. Furthermore, the flux-tube representation of the amplitude or form factor is built
off the same vacuum that is responsible for the integrable representation of the cusp anomalous
dimension [36], so we might expect the same radius of convergence as for Γcusp, namely 1/16 for
coupling 𝑔2 ≡ 𝑁𝑐 𝑔

2
YM/(4𝜋)2. This radius of convergence corresponds to a large-order growth,

Γ
(𝐿)
cusp

Γ
(𝐿−1)
cusp

→ −16, as 𝐿 → ∞, (37)

and (−16) is approximately the plateau value seen in figure 1a.
In figure 1b we plot the same ratio of successive form factors E (𝐿)

3,3 , but now in the high-energy,
fixed-angle limit where the operator momentum-squared is negligible, namely 𝑢, 𝑣 → ∞ with the
ratio 𝑟 = 𝑢/𝑣 held fixed. Again we see that the ratio of successive loop orders is quite independent
of 𝑟, away from 𝑟 = 0 which is a forward scattering limit. On the other hand, the successive-loop
ratio in this region is still changing significantly with 𝐿, even at 𝐿 = 8.
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Figure 2: (a) Ratios of successive loop orders for the finite function E (𝐿) (𝑢, 𝑣, 𝑤) associated with the MHV
6-gluon amplitude along the line (𝑢, 𝑣, 𝑤) = (𝑢, 𝑢, 1) within the Euclidean region, through 𝐿 = 8. (b) The
same ratios on the line (𝑢, 1, 1). From ref. [19].

Figures 2a and 2b illustrate that there is a similar lack of stabilization [19] of ratios for the
MHV 6-gluon amplitude E (𝐿) (𝑢, 𝑣, 𝑤) at large values of the cross-ratio 𝑢 along two different lines.
The cross ratios are double ratios of Mandelstam invariants,

𝑢 =
𝑠12𝑠45

𝑠123𝑠345
, 𝑣 =

𝑠23𝑠56

𝑠234𝑠456
, 𝑤 =

𝑠34𝑠61

𝑠345𝑠561
. (38)

The computation of E (𝐿) through seven loops was performed using a conventional boot-
strap [18]. At eight loops, the computation was assisted [19] by antipodal duality [17], which
predicts the symbol on the two-dimensional parity-preserving surface

Δ(𝑢, 𝑣, 𝑤) ≡ (1 − 𝑢 − 𝑣 − 𝑤)2 − 4𝑢𝑣𝑤 = 0, (39)

given the symbol of the tr𝜙2 three-point form factor [10]. Matching to the value on Δ = 0 is a very
powerful constraint, which will be indispensable in pushing the MHV 6-gluon amplitude beyond
eight loops, i.e. to reach Loops + Legs = 9 + 6 = 15.

Acknowledgments
We thank Benjamin Basso for several useful conversations. This work was supported in part

by the U.S. Department of Energy (DOE) under Awards No. DE-FOA-0002705 [KA/OR55/22
(AIHEP)] and DE-AC02-76SF00515.

References

[1] B. Basso, A. Sever and P. Vieira, “Spacetime and Flux Tube 𝑆-Matrices at Finite Coupling
for N = 4 Supersymmetric Yang-Mills Theory,” Phys. Rev. Lett. 111 (2013) no.9, 091602
doi:10.1103/PhysRevLett.111.091602 [arXiv:1303.1396 [hep-th]].

[2] A. V. Kotikov and L. N. Lipatov, “DGLAP and BFKL evolution equations in the N = 4
supersymmetric gauge theory,” [arXiv:hep-ph/0112346 [hep-ph]].

9



P
o

S
(

L
L

2
0

2
6

)
0

0
8

Eight loop form factors, amplitudes and patterns in planar N = 4 Lance J. Dixon

[3] A. V. Kotikov and L. N. Lipatov, “DGLAP and BFKL equations in the N = 4 supersymmetric
gauge theory,” Nucl. Phys. B 661 (2003), 19-61 [erratum: Nucl. Phys. B 685 (2004), 405-407]
doi:10.1016/S0550-3213(03)00264-5 [arXiv:hep-ph/0208220 [hep-ph]].

[4] A. V. Kotikov, L. N. Lipatov, A. I. Onishchenko and V. N. Velizhanin, “Three loop
universal anomalous dimension of the Wilson operators in N = 4 SUSY Yang-Mills
model,” Phys. Lett. B 595 (2004), 521-529 [erratum: Phys. Lett. B 632 (2006), 754-756]
doi:10.1016/j.physletb.2004.05.078 [arXiv:hep-th/0404092 [hep-th]].

[5] Z. Bern, L. J. Dixon and V. A. Smirnov, “Iteration of planar amplitudes in maximally super-
symmetric Yang-Mills theory at three loops and beyond,” Phys. Rev. D 72 (2005), 085001
doi:10.1103/PhysRevD.72.085001 [arXiv:hep-th/0505205 [hep-th]].

[6] L. F. Alday, D. Gaiotto and J. Maldacena, “Thermodynamic Bubble Ansatz,” JHEP 09 (2011),
032 doi:10.1007/JHEP09(2011)032 [arXiv:0911.4708 [hep-th]].

[7] L. J. Dixon, M. von Hippel and A. J. McLeod, “The four-loop six-gluon NMHV ratio function,”
JHEP 01 (2016), 053 doi:10.1007/JHEP01(2016)053 [arXiv:1509.08127 [hep-th]].

[8] S. Caron-Huot, L. J. Dixon, A. McLeod and M. von Hippel, “Bootstrapping a Five-
Loop Amplitude Using Steinmann Relations,” Phys. Rev. Lett. 117 (2016) no.24, 241601
doi:10.1103/PhysRevLett.117.241601 [arXiv:1609.00669 [hep-th]].

[9] L. J. Dixon, A. J. McLeod and M. Wilhelm, “A Three-Point Form Factor Through Five Loops,”
JHEP 04 (2021), 147 doi:10.1007/JHEP04(2021)147 [arXiv:2012.12286 [hep-th]].

[10] L. J. Dixon, Ö. Gürdoğan, A. J. McLeod and M. Wilhelm, “Bootstrapping a stress-tensor
form factor through eight loops,” JHEP 07 (2022), 153 doi:10.1007/JHEP07(2022)153
[arXiv:2204.11901 [hep-th]].

[11] B. Basso, L. J. Dixon and A. G. Tumanov, “The three-point form factor of tr𝜙3 to six loops,”
JHEP 02 (2025), 034 doi:10.1007/JHEP02(2025)034 [arXiv:2410.22402 [hep-th]].

[12] A. B. Goncharov, M. Spradlin, C. Vergu and A. Volovich, “Classical Polyloga-
rithms for Amplitudes and Wilson Loops,” Phys. Rev. Lett. 105 (2010), 151605
doi:10.1103/PhysRevLett.105.151605 [arXiv:1006.5703 [hep-th]].

[13] A. Sever, A. G. Tumanov and M. Wilhelm, “Operator Product Expansion for Form
Factors,” Phys. Rev. Lett. 126 (2021) no.3, 031602 doi:10.1103/PhysRevLett.126.031602
[arXiv:2009.11297 [hep-th]].

[14] A. Sever, A. G. Tumanov and M. Wilhelm, “An Operator Product Expansion for Form Factors
II. Born level,” JHEP 10 (2021), 071 doi:10.1007/JHEP10(2021)071 [arXiv:2105.13367 [hep-
th]].

[15] A. Sever, A. G. Tumanov and M. Wilhelm, “An Operator Product Expansion for Form
Factors III. Finite Coupling and Multi-Particle Contributions,” JHEP 03 (2022), 128
doi:10.1007/JHEP03(2022)128 [arXiv:2112.10569 [hep-th]].

10



P
o

S
(

L
L

2
0

2
6

)
0

0
8

Eight loop form factors, amplitudes and patterns in planar N = 4 Lance J. Dixon

[16] B. Basso and A. G. Tumanov, “Wilson loop duality and OPE for super form factors of half-
BPS operators,” JHEP 02 (2024), 022 doi:10.1007/JHEP02(2024)022 [arXiv:2308.08432
[hep-th]].

[17] L. J. Dixon, Ö. Gürdoğan, A. J. McLeod and M. Wilhelm, “Folding Amplitudes
into Form Factors: An Antipodal Duality,” Phys. Rev. Lett. 128 (2022) no.11, 11
doi:10.1103/PhysRevLett.128.111602 [arXiv:2112.06243 [hep-th]].

[18] S. Caron-Huot, L. J. Dixon, F. Dulat, M. von Hippel, A. J. McLeod and G. Papathanasiou,
“Six-Gluon amplitudes in planar N = 4 super-Yang-Mills theory at six and seven loops,”
JHEP 08 (2019), 016 doi:10.1007/JHEP08(2019)016 [arXiv:1903.10890 [hep-th]].

[19] L. J. Dixon and Y.-T. Liu, “An eight loop amplitude via antipodal duality,” JHEP 09 (2023),
098 doi:10.1007/JHEP09(2023)098 [arXiv:2308.08199 [hep-th]].

[20] L. J. Dixon and Z. Li, “The Eight-Loop Three-Point Form Factor of tr𝜙3 in Planar N = 4
Super-Yang-Mills Theory”, to appear.

[21] A. Brandhuber, B. Penante, G. Travaglini and C. Wen, “The last of the simple remainders,”
JHEP 08 (2014), 100 doi:10.1007/JHEP08(2014)100 [arXiv:1406.1443 [hep-th]].

[22] G. Lin, G. Yang and S. Zhang, “Three-Loop Color-Kinematics Duality: A 24-Dimensional
Solution Space Induced by New Generalized Gauge Transformations,” Phys. Rev. Lett. 127
(2021) no.17, 171602 doi:10.1103/PhysRevLett.127.171602 [arXiv:2106.05280 [hep-th]].

[23] G. Lin, G. Yang and S. Zhang, “Full-color three-loop three-point form factors inN = 4 SYM,”
JHEP 03 (2022), 061 doi:10.1007/JHEP03(2022)061 [arXiv:2111.03021 [hep-th]].

[24] J. M. Henn, J. Lim and W. J. Torres Bobadilla, “Analytic evaluation of the three-loop three-
point form factor of tr𝜙3 inN = 4 sYM,” JHEP 02 (2025), 085 doi:10.1007/JHEP02(2025)085
[arXiv:2410.22465 [hep-th]].

[25] A. Brandhuber, G. Travaglini and G. Yang, “Analytic two-loop form factors in N = 4 SYM,”
JHEP 05 (2012), 082 doi:10.1007/JHEP05(2012)082 [arXiv:1201.4170 [hep-th]].

[26] C. Duhr, “Hopf algebras, coproducts and symbols: an application to Higgs boson amplitudes,”
JHEP 08 (2012), 043 doi:10.1007/JHEP08(2012)043 [arXiv:1203.0454 [hep-ph]].

[27] X. Chen, X. Guan and B. Mistlberger, “Three-Loop QCD corrections to the production of a
Higgs boson and a Jet,” [arXiv:2504.06490 [hep-ph]].

[28] L. J. Dixon, J. M. Drummond and J. M. Henn, “Bootstrapping the three-loop hexagon,” JHEP
11 (2011), 023 doi:10.1007/JHEP11(2011)023 [arXiv:1108.4461 [hep-th]].

[29] L. J. Dixon, J. M. Drummond, C. Duhr and J. Pennington, “The four-loop remainder function
and multi-Regge behavior at NNLLA in planar N = 4 super-Yang-Mills theory,” JHEP 06
(2014), 116 doi:10.1007/JHEP06(2014)116 [arXiv:1402.3300 [hep-th]].

11



P
o

S
(

L
L

2
0

2
6

)
0

0
8

Eight loop form factors, amplitudes and patterns in planar N = 4 Lance J. Dixon

[30] J. M. Drummond, G. Papathanasiou and M. Spradlin, “A Symbol of Uniqueness:
The Cluster Bootstrap for the 3-Loop MHV Heptagon,” JHEP 03 (2015), 072
doi:10.1007/JHEP03(2015)072 [arXiv:1412.3763 [hep-th]].

[31] S. He, X. Jiang, X. Li and J. Liu, “Heptagon Symbols at Five Loops and All-Loop Sequences,”
[arXiv:2511.09669 [hep-th]].

[32] S. Caron-Huot, L. J. Dixon, F. Dulat, M. Von Hippel, A. J. McLeod and G. Papathanasiou, “The
Cosmic Galois Group and Extended Steinmann Relations for PlanarN = 4 SYM Amplitudes,”
JHEP 09 (2019), 061 doi:10.1007/JHEP09(2019)061 [arXiv:1906.07116 [hep-th]].

[33] J. Drummond, J. Foster and Ö. Gürdoğan, “Cluster Adjacency Properties of Scattering Am-
plitudes in N = 4 Supersymmetric Yang-Mills Theory,” Phys. Rev. Lett. 120 (2018) no.16,
161601 doi:10.1103/PhysRevLett.120.161601 [arXiv:1710.10953 [hep-th]].

[34] E. Remiddi and J. A. M. Vermaseren, “Harmonic polylogarithms,” Int. J. Mod. Phys. A 15
(2000), 725-754 doi:10.1142/S0217751X00000367 [arXiv:hep-ph/9905237 [hep-ph]].

[35] Z. Li, SparseRREF prime solver, at https://github.com/munuxi/SparseRREF.

[36] N. Beisert, B. Eden and M. Staudacher, “Transcendentality and Crossing,” J. Stat. Mech. 0701
(2007), P01021 doi:10.1088/1742-5468/2007/01/P01021 [arXiv:hep-th/0610251 [hep-th]].

12


	Introduction
	Polylogarithmic function space and ansatz
	Results

