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1. Introduction

Precision measurements at colliders and gravitational-wave observations have made multi-loop
scattering amplitudes an indispensable ingredient for phenomenological studies. In collider physics,
Feynman integrals enter the perturbative predictions for cross sections and differential distributions;
in the post-Minkowskian expansion of gravitational scattering, closely related integrals encode the
conservative and radiative dynamics of compact binaries. In both cases, the analytic control of
multi-scale loop integrals is often the bottleneck.

The modern strategy is to reduce a large family of integrals to a finite set of master integrals
using integration-by-parts (IBP) identities [1, 2], and then to compute the latter from differential
equations in the external invariants and masses [3—5]. This method becomes particularly powerful
when a basis J can be found such that

A/ =gAl, (1)

with A independent of €. In this case, the equations are said to be e-factorized, and the solution
can be obtained particularly easily as an expansion in the dimensional regulator. In the familiar
polylogarithmic situation, if one can write A = }}; A; dlog W;, with constant matrices A; and
algebraic letters W;, the result is guaranteed to have only logarithmic singularities, and it is organized
by uniformly increasing transcendental weight. In this case, the basis is called a canonical basis [6,
7].

The goal of these proceedings is to discuss what replaces this picture when the integrals are not
expressible in terms of multiple polylogarithms, following, in particular, the construction proposed
in [8—10]. Our point of view will be geometric in the following sense: loosely speaking, canonical
integrals can be identified by looking at their integrands, or equivalently, at their restrictions to
a sufficiently rich set of cuts. In practice, after suitably parametrizing the integrand, we will
perform an iterative classification of differential forms on the geometries exposed by those cuts.
Maximal cuts are especially useful because they isolate the new geometry of a given topology,
while subtopologies can typically be assumed to be understood. While an analysis on some cuts
is useful in practice, it should be clear that canonical integrals must have unit leading singularities
on all cuts. For the special case of the Riemann sphere, this classification gives back the usual
logarithmic forms. For elliptic curves, Calabi-Yau varieties, and more general geometries, it exposes
the additional periods and quasi-periods that must enter the canonical basis.

We recall here that several complementary strategies have been developed to construct such
bases beyond polylogarithms [8, 9, 11-24]. These developments have led to explicit solutions
for families involving multiple elliptic curves [25-30], Calabi-Yau geometries [22, 31-43], and
genus-two hypersurfaces [21].

2. Canonical integrals and leading singularities

Before discussing our construction, it is useful to spend some words to define exactly what we
mean by leading singularities beyond the usual polylogarithmic setting. For rational dlog-integrands,
leading singularities are typically defined in fixed numbers of dimensions, by putting propagators on
shell and then taking residues around the remaining poles [44, 45]. Beyond polylogs, the existence
of double and higher poles in the cohomology of the relevant manifolds forces us to keep some
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information on the dimensional regulator. In dimensional regularization, the integrand is a twisted
differential form, schematically w u®. After parametrizing the integrand close to D = 2n — 2¢& with
n € N, in general one can still “freeze” (or “cut”) a number of variables by taking residues at their
single poles close to € = 0. The remaining unconstrained variables parametrize a geometry whose
non-trivial differential forms provide a basis to define the leading singularities of the integrand
considered. The correct generalization of leading singularities beyond the polylogarithmic case is
therefore not just provided by residues, but by a collection of all independent contour integrals:
one associates a leading singularity to every independent cycle and every independent differential
form [10, 46, 47]. For an integral / we may write, schematically,

LS, [I](e) = /a)l u® = Z ek f,gk), 2)
4 k=ko

where y runs over a basis of cycles. The coeflicients f)(,k) are the generalized leading singularities
relevant for the differential equation near € = 0. When considering the various cycles v, it is
important to distinguish between holomorphic and non-holomorphic ones. Loosely speaking, the
holomorphic cycle is the analog of the A-cycle for an elliptic curve: in the language used for
polylogarithms, after integrating over it, it gives rise to a transcendental weight-zero algebraic
function and, after normalizing the corresponding Feynman integral by it, its leading singularity
is a true constant. After this normalization, the other cycles are not expected to give constant
LS. Instead, they generate the unipotent part of the period matrix, and hence logarithms or higher
powers of logarithms. In the elliptic case, this is the familiar statement that, after normalizing by
the A-period wy, the B-cycle leading singularity is the ratio T = @) /@y, which behaves locally
as a logarithm. Therefore, candidates with “unit leading singularities” should be understood in
this generalized sense. The semisimple, period-like pieces of all leading singularities must be
normalized away. What remains is constant on holomorphic cycles and purely unipotent on the
non-holomorphic ones.

Another concept useful for building a bridge between general geometries and the polylog-
arithmic case is that of points of maximal unipotent monodromy (MUM). These points can be
easily identified by looking at the differential equations satisfied by the corresponding Feynman
integrals. A singular point, say x = 0, of a linear differential equation of order » is called MUM if
all logarithmic divergent solutions up to log”~! (x) are present. All geometries appearing in known
Feynman integrals have at least one such point, but we should stress that no reason is known why
an exception should not exist.

With these definitions, our guiding principles to construct canonical bases can be stated as
two requirements on the integrands of the candidate master integrals, which should be understood
modulo IBP relations and exact forms:

1. their singularities should be at most logarithmic, i.e., the corresponding differential forms
should have at most simple poles;

2. their generalized leading singularities should be normalized to the unit form described above.

The first condition controls the possible £ dependence of the differential equation. In the purely
polylogarithmic case, imposing only the first condition and properly normalizing all integrals by
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an appropriate factor of £” such that they all have the same transcendental weight, leads to a
system linear in €. More generally, we expect it to lead to a system with a finite polynomial
dependence in . The reason is that the cohomology of geometries beyond the Riemann sphere
will, in general, contain second-kind-like forms, or forms with higher poles and vanishing residues.
In the elliptic case, these are represented by a single form that maps to the elliptic integral of
the second kind; importantly, these double poles can be removed by IBP identities at the cost of
introducing new transcendental forms. Moreover, they show up as transcendental weight drops that
must be compensated for by explicit factors of 1/¢ in the definition of the basis.

The second condition is required to promote the linear or polynomial dependence in &, re-
spectively, to a fully e-factorized differential equation. In dimensional regularization, the leading
singularities themselves have an expansion in g, see eq. (2). If all integrals are polylogarithmic and
a basis of integrands without any weight drops has been found, then it is enough to find a basis
with constant leading singularities, only considering their leading & term, and this is enough to
normalize them to all orders. The integrals so obtained fulfill unipotent differential equations, since
their leading singularities provide the various homogeneous solutions at & = 0 and, if they are all
constant, their derivative is naturally of order O(¢).

On the other hand, if one of the integrals has r weight drops, aligning its transcendental weight
with the integrals without weight drops means effectively that its leading singularities start at order
1/&", and one has to impose the same condition  orders further. In formulas, on a given cycle y:

o0

LS[J], = Z e fy‘), fgk) is constant if y is the holomorphic cycle for —r <k <0. (3)
k=-r

On the non-holomorphic cycles, the leading singularities are in general unipotent and, close to a
MUM point, they behave locally as powers of logarithms instead of being constant [10].

It is helpful to summarize the same statement directly at the level of differential equations.
Suppose first that all relevant forms are logarithmic, as in the polylogarithmic case. A basis
of integrals with at most single poles satisfies a system whose dependence on the dimensional
regulator is at most linear,

dl = (A© + AT, (4)

The term A®) measures the “failure” of the leading singularities to be unity. Once a basis with
constant leading singularities is found, this term disappears because the homogeneous system at
¢ = 0 has now a constant solution [48-50] and one obtains the usual canonical form

dfzs(ZAadlogWa)f. 5)

On a general geometry, reducing the integrands to simple poles is still the first condition, but
due to the weight drops inherent in the cohomology of non-trivial geometries, this condition does
not by itself force the system to be linear in €. Before compensating them, one should therefore
expect a finite polynomial dependence on &, see also [23]

al = (A(O) +eAD 4.4 g"‘A(’")) I. (6)
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If each integral is rescaled by appropriate powers of & to compensate for these weight drops,
I, = e7"il;, the polynomial dependence will in general also involve negative powers of the &
regulator. Finally, imposing unit generalized leading singularities up to &° for all integrals involved
removes polynomial dependence on & and the semisimple pieces at order £°, bringing the system to

A/ =eQJ, )

where € is independent of € but is no longer restricted to a rational d log alphabet. In fact, Q will in
general contain kernels associated with periods, quasi-periods, and third-kind leading singularities.

2.1 A polylogarithmic example

Let us first see how our general criterion reproduces the familiar story when the integrals
considered are polylogarithms, or in other words, defined on the Riemann sphere. The relevant
cohomology can be represented by logarithmic one-forms, and every form can be reduced, up to
exact terms, to simple poles,

dx
wq = —— =dlog(x —a). ®)
x—a

Ultimately, this is the geometric origin of the dlog alphabet in the differential equation, eq. (5).
Since there are no independent second-kind forms, it should be possible to find a basis of integrands
without weight drops so that eq. (3) reduces to the usual requirement that the leading singularities
be constant at exactly € = 0.

Consider, for example, the following toy model

dx &

Ic(a,s):/ x(I=x)(1 —ax)|”, O0<ax<l, )
" C (1 —ax)"+/x(1 —x) [ ]

where C is a contour and n labels different members of the same integral family. At & = O the

independent leading singularities are obtained from the residues around the two independent poles

of the differential form: one at x = 1/a, obtained for n = 1, and the other at x = oo, obtained for

n = 0. Therefore, for two logarithmic representatives IOC and / 1C one finds, up to overall constants

1
LS[I§ Jxzeo ~ 1, LS[I{ ]yz1/a ~ — (10)
Thus, a natural canonical choice of integrals with unit leading singularities is
h=Vi-alf(a8), h=I§(as), (11)

and, as it it easy to verify, in this basis the differential equation is proportional to &.

It is useful to stress a subtle point. While this is usually not necessary, nobody prevents us
from starting with a basis with double poles, even in the polylogarithmic case. For example, if
one starts from one of the two integrals above and chooses as the second integral its derivative, the
integrand will not look logarithmic at face value. On the other hand, by an integration by parts, one
can remove the double pole without introducing any new transcendental object and, after aligning
the transcendental weight by dividing the second representative by 1/&, one can easily obtain a
second candidate with unit leading singularities by analyzing this integral up to order £, for details
see [10].
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2.2 An elliptic example

The simplest non-polylogarithmic situation appears when the maximal cut defines an elliptic
curve. A simple model mirroring the one considered above is

Ea: v =x(1-x)(1 - ax) (12)

with basic holomorphic form dx/y. Let, in particular,

dx dx ()
m=¢ —,  wm=¢— T=— (13)
AY B Y @y
be the two periods and the modular parameter, where A and B indicate the holomorphic and non-
holomorphic cycles, respectively. Up to inessential constants, a first integral with unit leading
singularities can be chosen as
1 dx
J 1C =— [ =%,
wo JC ¥
In fact, it is easy to see that at € = 0 its A-cycle leading singularity is normalized to one, while
the B-cycle leading singularity is 7. Indeed, if @y is the holomorphic solution at a MUM point,

T behaves locally as a logarithm close to the same point, and the new normalization respects our

(14)

unit-leading-singularity criterion.
To obtain a second independent integral it is natural to differentiate this candidate

IS = 8,J€ . (15)

In fact, in this way, the integrand of fzc contains a double pole and, moreover, the correct normal-
ization of the first integral to all orders in & guarantees that the second integral so defined must
have locally uniformly lower transcendental weight. What this means is that, after removing the
double pole by IBP, one obtains a representative with only pure simple poles and a weight drop, so
the first condition above is satisfied. However, from its definition, it is easy to see that its leading
singularities at € = 0 are

LS[12]1a =0,  LS[h]s = dat(a), (16)

and, at the MUM point, d,7 is of lower transcendental weight than 7. To compensate for it, we
rescale it by 1/&

JE = s, (17)

0,7
such that the leading singularities become schematically

LSIals = +0(),  LSlhla=0(). (18)

At this point, the distinction between the two conditions becomes essential. Having removed
the double pole, the differential equation is expected to be polynomial in &, but does not need to
be e-factorized. In fact, since J, has one weight drop, eq. (3) says that the coefficients of both &~!
and £ in its leading singularities must be constant. Removing the remaining £° dependence is the
“clean-up” step that turns the polynomial system into a canonical one [10].

The previous example is extremely simple and corresponds loosely to analyzing only the
maximal cut of a Feynman integral. This is often an efficient way to get important information, but
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it is not the whole construction. We stress here that, like for the polylogarithmic case, the definition
of unit leading singularities is a statement about the full integrand, across all cuts. Maximal cuts are
special because they remove all subtopologies and therefore isolate the new geometry introduced
by the graph under study: an elliptic curve, a K3 surface, a higher-genus curve, and so on. On such
cuts, one determines the period normalizations, the second-kind weight drops, and possible third-
kind functions intrinsic to the top sector. However, a generic integral can have further non-constant
leading singularities on less restrictive cuts, projecting onto lower sectors.

Removing these leading singularities is necessary to obtain a fully canonical basis, and it works
in a very similar way as for the polylogarithmic case. If a top-sector candidate Jiop has a non-unit
leading singularity on a cut that also supports a lower-sector canonical integral Jg,,, one must
subtract the lower-sector contribution,

Jf:; = Jtop_GsubJsub+ . (19)

The coefficient G, is fixed by the requirement that the leading singularity on that cut becomes
constant (or unipotent on non-holomorphic cycles). In other words, Gy is itself a generalized
leading singularity. While in the polylogarithmic case, these functions are typically rational or
algebraic, in the general case, these coefficients can be new transcendental functions. Many such
cases are known in the literature, and some explicit examples are worked out in ref. [10].

2.3 Conclusions and outlook

In conclusion, the construction we proposed can be summarized as follows. Start from any
convenient set of master integrals and study their integrands, possibly on a full hierarchy of cuts.
First, choose representatives with at most simple poles. In the polylogarithmic case, this is expected
to fully exhaust the cohomology and gives an e-linear system. In the elliptic or more general case,
forms with double poles exist, forcing weight drops. After choosing a set of good representatives for
these forms as discussed above, the differential equation will, in general, admit a finite polynomial
dependence on ¢.

The second step is to normalize the generalized leading singularities to constants to the order
prescribed by the weight drops encountered. For first- and third-kind forms, this introduces periods
such as wq and transcendental leading singularities proportional to third-kind periods. Importantly,
for second-kind forms, one must fix all leading singularities that appear one order higher in ¢ for
each weight drop. In algebraic language, these steps correspond to fixing the first order in € by
the splitting of the period matrix of the top-sector considered into semisimple and unipotent parts,
followed by a clean-up transformation to take care of higher-order leading singularities as well as
new leading singularities coupling the sector considered to its subsectors [8, 9]. After these steps,
the basis conjecturally satisfies the canonical form (1).

Thanks to this construction, we can now argue that the standard “folklore” that canonical inte-
grals have unit leading singularities remains true beyond multiple polylogarithms, provided “leading
singularity” is understood in the appropriate sense. The residues of logarithmic forms are only the
simplest case. On elliptic and higher-dimensional geometries, the relevant leading singularities
include periods, quasi-periods, and the functions associated with third-kind differentials.

This point of view also clarifies the role of the extra steps required in practical constructions
of canonical differential equations beyond polylogarithms. The semi-simple/unipotent splitting



Scattering amplitudes and canonical integrals on arbitrary geometries Lorenzo Tancredi

isolates the period normalizations at the first order in &, while the clean-up step removes the lower-
weight contamination induced by second-kind forms and subtopologies. Integrand analysis then
provides not only a way of “guessing” canonical integrals, but also a geometric explanation of why
canonical bases exist across many different classes of various geometries.

We stress here that the examples discussed here are deliberately simple, but, as demonstrated
in many recent publications [27, 28, 30, 34, 35, 40-42], the same mechanism applies to multi-loop
families whose cuts involve several elliptic curves, Calabi-Yau varieties, or mixed geometries.

A last comment is in order. One might argue that the price to pay to obtain a canonical form
when working on arbitrarily complicated geometries is very high: in fact, one has to give up the
simplicity of a rational or, at most, algebraic connection matrix, and allow instead for transcendental
functions related to (iterated integrals) over the periods of the geometries considered. Importantly,
as recently demonstrated explicitly in [51], this issue is only apparent. In fact, by construction, all
these new transcendental objects are defined by differential equations with rational coefficients. In
practice, this means that, whether one is interested in obtaining fast converging series expansion
solutions for these integrals [28, 30, 34, 35], or for exploiting fast numerical solution methods for
differential equations [51], one has to effectively only consider differential equations with rational
coefficients. Canonical bases on arbitrary geometries have the advantage of compactly organizing
these equations in a minimal form that enables their fast and efficient manipulation.
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