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1. Introduction

Higher-order calculations for collider processes are pivotal ingredients for achieving highly
precise phenomenological predictions, which are necessary to match the experimental precision
that will be reached both at High-Luminosity LHC and at future colliders. The ingredients for
higher-order predictions are multifold. In the hard-scattering region, they include amplitudes with
an increasing number of loops and legs. Infrared-safe physical observables are finite quantities,
but intermediate divergences, due to partons becoming soft or collinear, appear in intermediate
steps of theoretical predictions. Several subtraction methods have been devised to deal with such
divergences [13, 32, 39, 12, 52, 24, 33, 9, 8, 14, 20, 21].

In this work, we focus on the antenna subtraction scheme and on its extension to N3LO.
The antenna subtraction scheme has been fully introduced at NNLO for processes with partons
in the final state in [39], and extended to partons in the initial state in [22, 19]. In the antenna
subtraction formalism, subtraction terms are built out of (products of) antenna functions. In the
traditional antenna subtraction formalism, the antenna functions are made of color-ordered squared
matrix elements, and each antenna encapsulates the singular limits between a pair of hard partons.
Antennae can be classified according to the type of hard partons and the parton content in the
initial and final states of the underlying process they are extracted from. Each process contains an
off-shell current, which dictates the pair of hard partons: a photon or a Z boson corresponds to
the 𝑞𝑞 antennae, where the hard radiators are a 𝑞𝑞 pair. If the off-shell current is a scalar Higgs
boson, we have the 𝑔𝑔 antennae [40], where the hard radiators are a gluon pair, and with an off-shell
neutralino current we have the 𝑞𝑔 antennae [41], where the hard radiators are a quark and a gluon.
In these processes, if all partons are in the initial state, we have antennae of initial-initial (II) type [7,
36, 43], while if all partons are in the final state we have the final-final (FF) ones and initial-final
(IF) [23] if they are in both initial and final states. The antenna subtraction formalism has been
extended up to NNLO with massive fermions in [42, 2] and to the production of heavy particles
in [1] and to polarized amplitudes in [35].

In the past few years, the antenna subtraction scheme has seen many developments. In
particular, a more systematic way of obtaining the subtraction terms has been introduced, starting
from rewriting the known structure of infrared divergences of loop integrals as operators in color
space and inserting them in the real layers via a procedure called unintegration. This procedure has
been dubbed colorful antenna subtraction[34, 15]. At the same time, a new way of introducing the
antenna functions has been developed, starting from the desired infrared limits instead of squared
matrix elements. The algorithm has been described in the designer antenna subtraction [11, 10]
and has been applied in the generalized antenna subtraction [28, 29], where, additionally, antennae
describing three hard partons have been introduced (which allow the description of different color-
connections). The designer and generalized approach has been recently applied to hadronic Higgs
decays [30, 31, 28]. Moreover, the antenna method has been extended to processes involving
identified hadrons [5, 37, 38] and hadrons-in-jet [6]. Finally, NNLOjet, a Monte-Carlo event
generator implementing the traditional antenna subtraction scheme has been released [47].

In this contribution, we focus on the extension of the antenna subtraction scheme to N3LO,
specifically on the first step of defining the triple-real (RRR) antenna functions. The underlying
color-ordered matrix elements have been studied previously in the 𝑞𝑞 case [39]. Using the phase
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space integrals calculated in [44, 51], they were integrated in final-final kinematics [49, 16], with a
subsequent extension to the matrix elements in the 𝑔𝑔 and 𝑞𝑔 case [17, 18]. However, no antennae
extraction and definition has been provided at RRR level so far. This definition of antennae is valid
for all II, IF and FF antennae.

2. Color decompositions

We delve into the color decomposition of QCD amplitudes, which allows us to extract the
constituents of the antenna functions. We describe the various processes that need to be considered
for the definition of the triple-real antennae of the final-final type, denoted by 𝑋0

5 , and how to define
them from linear combinations of color-ordered squared matrix elements. The decompositions also
apply to initial-final and initial-initial N3LO RRR antennae. We employ the following diagrammatic
notation for the color structures:

𝑇𝑎
𝑖 𝑗 =

𝑖 𝑎 𝑗

, 𝛿𝑖 𝑗 =

𝑖 𝑗

, (1)

where the indexes 𝑖, 𝑗 are in the fundamental representation and 𝑎 is in the adjoint. In particular, 𝑖
refers to the quark index and 𝑗 to the antiquark index (since we are considering final-state particles).
We will also use the following graphical notations:

𝑇
𝑎1
𝑖𝑘1
𝑇
𝑎2
𝑘1𝑘2

· · ·𝑇𝑎𝑛−1
𝑘𝑛−2𝑘𝑛−1

𝑇
𝑎𝑛
𝑘𝑛−1 𝑗

= 𝑇
𝑎1, · · · ,𝑎𝑛
𝑖 𝑗

= · · ·
𝑖 𝑎1 𝑎𝑛 𝑗

, Tr
(
𝑇𝑎1,𝑎2, · · · ,𝑎𝑛 ) = · · ·

𝑎1 𝑎2 𝑎𝑛

. (2)

2.1 qq̄ antennae

To define the 𝑞𝑞 𝑋0
5 antennae, we consider the triple-real corrections to an off-shell photon

decay to a hard quark-antiquark pair [39]. Each process gives rise to a specific class of antennae,
identified by a capital letter. For each class, there are leading and subleading color antennae
(typically identified with a tilde or a bar).

2.1.1 A-type

The 𝐴0
5 antennae are derived from purely gluonic extra radiation, namely,

𝛾★(𝑞) → 𝑞(𝑝1)𝑞(𝑝2)𝑔(𝑝3)𝑔(𝑝4)𝑔(𝑝5). (3)

In general, we can write the color decomposition of a tree-level amplitude with a 𝑞𝑞 pair plus 𝑛

gluons [25, 53, 54] as

𝑀𝑞𝑞̄ 𝑛𝑔 ∼
∑︁

(𝑖1,...,𝑖𝑛 ) ∈𝜎𝑛

· · ·
1𝑞 𝑔𝑖1 𝑔𝑖𝑛 2𝑞̄

𝑚1𝑞 ,𝑖1𝑔 ,...,𝑖𝑛𝑔 ,2𝑞̄ , (4)

where the sum is over all possible permutations of 𝑛 elements, 𝜎𝑛. We employ the following
notation: 𝑖𝑘𝑔 represents the gluon 𝑖𝑘 , while 1𝑞 and 2𝑞̄ are the quark and antiquark. 𝑚1𝑞 ,𝑖1𝑔 ,...,𝑖𝑛𝑔 ,2𝑞̄
represents the color-ordered amplitude stripped of color structures, with the gluons ordered as
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𝑖1𝑔, . . . , 𝑖𝑛𝑔 inside the 𝑞𝑞 line. With an abuse of notation, below we identify the partial amplitude
multiplying a certain color layer with the graphical representation of that color layer. The 𝐴-type
antenna functions are defined as

𝐴0
5,(1𝑞 ,𝑖1𝑔 ,𝑖2𝑔 ,𝑖3𝑔 ,2𝑞̄) ∼ |𝑚1𝑞 ,𝑖1𝑔 ,𝑖2𝑔 ,𝑖3𝑔 ,2𝑞̄ |2 =

���� 1𝑞 𝑖1𝑔 𝑖2𝑔 𝑖3𝑔 2𝑞̄ ����2,
𝐴̃0

5,(1𝑞 ,𝑖1𝑔 ,𝑖2𝑔 ,𝑖3𝑔 ,2𝑞̄) ∼ |𝑚1𝑞 ,𝑖1𝑔 ,𝑖2𝑔 ,𝑖3𝑔 ,2𝑞̄ + 𝑚1𝑞 ,𝑖1𝑔 ,𝑖3𝑔 ,𝑖2𝑔 ,2𝑞̄ + 𝑚1𝑞 ,𝑖3𝑔 ,𝑖1𝑔 ,𝑖2𝑔 ,2𝑞̄ |2 =

���� 1𝑞 𝑖1𝑔 𝑖3𝑔 𝑖2𝑔 2𝑞̄ ����2,
𝐴̄0

5,(1𝑞 ,𝑖1𝑔 ,𝑖2𝑔 ,𝑖3𝑔 ,2𝑞̄) ∼
���� ∑︁
(𝑖1𝑔 ,𝑖2𝑔 ,𝑖3𝑔 ) ∈𝜎 (3,4,5)

𝑚1𝑞 ,𝑖1𝑔 ,𝑖2𝑔 ,𝑖3𝑔 ,2𝑞̄

����2 =

���� 1𝑞 𝑖1𝑔 𝑖2𝑔 𝑖3𝑔 2𝑞̄ ����2 (5)

In the 𝐴̃0
5 we consider all the possible insertions of the gluon 𝑖3𝑔, which effectively behaves as a

photon (and is therefore identified with a grey wiggly line), and in the 𝐴̄0
5 we consider all possible

insertions of all gluons, which makes all of them effectively photon-like.

2.1.2 B-type

The 𝐵0
5 antennae are defined from corrections involving two quark pairs of different flavors:

𝛾★(𝑞) → 𝑞(𝑝1)𝑞(𝑝2)𝑞′(𝑝3)𝑞′(𝑝4)𝑔(𝑝5). (6)

The color decomposition of the amplitude is given by [54, 50]

𝑀𝑞𝑞̄𝑞′𝑞̄′𝑔 ∼ 𝑒1

(1𝑞 5𝑔 4𝑞̄′ 3𝑞′ 2𝑞̄
𝑚𝑎

1𝑞 ,2𝑞̄ ,3𝑞′ ,4𝑞̄′ ,5𝑔
+

3𝑞′ 5𝑔 2𝑞̄ 1𝑞 4𝑞̄′

𝑚𝑏
1𝑞 ,2𝑞̄ ,3𝑞′ ,4𝑞̄′ ,5𝑔

− 1
𝑁𝑐

1𝑞 5𝑔 2𝑞̄ 3𝑞′ 4𝑞̄′

𝑚𝑐
1𝑞 ,2𝑞̄ ,3𝑞′ ,4𝑞̄′ ,5𝑔

− 1
𝑁𝑐

3𝑞′ 5𝑔 4𝑞̄′ 1𝑞 2𝑞̄
𝑚𝑑

1𝑞 ,2𝑞̄ ,3𝑞′ ,4𝑞̄′ ,5𝑔

)
+ 𝑒3

(3𝑞′ 5𝑔 2𝑞̄ 1𝑞 4𝑞̄′

𝑚𝑎
3𝑞′ ,4𝑞̄′ ,1𝑞 ,2𝑞̄ ,5𝑔

+
1𝑞 5𝑔 4𝑞̄′ 3𝑞′ 2𝑞̄

𝑚𝑏
3𝑞′ ,4𝑞̄′ ,1𝑞 ,2𝑞̄ ,5𝑔

− 1
𝑁𝑐

3𝑞′ 5𝑔 4𝑞̄′ 1𝑞 2𝑞̄
𝑚𝑐

3𝑞′ ,4𝑞̄′ ,1𝑞 ,2𝑞̄ ,5𝑔
− 1

𝑁𝑐

1𝑞 5𝑔 2𝑞̄ 3𝑞′ 4𝑞̄′

𝑚𝑑
3𝑞′ ,4𝑞̄′ ,1𝑞 ,2𝑞̄ ,5𝑔

)
, (7)

where we highlight in orange the quarks attached to the external photon (the primary quark pair).
We have the following identity among the color layers

𝑚𝑒
1𝑞 ,2𝑞̄ ,3𝑞′ ,4𝑞̄′ ,5𝑔

= 𝑚𝑎
1𝑞 ,2𝑞̄ ,3𝑞′ ,4𝑞̄′ ,5𝑔

+ 𝑚𝑏
1𝑞 ,2𝑞̄ ,3𝑞′ ,4𝑞̄′ ,5𝑔

= 𝑚𝑐
1𝑞 ,2𝑞̄ ,3𝑞′ ,4𝑞̄′ ,5𝑔

+ 𝑚𝑑
1𝑞 ,2𝑞̄ ,3𝑞′ ,4𝑞̄′ ,5𝑔

. (8)

For 𝑥 = {𝑎, 𝑐, 𝑑, 𝑒}, we define the antenna functions as

𝐵
0,𝑥
5 ∼ |𝑚𝑥

1𝑞 ,2𝑞̄ ,3𝑞′ ,4𝑞̄′ ,5𝑔
|2, (9)

with 𝐵
0,𝑎
5 constituting the leading-color antenna function, and 𝐵

0,𝑐
5 , 𝐵

0,𝑑
5 , 𝐵

0,𝑒
5 being the different

subleading-color configurations.
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2.1.3 C-type

The 𝐶0
5 are defined by considering quarks of the same flavor:

𝛾★(𝑞) → 𝑞(𝑝1)𝑞(𝑝2)𝑞(𝑝3)𝑞(𝑝4)𝑔(𝑝5), (10)

where the identical-quarks amplitude can be obtained from the one with different flavors as
𝑀𝑞𝑞̄𝑞𝑞̄𝑔 = 𝑀𝑞𝑞̄𝑞′𝑞̄′𝑔 − 𝑀𝑞𝑞̄′𝑞′𝑞̄𝑔, where the second term on the right-hand side is obtained by
swapping antiquarks 2 and 4. The color decomposition takes the following form:

𝑀𝑞𝑞̄𝑞𝑞̄′𝑔 ∼ 𝑒1

(1𝑞 5𝑔 4𝑞̄′ 3𝑞′ 2𝑞̄
𝑚𝑎

1𝑞 ,2𝑞̄ ,3𝑞′ ,4𝑞̄′ ,5𝑔
+

3𝑞′ 5𝑔 2𝑞̄ 1𝑞 4𝑞̄′

𝑚𝑏
1𝑞 ,2𝑞̄ ,3𝑞′ ,4𝑞̄′ ,5𝑔

− 1
𝑁𝑐

1𝑞 5𝑔 2𝑞̄ 3𝑞′ 4𝑞̄′

𝑚𝑐
1𝑞 ,2𝑞̄ ,3𝑞′ ,4𝑞̄′ ,5𝑔

− 1
𝑁𝑐

3𝑞′ 5𝑔 4𝑞̄′ 1𝑞 2𝑞̄
𝑚𝑑

1𝑞 ,2𝑞̄ ,3𝑞′ ,4𝑞̄′ ,5𝑔

)
+ 𝑒3

(3𝑞′ 5𝑔 2𝑞̄ 1𝑞 4𝑞̄′

𝑚𝑎
3𝑞′ ,4𝑞̄′ ,1𝑞 ,2𝑞̄ ,5𝑔

+
1𝑞 5𝑔 4𝑞̄′ 3𝑞′ 2𝑞̄

𝑚𝑏
3𝑞′ ,4𝑞̄′ ,1𝑞 ,2𝑞̄ ,5𝑔

− 1
𝑁𝑐

3𝑞′ 5𝑔 4𝑞̄′ 1𝑞 2𝑞̄
𝑚𝑐

3𝑞′ ,4𝑞̄′ ,1𝑞 ,2𝑞̄ ,5𝑔
− 1

𝑁𝑐

1𝑞 5𝑔 2𝑞̄ 3𝑞′ 4𝑞̄′

𝑚𝑑
3𝑞′ ,4𝑞̄′ ,1𝑞 ,2𝑞̄ ,5𝑔

)
− 𝑒1

(1𝑞 5𝑔 4𝑞̄′ 3𝑞′ 2𝑞̄
𝑚𝑎

1𝑞 ,4𝑞̄′ ,3𝑞′ ,2𝑞̄ ,5𝑔
+

3𝑞′ 5𝑔 2𝑞̄ 1𝑞 4𝑞̄′

𝑚𝑏
1𝑞 ,4𝑞̄′ ,3𝑞′ ,2𝑞̄ ,5𝑔

− 1
𝑁𝑐

1𝑞 5𝑔 2𝑞̄ 3𝑞′ 4𝑞̄′

𝑚𝑐
1𝑞 ,4𝑞̄′ ,3𝑞′ ,2𝑞̄ ,5𝑔

− 1
𝑁𝑐

3𝑞′ 5𝑔 4𝑞̄′ 1𝑞 2𝑞̄
𝑚𝑑

1𝑞 ,4𝑞̄′ ,3𝑞′ ,2𝑞̄ ,5𝑔

)
+ 𝑒3

(3𝑞′ 5𝑔 2𝑞̄ 1𝑞 4𝑞̄′

𝑚𝑎
3𝑞′ ,2𝑞̄ ,1𝑞 ,4𝑞̄′ ,5𝑔

+
1𝑞 5𝑔 4𝑞̄′ 3𝑞′ 2𝑞̄

𝑚𝑏
3𝑞′ ,2𝑞̄ ,1𝑞 ,4𝑞̄′ ,5𝑔

− 1
𝑁𝑐

3𝑞′ 5𝑔 4𝑞̄′ 1𝑞 2𝑞̄
𝑚𝑐

3𝑞′ ,2𝑞̄ ,1𝑞 ,4𝑞̄′ ,5𝑔
− 1

𝑁𝑐

1𝑞 5𝑔 2𝑞̄ 3𝑞′ 4𝑞̄′

𝑚𝑑
3𝑞′ ,2𝑞̄ ,1𝑞 ,4𝑞̄′ ,5𝑔

)
(11)

and we define the 𝐶-type antennae diagrammatically as

𝐶0
5 ∼ −2Re

( 1𝑞 5𝑔 4𝑞̄′ 3𝑞′ 2𝑞̄
·
[1𝑞 5𝑔 2𝑞̄ 3𝑞′ 4𝑞̄′ ]†

+
3𝑞′ 5𝑔 2𝑞̄ 1𝑞 4𝑞̄′

·
[3𝑞′ 5𝑔 4𝑞̄′ 1𝑞 2𝑞̄ ]†

1𝑞 5𝑔 4𝑞̄′ 3𝑞′ 2𝑞̄
·
[1𝑞 5𝑔 2𝑞̄ 3𝑞′ 4𝑞̄′ ]†

+
3𝑞′ 5𝑔 2𝑞̄ 1𝑞 4𝑞̄′

·
[3𝑞′ 5𝑔 4𝑞̄′ 1𝑞 2𝑞̄ ]† )

,

𝐶̃0
5 ∼ −Re

( [1𝑞 5𝑔 4𝑞̄′ 3𝑞′ 2𝑞̄
+

3𝑞′ 5𝑔 2𝑞̄ 1𝑞 4𝑞̄′ ]
·
[1𝑞 5𝑔 4𝑞̄′ 3𝑞′ 2𝑞̄

+
3𝑞′ 5𝑔 2𝑞̄ 1𝑞 4𝑞̄′ ]† )

(12)

2.2 gg antennae

For the 𝑔𝑔-type antennae, we consider the triple-real corrections to Higgs decay to a hard pair
of gluons. We work in the EFT where there is a direct coupling between the Higgs and the gluons,
due to the heavy quark mass being integrated out [57, 56, 26, 48].
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2.2.1 F-type

The pure gluonic triple-real corrections to Higgs decay are

𝐻★(𝑞) → 𝑔(𝑝1)𝑔(𝑝2)𝑔(𝑝3)𝑔(𝑝4)𝑔(𝑝5), (13)

and the color-ordered amplitude can be written as [55, 53, 4]

𝑀5𝑔 ∼
∑︁

(𝑖1,...,𝑖5 ) ∈𝜎 (2,...,5)

𝑔𝑖1 𝑔𝑖2 𝑔𝑖3 𝑔𝑖4 𝑔𝑖5

𝑚𝑖1𝑔 ,...,𝑖5𝑔 , (14)

where the sum runs over the non-cyclic permutations of the gluons. For a fixed gluon ordering
appearing in the above sum (the others can be obtained by permutations), we can define an antenna
of type 𝐹0

5, (𝑖1𝑔 ,𝑖2𝑔 ,𝑖3𝑔 ,𝑖4𝑔 ,𝑖5𝑔 )
as

𝐹0
5, (𝑖1𝑔 ,𝑖2𝑔 ,𝑖3𝑔 ,𝑖4𝑔 ,𝑖5𝑔 )

∼
��𝑚𝑖1𝑔 ,𝑖2𝑔 ,𝑖3𝑔 ,𝑖4𝑔 ,𝑖5𝑔

��2 =

���� 𝑔𝑖1 𝑔𝑖2 𝑔𝑖3 𝑔𝑖4 𝑔𝑖5 ����2, (15)

and these are the only color structures appearing in the squared matrix element.

2.2.2 G-type

The correction with one quark-antiquark pair and a gluon is given by the process

𝐻★(𝑞) → 𝑞(𝑝1)𝑞(𝑝2)𝑔(𝑝3)𝑔(𝑝4)𝑔(𝑝5), (16)

and we immediately see that the color decomposition is the same as in the 𝑞𝑞 case for the 𝐴0
5.

Therefore, we define the 𝐺-type antennae exactly as the 𝐴-type ones:

𝐺0
5,(1𝑞 ,𝑖1𝑔 ,𝑖2𝑔 ,𝑖3𝑔 ,2𝑞̄) ∼

���� 1𝑞 𝑖1𝑔 𝑖2𝑔 𝑖3𝑔 2𝑞̄ ����2,
𝐺̃0

5,(1𝑞 ,𝑖1𝑔 ,𝑖2𝑔 ,𝑖3𝑔 ,2𝑞̄) ∼
���� 1𝑞 𝑖1𝑔 𝑖3𝑔 𝑖2𝑔 2𝑞̄ ����2,

𝐺̄0
5,(1𝑞 ,𝑖1𝑔 ,𝑖2𝑔 ,𝑖3𝑔 ,2𝑞̄) ∼

���� 1𝑞 𝑖1𝑔 𝑖2𝑔 𝑖3𝑔 2𝑞̄ ����2 (17)

2.3 H-type

In this case, we consider corrections involving two 𝑞𝑞 pairs of different flavors:

𝐻★(𝑞) → 𝑞(𝑝1)𝑞(𝑝2)𝑞′(𝑝3)𝑞′(𝑝4)𝑔(𝑝5). (18)

We can define the 𝐻
0,𝑥
5 by analogy with the 𝐵

0,𝑥
5 antennae, although we must account for the fact

that in this case there is no distinction between primary and secondary quarks, since no quark line
couples directly to the external current. The color decomposition of the amplitude is then simply

𝑀𝐻𝑞𝑞̄𝑞′𝑞̄′𝑔 ∼
(1𝑞 5𝑔 4𝑞̄′ 3𝑞′ 2𝑞̄

𝑚𝑎
1𝑞 ,2𝑞̄ ,3𝑞′ ,4𝑞̄′ ,5𝑔

+
3𝑞′ 5𝑔 2𝑞̄ 1𝑞 4𝑞̄′

𝑚𝑏
1𝑞 ,2𝑞̄ ,3𝑞′ ,4𝑞̄′ ,5𝑔
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− 1
𝑁𝑐

1𝑞 5𝑔 2𝑞̄ 3𝑞′ 4𝑞̄′

𝑚𝑐
1𝑞 ,2𝑞̄ ,3𝑞′ ,4𝑞̄′ ,5𝑔

− 1
𝑁𝑐

3𝑞′ 5𝑔 4𝑞̄′ 1𝑞 2𝑞̄
𝑚𝑑

1𝑞 ,2𝑞̄ ,3𝑞′ ,4𝑞̄′ ,5𝑔

)
,

(19)

as before, we define

𝑚𝑒
1𝑞 ,2𝑞̄ ,3𝑞′ ,4𝑞̄′ ,5𝑔

= 𝑚𝑎
1𝑞 ,2𝑞̄ ,3𝑞′ ,4𝑞̄′ ,5𝑔

+ 𝑚𝑏
1𝑞 ,2𝑞̄ ,3𝑞′ ,4𝑞̄′ ,5𝑔

. (20)

We can define the antennae 𝐻
0,𝑥
5 , 𝑥 = {𝑎, 𝑐, 𝑑, 𝑒} as

𝐻
0,𝑥
5 ∼ |𝑚𝑥

1𝑞 ,2𝑞̄ ,3𝑞′ ,4𝑞̄′ ,5𝑔
|2. (21)

2.3.1 J-type

When the two 𝑞𝑞 pairs have the same flavor,

𝐻★(𝑞) → 𝑞(𝑝1)𝑞(𝑝2)𝑞(𝑝3)𝑞(𝑝4)𝑔(𝑝5), (22)

the amplitude can be obtained as the difference 𝑀𝐻𝑞𝑞̄𝑞𝑞̄𝑔 = 𝑀𝐻𝑞𝑞̄𝑞′𝑞̄′𝑔 − 𝑀𝐻𝑞𝑞̄′𝑞′𝑞̄𝑔, namely

𝑀𝐻𝑞𝑞̄𝑞𝑞̄𝑔 ∼
(1𝑞 5𝑔 4𝑞̄′ 3𝑞′ 2𝑞̄

𝑚𝑎
1𝑞 ,2𝑞̄ ,3𝑞′ ,4𝑞̄′ ,5𝑔

+
3𝑞′ 5𝑔 2𝑞̄ 1𝑞 4𝑞̄′

𝑚𝑏
1𝑞 ,2𝑞̄ ,3𝑞′ ,4𝑞̄′ ,5𝑔

− 1
𝑁𝑐

1𝑞 5𝑔 2𝑞̄ 3𝑞′ 4𝑞̄′

𝑚𝑐
1𝑞 ,2𝑞̄ ,3𝑞′ ,4𝑞̄′ ,5𝑔

− 1
𝑁𝑐

3𝑞′ 5𝑔 4𝑞̄′ 1𝑞 2𝑞̄
𝑚𝑑

1𝑞 ,2𝑞̄ ,3𝑞′ ,4𝑞̄′ ,5𝑔

)
−
(1𝑞 5𝑔 4𝑞̄′ 3𝑞′ 2𝑞̄

𝑚𝑎
1𝑞 ,4𝑞̄′ ,3𝑞′ ,2𝑞̄ ,5𝑔

+
3𝑞′ 5𝑔 2𝑞̄ 1𝑞 4𝑞̄′

𝑚𝑏
1𝑞 ,4𝑞̄′ ,3𝑞′ ,2𝑞̄ ,5𝑔

− 1
𝑁𝑐

1𝑞 5𝑔 2𝑞̄ 3𝑞′ 4𝑞̄′

𝑚𝑐
1𝑞 ,4𝑞̄′ ,3𝑞′ ,2𝑞̄ ,5𝑔

− 1
𝑁𝑐

3𝑞′ 5𝑔 4𝑞̄′ 1𝑞 2𝑞̄
𝑚𝑑

1𝑞 ,4𝑞̄′ ,3𝑞′ ,2𝑞̄ ,5𝑔

)
. (23)

In analogy to the 𝐶-type, we define

𝐽0
5 ∼ −2Re

( 1𝑞 5𝑔 4𝑞̄′ 3𝑞′ 2𝑞̄
·
[1𝑞 5𝑔 2𝑞̄ 3𝑞′ 4𝑞̄′ ]†

+
3𝑞′ 5𝑔 2𝑞̄ 1𝑞 4𝑞̄′

·
[3𝑞′ 5𝑔 4𝑞̄′ 1𝑞 2𝑞̄ ]†)

,

𝐽0
5 ∼ −Re

( [1𝑞 5𝑔 4𝑞̄′ 3𝑞′ 2𝑞̄
+

3𝑞′ 5𝑔 2𝑞̄ 1𝑞 4𝑞̄′ ]
·
[1𝑞 5𝑔 4𝑞̄′ 3𝑞′ 2𝑞̄

+
3𝑞′ 5𝑔 2𝑞̄ 1𝑞 4𝑞̄′ ]† )

.

(24)

2.4 qg antennae

The 𝑞𝑔 antennae are defined by considering the triple-real corrections to the decay of a
neutralino into a hard gluon-gluino pair in the MSSM [46, 3]. The gluino is a Majorana fermion
with an adjoint color index. We treat it in two ways, depending on which allows for a clearer color
decomposition. We will either consider it splitting into a 𝑞𝑞 pair with the same momentum for
both particles (as already done in [41] for the NNLO 𝑞𝑔 antennae and here identified by a blue-ish
dashed line) or use the fact that it transforms in the adjoint representation as a gluon.
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2.4.1 D-type

When considering purely gluonic corrections,

𝜒̃★(𝑞) → 𝑔̃(𝑝1)𝑔(𝑝2)𝑔(𝑝3)𝑔(𝑝4)𝑔(𝑝5), (25)

the amplitude can be written as

𝑀𝑔̃1𝑔2𝑔3𝑔4𝑔5 ∼
∑︁

(𝑔𝑖2 ,𝑔𝑖3 ,𝑔𝑖4 ,𝑔𝑖5 ) ∈𝜎 (3,4,5,6)

98𝑞𝑔𝑖2 𝑔𝑖3 𝑔𝑖4 𝑔𝑖599𝑞̄

𝑚𝑖1𝑔̃ ,𝑖2𝑔 ,𝑖3𝑔 ,𝑖4𝑔 ,𝑖5𝑔 , (26)

where we have split the gluino into a 𝑞𝑞 pair with color indices 98𝑞and 99𝑞̄ respectively. We define
the 𝐷-type antennae as

𝐷0
5(1𝑔̃, 𝑖1𝑔 , 𝑖2𝑔 , 𝑖3𝑔 , 𝑖4𝑔 , 𝑖5𝑔 ) ∼

��𝑚𝑖1𝑔̃ ,𝑖2𝑔 ,𝑖3𝑔 ,𝑖4𝑔 ,𝑖5𝑔

��2 =

���� 98𝑞𝑔𝑖2 𝑔𝑖3 𝑔𝑖4 𝑔𝑖599𝑞̄ ����2. (27)

2.4.2 E-type

The 𝐸0
5 antennae are associated with the process

𝜒̃★ → 𝑞(𝑝1)𝑞(𝑝2)𝑔(𝑝3)𝑔(𝑝4)𝑔̃(𝑝5), (28)

and by analogy with the 𝐴0
5 and the 𝐺0

5, we can define them as

𝐸0
5,(1𝑞 ,𝑖1𝑔̃ ,𝑖2𝑔 ,𝑖3𝑔 ,2𝑞̄) ∼

���� 1𝑞 𝑖1𝑔̃ 𝑖2𝑔 𝑖3𝑔 2𝑞̄ ����2, 𝐸0
5,(1𝑞 ,𝑖2𝑔 ,𝑖1𝑔̃ ,𝑖3𝑔 ,2𝑞̄) ∼

���� 1𝑞 𝑖2𝑔 𝑖1𝑔̃ 𝑖3𝑔 2𝑞̄ ����2
𝐸̃0

5,(1𝑞 ,𝑖1𝑔̃ ,𝑖2𝑔 ,𝑖3𝑔 ,2𝑞̄) ∼
���� 1𝑞 𝑖1𝑔̃ 𝑖2𝑔 𝑖3𝑔 2𝑞̄ ����2, 𝐸̃0

5,(1𝑞 ,𝑖1𝑔̃ ,𝑖2𝑔 ,𝑖3𝑔 ,2𝑞̄) ∼
���� 1𝑞 𝑖1𝑔̃ 𝑖2𝑔 𝑖3𝑔 2𝑞̄ ����2,

𝐸̄0
5,(1𝑞 ,𝑖1𝑔̃ ,𝑖2𝑔 ,𝑖3𝑔 ,2𝑞̄) ∼

���� 1𝑞 𝑖1𝑔̃ 𝑖2𝑔 𝑖3𝑔 2𝑞̄ ����2 (29)

where the position of the gluino is identified by the star at the base of the quark line.

2.5 4 quarks processes

We also consider the color decomposition of processes involving the radiation of two 𝑞𝑞 pairs
of the same and different flavors, namely

𝜒̃★ → 𝑞(𝑝1)𝑞(𝑝2)𝑞′(𝑝3)𝑞′(𝑝4)𝑔̃(𝑝5), 𝜒̃★ → 𝑞(𝑝1)𝑞(𝑝2)𝑞(𝑝3)𝑞(𝑝4)𝑔̃(𝑝5). (30)

We report only the color decomposition of the different-flavor amplitude [54, 45], namely

𝑀𝑔̃𝑞𝑞̄𝑞′𝑞̄′ ∼
( 98𝑞̃ 2𝑞̄ 1𝑞 4𝑞̄′ 3𝑞′99 ˜̄𝑞

𝑚𝑎 +
98𝑞̃4𝑞̄′ 1𝑞 99 ˜̄𝑞 3𝑞′ 2𝑞̄

𝑚𝑏

− 1
𝑁𝑐

98𝑞̃4𝑞̄′ 1𝑞 2𝑞̄ 3𝑞′99 ˜̄𝑞

𝑚𝑐 − 1
𝑁𝑐

98𝑞̃ 2𝑞̄ 1𝑞 99 ˜̄𝑞 3𝑞′4𝑞̄′

𝑚𝑑

8
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− 1
𝑁𝑐

98𝑞̃ 99 ˜̄𝑞 1𝑞 4𝑞̄′ 3𝑞′ 2𝑞̄
𝑚𝑒 + 1

𝑁2
𝑐

98𝑞̃ 99 ˜̄𝑞 1𝑞 2𝑞̄ 3𝑞′4𝑞̄′

𝑚 𝑓

)
, (31)

where again we have split the gluino into a 𝑞𝑞 pair where the quark and the antiquark have the same
momentum.

3. Conclusions

In this talk, we have presented the definition of triple-real antenna functions at N3LO from
the color-ordered squared matrix elements of physical processes. These definitions are valid, up
to a change of support of the kinematic invariants, for all crossings and are therefore a common
ingredient to initial-initial, initial-final, and final-final antennae. We aim to apply these definitions
to the derivation of the unintegrated and integrated initial-final antennae in a future publication [27].
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