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In perturbation theory, masses need to be renormalized and therefore depend on the chosen
scheme. It has been shown that the perturbative expansion of different observables shows a
better perturbative expansion, when specific renormalizion schemes are used. After giving a
short overview of commonly used renormalization schemes, we report on the novel calculation of
the on-shell mass renormalization constant up to four-loop order allowing for a second non-zero
quark mass. For a subset of color factors we obtain analytic results in terms of iterated integrals
over rational and square-root valued letters. The full renormalization constant is obtained semi-
analytically via precise overlapping series expansions for arbitrary quark mass ratio. In the limit
of the same mass we recover and improve results which have been obtained previously using
numerical methods based on sector-decomposition and Mellin-Barnes integrals.
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1. Introduction

At higher orders in perturbation theory, the parameters of the Lagrangian need to be renor-
malized in order to arrive at ultraviolet finite results. Among those parameters are the masses of
quarks in the theory of Quantum Chromodynamics (QCD). A natural renormalization condition is
to enforce that the renormalized quark propagator has a pole at the renormalized mass in on-shell
kinematics. This scheme defines the so-called on-shell or pole mass scheme. While in Quantum
Electrodynamics (QED) this definition is well defined, it faces inherent problems in QCD due to
the increase of the strong coupling constant at low energies. This leads, among other things, to the
fact that the pole mass in QCD is plagued by an inherent ambiguity, often called the renormalon
ambiguity. To remedy this behavior, many different schemes for the renormalization of masses have
been proposed. For a recent overview see e.g. [1].

The simplest one is the MS mass, where only poles in the dimensional regulator 𝜖 = (4− 𝑑)/2
are removed from the quark propagator, order-by-order in perturbation theory.1 While this mass
definition is free of renormalon ambiguities, it is still ill suited for low-energy processes close to
physical thresholds. Other commonly used schemes are the RS [5], PS [6], 1S [7], MSR [8] or
kinetic mass [9] schemes. These schemes are designed to subtract renormalon related terms already
at low orders in perturbation theory and therefore lead to a better converging perturbative theory.
For example, the success of the kinetic schemes for the inclusive semileptonic 𝐵 hadron decay width
has been shown in [10]. In [11] the analysis of the photon energy spectrum for 𝐵 → 𝑋𝑠𝛾 had to be
performed in the MSR scheme in order to obtain reliable results.

However, all these schemes (𝑋) are defined relative to the pole mass definition:

𝑚𝑝𝑜𝑙𝑒 − 𝑚𝑋 = 𝛿𝑚𝑋 =

∞∑︁
𝑖=1

(𝛼𝑠

𝜋

) 𝑖
𝛿𝑚

(𝑖)
𝑋

. (1)

Therefore, a determination of the pole mass as well as the scheme conversion has to be known at
the highest precision in order to translate between the different input schemes. At higher orders in
perturbation theory the renormalization constant for the pole mass receives contributions from other
quark flavors, which can have a non-vanishing mass themselves. One example are the charm and
bottom quark which fullfil 𝑥 = 𝑚𝑐/𝑚𝑏 ∼ 0.3. Since the ratio is not very small, power corrections
in the mass ratio cannot be neglected and might be necessary to achieve a desired precision. These
contributions are generally harder to compute, since they depend on the additional scale of the mass
ratio.

In these proceedings, we report on the calculation of the two mass contributions to the pole
mass renormalization at four-loop order. The contribution is structured as follows. In Section 2 we
briefly summarize the technical steps of the calculation. Afterwards, in Section 3, we present the
novel results and compare the results for vanishing or equal masses to results previously presented
in the literature. We conclude in Section 4.
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Figure 1: Sample Feynman diagrams contributing to the calculation of 𝑍OS
𝑚 . Curly lines denote gluons,

while solid lines denote quarks of mass 𝑚1, double lines quarks of mass 𝑚2, and dashed lines massless
quarks.

2. Calculation

The on-shell renormalization constant can be obtained by calculating the quark propagator in
on-shell kinematics (𝑞2 = 𝑚2

1). Up to three-loop order the results for the renormalization constant
with one heavy quark are known analytically [12, 13]. At four-loop order complete numerical
results have been obtained in [14], while some color factors involving a light fermion loop have
been computed analytically [15]. The results for two heavy quark flavors at three-loop order have
been calculated in [16, 17]. Sample Feynman diagrams for the calculation with two heavy quarks
at four-loop order are shown in Figure 1. We obtain the amplitudes based on the in-house calc
framework. Graphs are generated with qgraf [18]. Then we use the packages q2e/exp [19, 20] to
map to pre-defined topologies and translate to Form [21, 22] input, where the projector is applied
and the color and Dirac algebra is performed.2 We end up with an expression in terms of scalar
Feynman which are reduced to 472 master integrals with Kira [24, 25], where we rely on the finite
field methods implemented in FireFly [26]. Differential equations with respect to the mass ratio
𝑥 = 𝑚2/𝑚1 are constructed with LiteRed [27] and Kira.

We define the finite quantity

𝑧𝑚 =
𝑚(𝜇)
𝑚OS =

𝑍OS
𝑚

𝑍MS
𝑚

= 1 +
∞∑︁
𝑖=1

𝑧
(𝑖)
𝑚

(
𝛼𝑠 (𝜇)
𝜋

) 𝑖
, (2)

where the 𝑍MS
𝑚 is already known up to five loop accuracy. This quantity can be expanded in terms

of color factors as

𝑧
(4)
𝑚 = 𝐶4

𝐹 𝑧
𝐹𝐹𝐹𝐹
𝑚 + 𝐶3

𝐹𝐶𝐴𝑧
𝐹𝐹𝐹𝐴
𝑚 + 𝐶2

𝐹𝐶
2
𝐴𝑧

𝐹𝐹𝐴𝐴
𝑚 + 𝐶𝐹𝐶

3
𝐴𝑧

𝐹𝐴𝐴𝐴
𝑚 +

𝑑𝑎𝑏𝑐𝑑
𝐹

𝑑𝑎𝑏𝑐𝑑
𝐴

𝑁𝑐

𝑧𝑑𝐹𝐴
𝑚 + 𝑛𝑙

𝑑𝑎𝑏𝑐𝑑
𝐹

𝑑𝑎𝑏𝑐𝑑
𝐹

𝑁𝑐

𝑧𝑑𝐹𝐹𝐿
𝑚

+ 𝑛ℎ
𝑑𝑎𝑏𝑐𝑑
𝐹

𝑑𝑎𝑏𝑐𝑑
𝐹

𝑁𝑐

𝑧𝑑𝐹𝐹𝐻
𝑚 + 𝐶3

𝐹𝑇𝐹𝑛𝑙𝑧
𝐹𝐹𝐹𝐿
𝑚 + 𝐶2

𝐹𝐶𝐴𝑇𝐹𝑛𝑙𝑧
𝐹𝐹𝐴𝐿
𝑚 + 𝐶𝐹𝐶

2
𝐴𝑇𝐹𝑛𝑙𝑧

𝐹𝐴𝐴𝐿
𝑚 + 𝐶2

𝐹𝑇
2
𝐹𝑛

2
𝑙 𝑧

𝐹𝐹𝐿𝐿
𝑚

+ 𝐶𝐹𝐶𝐴𝑇
2
𝐹𝑛

2
𝑙 𝑧

𝐹𝐴𝐿𝐿
𝑚 + 𝐶𝐹𝑇

3
𝐹𝑛

3
𝑙 𝑧

𝐹𝐿𝐿𝐿
𝑚 + 𝐶3

𝐹𝑇𝐹𝑛ℎ𝑧
𝐹𝐹𝐹𝐻
𝑚 + 𝐶2

𝐹𝐶𝐴𝑇𝐹𝑛ℎ𝑧
𝐹𝐹𝐴𝐻
𝑚 + 𝐶𝐹𝐶

2
𝐴𝑇𝐹𝑛ℎ𝑧

𝐹𝐴𝐴𝐻
𝑚

+ 𝐶2
𝐹𝑇

2
𝐹𝑛

2
ℎ𝑧

𝐹𝐹𝐻𝐻
𝑚 + 𝐶𝐹𝐶𝐴𝑇

2
𝐹𝑛

2
ℎ𝑧

𝐹𝐴𝐻𝐻
𝑚 + 𝐶𝐹𝑇

3
𝐹𝑛

3
ℎ𝑧

𝐹𝐻𝐻𝐻
𝑚 + 𝐶2

𝐹𝑇
2
𝐹𝑛𝑙𝑛ℎ𝑧

𝐹𝐹𝐿𝐻
𝑚 + 𝐶𝐹𝐶𝐴𝑇

2
𝐹𝑛𝑙𝑛ℎ𝑧

𝐹𝐴𝐿𝐻
𝑚

+ 𝐶𝐹𝑇
3
𝐹𝑛

2
𝑙 𝑛ℎ𝑧

𝐹𝐿𝐿𝐻
𝑚 + 𝐶𝐹𝑇

3
𝐹𝑛𝑙𝑛

2
ℎ𝑧

𝐹𝐿𝐻𝐻
𝑚 + 𝑛𝑚

(
𝐶𝐹𝑇

3
𝐹𝑛

2
𝑙 𝑧

𝐹𝑀𝐿𝐿
𝑚 + 𝐶𝐹𝑇

3
𝐹𝑛𝑙𝑛ℎ𝑧

𝐹𝑀𝐿𝐻
𝑚 + 𝐶𝐹𝑇

3
𝐹𝑛

2
ℎ𝑧

𝐹𝑀𝐻𝐻
𝑚

+ 𝐶𝐹𝑇
3
𝐹𝑛𝑚𝑛𝑙𝑧

𝐹𝑀𝑀𝐿
𝑚 + 𝐶𝐹𝑇

3
𝐹𝑛𝑚𝑛ℎ𝑧

𝐹𝑀𝑀𝐻
𝑚 + 𝐶𝐹𝑇

3
𝐹𝑛

2
𝑚𝑧

𝐹𝑀𝑀𝑀
𝑚 + 𝐶2

𝐹𝑇
2
𝐹𝑛𝑙𝑧

𝐹𝐹𝑀𝐿
𝑚 + 𝐶𝐹𝐶𝐴𝑇

2
𝐹𝑛𝑙𝑧

𝐹𝐴𝑀𝐿
𝑚

+ 𝐶2
𝐹𝑇

2
𝐹𝑛ℎ𝑧

𝐹𝐹𝑀𝐻
𝑚 + 𝐶𝐹𝐶𝐴𝑇

2
𝐹𝑛ℎ𝑧

𝐹𝐴𝑀𝐻
𝑚 + 𝐶2

𝐹𝑇
2
𝐹𝑛𝑚𝑧

𝐹𝐹𝑀𝑀
𝑚 + 𝐶𝐹𝐶𝐴𝑇

2
𝐹𝑛𝑚𝑧

𝐹𝐴𝑀𝑀
𝑚

+
𝑑𝑎𝑏𝑐𝑑
𝐹

𝑑𝑎𝑏𝑐𝑑
𝐹

𝑁𝑐

𝑧𝑑𝐹𝐹𝑀
𝑚 + 𝐶3

𝐹𝑇𝐹 𝑧
𝐹𝐹𝐹𝑀
𝑚 + 𝐶2

𝐹𝐶𝐴𝑇𝐹 𝑧
𝐹𝐹𝐴𝑀
𝑚 + 𝐶𝐹𝐶

2
𝐴𝑇𝐹 𝑧

𝐹𝐴𝐴𝑀
𝑚

)
, (3)

1The renormalization constant for the MS mass is already known up to five loop accuracy [2–4].
2We utilize color.h [23] for the color algebra.
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with 𝑇𝐹 = 1/2, 𝐶𝐴 = 𝑁𝑐, 𝐶𝐹 = (𝑁2
𝑐 − 1)/2𝑁𝑐, 𝑑𝑎𝑏𝑐𝑑𝐹

𝑑𝑎𝑏𝑐𝑑
𝐹

= (𝑁2
𝑐 − 1) (𝑁4

𝑐 − 6𝑁2
𝑐 + 18)/96𝑁2

𝑐 ,
𝑁𝑐 the number of color charges of 𝑆𝑈 (𝑁𝑐), 𝑛𝑚 the number of flavors with mass 𝑚2, 𝑛ℎ the number
of flavors with mass 𝑚1 and 𝑛𝑙 the number of massless flavors.

The color factors proportional to a power of 𝑛𝑚 contain the contributions with two heavy quarks
and are functions of 𝑥 = 𝑚2/𝑚1, while the remaining contributions are pure numbers and have
been calculated previously. The color factors marked in red in Eq. (3) have already been obtained
analytically in [28] and compared to a semi-analytic method to evaluate the master integrals. The
color factors in blue are the new results reported in these proceedings. For the color factors in red
the master integrals are expressible in terms of iterated integrals over the alphabet{

1
𝜏
,

1
1 − 𝜏

,
1

1 + 𝜏
,
√︁

1 − 𝜏2,

√
1 − 𝜏2

𝜏
,

1
1 + 𝜏2 ,

𝜏

1 + 𝜏2

}
. (4)

To complete the full set of color factors, we use the semi-analytic method to compute the master
integrals, since their analytic solution also contains elliptic and potentially more involved analytic
structures. The semi-analytic method we employ can be summarized as follows:

1. We calculate the master integrals in the large-mass expansion𝑚2 ≫ 𝑚1 (𝑥 → ∞) analytically.
The asymptotic expansion is implemented using exp. In this limit the master integrals
factorize into massive tadpoles (up to four-loop order) and on-shell propagator integrals (up
to three loop order), which are known in the literature (see e.g. [29] and references therein).

2. We use the differential equation to construct a deep expansion in the limit 𝑥 → ∞, which we
can use to calculate initial values for 𝑥 ≫ 1.

3. We construct symbolic expansions around other points and use previously obtained expan-
sions to provide numerical initial values. In practice, we construct expansion around several
regular points and match the two expansions at the new expansion point. Note that only the
expansions around 𝑥 = 0 and 𝑥 = ∞ involve also logarithms in the expansion variable.

In the end, we obtain a piecewise-defined function, which covers the whole physical values of
𝑥 ∈ (0,∞). The results are presented in the next section.

3. Results

In Figure 2 we show, in the upper plot, numerical illustrations for all color factors for 𝑥 ∈ [0, 10].
In the lower plot we show some color factors with logarithmic 𝑥-axis to illustrate the smooth approach
to the limit 𝑥 → 0. This is a non-trivial check on our calculation, since various master integrals,
and even the bare amplitude, have power-like and logarithmic divergencies in this limit. Only after
renormalization the limit 𝑥 → 0 is finite for all the color factors.

In the limits 𝑥 → 0 and 𝑥 → 1 the additional heavy quark becomes massless or of the same
mass as the external quark, respectively. These cases have already been computed in [15] for the
renormalization constant considering only one heavy quark family. Therefore, we have a non-trivial
check on our calculation in these limits, which is summarized in Table 1. We see that we agree
with all values in the literature in their quoted uncertainties and are able to provide some more
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Figure 2: Numerical illustration for color factors involving two heavy quarks for 𝑥 ∈ [0, 10]. Upper figure:
all color factors with linear 𝑥-axis. Lower figure: some complicated color factors with logarithmic 𝑥-axis to
show the finite limiting behavior for 𝑥 → 0.
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Color factor Results of [15] Our results
𝑧
𝑑𝐹𝐹𝐿
𝑚 = 𝑧

𝑑𝐹𝐹𝑀
𝑚 (𝑥 = 0) −0.937 ± 0.178 −0.9504...

𝑧
𝑑𝐹𝐹𝐻
𝑚 = 𝑧

𝑑𝐹𝐹𝑀
𝑚 (𝑥 = 1) −3.924 ± 0.642 −3.9475...

𝑧𝐹𝐹𝐹𝐿
𝑚 = 𝑧𝐹𝐹𝐹𝑀

𝑚 (𝑥 = 0) −0.05094 ± 0.00298 −0.05127...
𝑧𝐹𝐹𝐴𝐿
𝑚 = 𝑧𝐹𝐹𝐴𝑀

𝑚 (𝑥 = 0) 9.26642 ± 0.00454 9.26691...
𝑧𝐹𝐴𝐴𝐿
𝑚 = 𝑧𝐹𝐴𝐴𝑀

𝑚 (𝑥 = 0) 122.1872 ± 0.0100 122.1877...
𝑧𝐹𝐹𝐹𝐻
𝑚 = 𝑧𝐹𝐹𝐹𝑀

𝑚 (𝑥 = 1) −1.3625 ± 0.0132 −1.3646...
𝑧𝐹𝐹𝐴𝐻
𝑚 = 𝑧𝐹𝐹𝐴𝑀

𝑚 (𝑥 = 1) 14.9800 ± 0.0334 14.9844...
𝑧𝐹𝐴𝐴𝐻
𝑚 = 𝑧𝐹𝐴𝐴𝑀

𝑚 (𝑥 = 1) −2.3597 ± 0.0342 −2.3615...
𝑧𝐹𝐹𝐻𝐻
𝑚 = 𝑧𝐹𝐹𝐻𝑀

𝑚 (𝑥 = 1) 1.65752 ± 0.00031 1.65751...
𝑧𝐹𝐴𝐻𝐻
𝑚 = 𝑧𝐹𝐴𝐻𝑀

𝑚 (𝑥 = 1) −0.20934 ± 0.00273 −0.20964...

Table 1: Comparison of our results with the ones of [15], which can be obtained by setting 𝑥 = 0 or 𝑥 = 1
in the respective terms containing two heavy quark flavors. The green digits indicate digits which agree
between both calculations. We find good agreement often even one digit beyond the accuracy stated in [15].

significant digits. A thorough discussion on the precision of our results is performed in [30]. We
also observe that the uncertainty estimate of [15] is rather conservative and we often find agreement
in an additional significant digit.

4. Conclusions

The renormalization of quark masses is a fundamental problem in perturbative QCD. In these
proceedings we have presented new results for the on-shell renormalization constant at four-loop
order, when two heavy quark flavors are considered. The results are obtained analytically in the
large-mass expansion and are then transported semi-analytically via local series expansions to cover
the full physical values of the mass ration 𝑥.

At 𝑥 = 0 and 𝑥 = 1 we compare to the single-mass renormalization constant, which was known
numerically before. We find agreement with these results and can increase their precision. The
final numerical analysis, together with an uncertainty estimate, will be provided in [30].

The results presented in this proceedings contribution allow for a more precise translation
between the on-shell, MS, and other short-distance mass schemes, and allow to include effects of a
second heavy quark flavor at four-loop accuracy for the first time.

The effect of the lighter quark flavor is also tied to the ultimate precision of the top quark pole
mass [31, 32]. A detailed analysis of the effect of the newly calculated terms will be presented
elsewhere.
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