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1. Introduction

Parton distribution functions lie at the heart of standard collinear factorization for hadronic
scattering processes. To describe the scale evolution of parton distribution functions, one considers
the gluon distribution g(x, u?) and suitably formed combinations of quark densities g, (x, %) and
anti-quark densities §; (x, 4?), where x is the momentum fraction of the parton, u the factorization
scale, and i = 1,...,ns denotes a massless flavor. Specifically, one defines flavor asymmetries
q;js’ ;jand g T the flavor non-singlet valence distribution g, and the flavor singlet distribution g

J
according to

Tns.ij = (@i £ 31) = (q; = ), Ins = Z(‘]i = qi)s qs = Z(t]i +4i) - (1)
7 7

This decomposition decouples the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi scale evolution for
the non-singlet distributions,

d

qus,ij = Prtllﬁ ® qgs’ij ’ a=+,—-,V, (2)

while the evolution of singlet quark and gluon distribution is described by a coupled 2 X 2 system,
d - qs| _ Pyq Pgg ® qs ' 3)
dlny® \ g Pgy Pgg g

Here, the circled cross denotes Mellin convolution,
1 1
(Fonw= [ & [ wot-yareee) )

The splitting functions Py (x, ,uz), P (x, ﬂz), Py (x, ,uz), Py (x, ,uz), Pyg(x, ﬂz), Py (x, ,uz),
Pge(x, 1%) can be calculated perturbatively for n r massless quark flavors. Their exact 3-loop
expressions have been known since some time now [1-5]. We note in passing that also heavy
flavor corrections to the evolution of structure functions have been pushed to the 3-loop level more
recently, see [6] for a review in these proceedings. Fully consistent N°LO predictions of cross
sections at the Large Hadron Collider require 4-loop splitting functions, for which only numerical
approximations [7—13] and partial analytical results [14-20] were available previously.

In this proceedings contribution, we report on a complete calculation of the non-singlet splitting
functions P}, Py,

ns> * ns?

in which our results were checked against further independent fixed-moment calculations, shown

and P}, = Py,— P at four loops [21]. We gratefully acknowledge reference [22],

to be structurally consistent with theoretical expectations, and used to derive further quantities of
interest.

2. Calculational method

The Mellin transformations of the non-singlet splitting functions

1
Ve o) = - /0 dex™ PES (x, 1) 5)
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Figure 1: Four-loop Feynman diagrams for operator matrix elements with off-shell external quarks. They
contribute to different color coefficients of the splitting functions Pr(lz)i (upper row) and Pg?s (lower row).

Further color structures arise from diagrams with additional closed quark loops.

for integer Mellin moment n appear as the anomalous dimensions of twist-two, spin n operators

l'n—l

_ A
UA-y(A-D)'" Ty (6)

Ons(n) = 2 2

where A is a light-like auxiliary momentum and A a matrix in flavor space used to project onto
different non-singlet quark combinations. The renormalization of these operators takes the simple
form

OR (n, 1*) = Zns(n, 1) O%(n) , ()

and the anomalous dimensions can be found from

%ZHS(’/L /Jz) = ~Vns (m, /‘2) Zns(n, ,ul) 3
nu
once Zys(n, u?) is known to the required loop order. The latter can be computed by evaluating
operator matrix elements {(g|Ops(n)|q) with two off-shell quarks. We use dimensional regularization
with the regulator € = (4 — d) /2.

Figure 1 shows example diagrams contributing to the four-loop color coefficients computed
fully analytically in [21] for the first time for arbitrary values of n. We employ Qgraf [23],
Form [24, 25], Color.h [26], Reduze 2 [27] and the private integration-by-parts code Finred
based on finite field sampling [28, 29] to compute the matrix elements. The operator insertion
leads to n-dependent powers of scalar products. In order to keep n arbitrary and still be able to use
standard integration-by-parts identities, we make use of generating functions [30, 31]. We replace

= t
A- n-1 N n-1 _
(A-p) —>;< Pt =

tA-p’
n-3 00 n-3 l‘3
(A-p)" (A -p) = > 1" Y (A-p)"TI(Apr) = ,
]Z::‘) ; = (L=tA-p)(1—1tA-p2)
etc., 9
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Figure 2: An elliptic sector contributing to the fifth Feynman diagram of figure 1. In addition to nine
standard propagators, there are two denominators 1 — ¢ (A - ¢;), i = 1,2, involving the tracing parameter ¢.

which introduces linear propagators in addition to the standard quadratic ones in the Feynman
integrals. This allows us to express the matrix elements in terms of master integrals, which depend
ont.

To calculate the master integrals as a Laurent series in €, we derive differential equations in
the tracing parameter . The general solutions are quite involved. For one of the simpler color
factors [17], we determined a canonical basis and solved the e-factorized differential equations in
terms of multiple polylogarithms of #. For the complete set of contributions, this is a more chal-
lenging task and involves also non-trivial geometries. For example, using the package DLogBasis
[32], we find that the topology shown in figure 2 is related to an elliptic curve on the maximal cut.

We find it convenient to circumvent these challenges by solving the differential equations only
for an expansion about ¢t = 0. For our purposes, it is sufficient to consider Taylor expansions in ¢,
which are regular at = 0. For # = 0 the Feynman integrals take the form of self-energy integrals
with only standard quadratic propagators, such that the known four-loop propagator master integrals
can be used as boundary information. The usage of recursion relations [33-35] allows us to compute
the master integrals and from this the matrix elements up to high orders in ¢. In this way, we compute
the anomalous dimensions for n up to about 4k.

Having computed this large amount of Mellin moments allows us to infer the solution for
arbitrary n. We make an ansatz in terms of harmonic sums

n

Semp.ma, mg (1) = D (ED [ Sy g (), mi €N, So(n) =1, (10)
j=1

up to weight 7, Riemann zeta values up to weight 5, and denominator factors n, n + 1, n + 2. By
comparing the ansatz to our fixed Moment results, we were able to identify the all-n result.

While our construction assumed specific building blocks for the anomalous dimensions, this
is not strictly necessary. Johannes Bliimlein and Carsten Schneider reported [36] that the non-zeta
term in the C}. part of our result for y can be reconstructed from fixed Mellin moments without
structural assumptions such as guessing denominators and assuming harmonic sums. They were
able to determine a recursion of order 28 and degree 1015 from 5520 even moments generated
from our expressions, from which the full result could have been reconstructed. This corresponds
to about 11k terms in the # expansion, which is more than what was needed in our approach but still
computationally feasible.
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Figure 3: Non-singlet, four-loop splitting function PI(IS)’Jr(x) [21] multiplied by x*4(1 — x) to enhance
readability. We compare our exact result to the numerical approximation of reference [7].

3. Results

While the complete results are too lengthy to be displayed here, we list a few terms for illustrative
purposes in the following. For example, we find

Yt = L+ (1)) (CCR[d§(=91281) + dO(=9128)) + d3(1024/3S) 1 + 6085_, — 512/35,
+640S1) + d5(~1024/3S1 1 — 608S_5 + 512/35, — 240081) + di(3296/3S 5.1
— 944 /381 _y —3928_3 + 616/383 — 3664/3S,.| — 2512/35_5 + 1172/3S, — 1732/35)
+2662/27) + d(3296/3S_5,1 — 944/3S) _5 — 3925 _3 + 616/355 — 3664/3S1 1

—3040/3S_5 + 1172/3S, — 7804/351 — 2662/27) + ... | +...) (11)
for the perturbative expansion y;, = 2,7, aﬁy,(lf_l)“r with ag = ag(u?)/(4n). Here, we use the

abbreviations dy = 1/n, d; = 1/(n + 1) and suppress the argument n of the harmonic sums. For

yr(ls)’_ , similar structures appear, but in this case there are contributions only for odd instead of even

n. In both anomalous dimensions, n and n + 1 are the only denominator factors. For yr(ls)’s, non-zero
contributions arise for odd n and involve denominator factors n, n+1, n+2, but not n—2. We confirm
the all-n results for all known color coefficients [7, 14, 15, 17, 19]. For the new color coefficients,
our results reproduce known lower Mellin moments [7] and agree with further moments [22] and
predictions [37] which were not available at the time of our first arXiv submission.

We obtain the splitting functions in x space through inverse Mellin transform with the help of
the package HarmonicSums [38, 39]. The results for Pr({:)’i contain harmonic polylogarithms up
to weight six, zeta values up to weight seven, the delta distribution §(1 — x), the plus distribution
[1/(1 = x)]+, denominator factors 1 — x and 1 + x, and positive powers of x. For Péz)’s we find
harmonic polylogarithms and zeta values up to weight six, denominator factors x, 1 —x and 1 + x,
and positive powers of x. For numerical evaluations of the harmonic polylogarithms, we employ
the package HPL [40] and the implementation [41] of G functions in GiNaC. Overall, our complete
results agree well with the numerical approximations of [7] given the quoted error bands. For Pr(ls) "

at small values of x, our result lies a bit above the error band, as can be seen from figure 3. Our
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results help to reduce the theoretical error for the non-singlet splitting functions, in particular for
small values of x.

In the small x limit, x — 0, the splitting functions diverge logarithmically, with the leading
logarithmic contribution being proportional to In® x. For P( )+ we can compare our result against
the prediction of reference [42]. Our result reads

1 2 4
P c§§ +1n’ x CAC;9 Ciz = Ciny

— 5 1In®x
X—

+1Inx [CZCF38{2

121 70 248 16
+ cic},(-mogz + T) +CaCs. (168{2 + T) +CY ( S o+ ?)

dabcddabcd

44 20 4
+A £ (- 4852)+cAanf(—?)+c;nf( )+c2 2(9)

o2
N, 9 + (12)

While we find that the In® x and In’ x terms coincide with [42], the In* x terms deviate unexpectedly.
The difference of our In* x terms to those predicted by [42] is

abcddabcd
C3Cr38 — CAC2120 + CAC3104 — CH16 — %48) 5. (13)

c

Replacing all Casimir operators by their SU (N, ) values the difference is

(N2 = 1)(N* + 10N? + 1)
N4

& (14)

and thus subleading in N.. It would be curious to investigate the reason for this deviation and
whether it is, for example, due to a non-trivial phase inducing (ir)? terms.

In the limit x — 1, the splitting function P( )5 vanishes, while P(3) " and P,(]S)’_ become equal
up to subleading terms. We can decompose

+ 3514) o(l—x)+ Cy) log(1 —x) +Dé4) —Ay) +0(1-x). (15

+

1
PR — Ay [—1 -

x—1

Our calculation reproduces the known four-loop coefficient AE;L) [43, 44] of the cusp anomalous
dimension [45]. For the so-called virtual anomalous dimension By) we determine the fully
analytical result

B9~ e 8960 1472{ - 24 G 733334 N 1672§2+ 11522§ N &{ p
3 3 23527 33 T g S0 T T3 g ©37 T3 352
11206 152284 13864 373793 ) s
_ - - C2C2(861077 — 21047505 — 32
T 3l Bt 927 e ) +Cy F( 7 {58 — 328443
5497, TI02 , 53544 L2096 608505 N 129662{ B 46771( , 29639
2 0T T3 T g ST T 82T T AT Ty e3 T Ty 2T g
79297 1
+ CAC;; (—10920{7 + 206458 + 1284483 + 929 le + 3220{3 976{5 — &4342

2085
+ 2167{4 - 3260{3 + 1167{2 - T) Ci‘ (5880§7 - 384{542 + 64(4(3 - 2111¢¢
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) 4873 d;ﬂdedide
- 115243 - 252005 — 1204342 = 34244 + 200443 — 45002 + — ) S (280057
1562 1232 944
+ 32058 — 644483 — _(6 — 70445 — 4005 — 89643, + —(4 - —{3 - —éfz )
C2Crne _3913 N ﬁ 2, 1130 _ 580 N 1234 N 9554 3 41092
ACrng|-—= 6 3 4 5 s 3 4342 9 4 77 43 5T %2
20027 5 1232 , 7432 2672 27854
16 — —
108 ) + CACan(35 [ et St €TC Ry vl €
15400 3892 7751 3 6434 2 256
- - - Cinp|-— g6 + 22472 + 91205 — 225305 — 204
7 g3 7 25 ) + an( 9 {6 + 22405 + 91245 3 1£Y4) {4
dbed)2n, (1792 352
~ 30843 + 1624, + 32) , YE N) f( 5o+ 25602 — 112005 + 64434, — e

992 1888 320 3170 193
_ = 192 + CsC il — = — 2= =
3 ot ) )+ A an( §5+ 3 {3{2 §4 g Bt h 54)
o2 ﬁg _@{ [ 21044 +§§ . 12445 188y 325 +ﬁ§
FlTg o0 T Tg P38 T T oA T g3 T T2 T Y Py 747 g1 °3
32 131
8152_8_1) (16)

The virtual anomalous dimension is related to the soft anomalous dimension, which enters
for example Drell-Yan threshold resummation. In contrast to the virtual anomalous dimension,
the soft anomalous dimension is an eikonal quantity [46—49] and can thus be converted from the
fundamental to the adjoint representation by a simple generalized Casimir rescaling. The soft
anomalous dimension is

fr =%Yr— 2B, a7)

for quarks (r = ¢g) and gluons (r = g), where v, is the collinear anomalous dimension controlling
the 1/e poles of qgy and ggH form factors. Using the perturbative expansion f, = 377, a’ (K),

=2 fB(f), Yr = 2t 5755 b , such that f([) = yr(f D 2855), the four-loop results for
the collinear anomalous dimension [44, 50] and our new four-loop result for the virtual anomalous
dimension, we determine f, @), Having the color algebra for a Wilson line based calculation in
mind, we replace Casimir operators in the fundamental representation with Casimir operators in a

general representation R, where R = F forr = gand R = A forr = g. We find
9671 131197 4906 2 106034 11896

HY = CrCy (- =7 - 4320500 - 7108485 - o o s — 3l
abced jabced
* 11;83 Ga- 832753204“3 - 113331942 + 93665460179) L Nif‘ (—21164’7 + 38450,
— 240083 + _56 8805 @55 +1644 - %53 - 96{2) + CRcinf( 1628795 e
@43 (692, 14, _ 1105044 _ 31340, 204539 394109)
27 9 9 243 729 1944
+ CrCaCrng(1626 - 31222 + 224 160432, - %4“4 688818253 + 28919 2= 81937427 5)
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21037
108

224“ . 388{ . 32152( 154814 L 28IS\ Lo (304 PP
—_— — — — n — —
g °3°27 Tg 4T 43 53T 7729 °2 7 17496 R=FTr\ 9~ 3 23527 g o4

=20+

1600 4424
+ CrCin f(—20046 - 8047 - G TAL ) + cRcAnﬁ(—nzgs

B 45684 2 16733y 1284 B @g _g( _ 16160
81 >~ 9 °27 486 Ry 27 243°% 7 81°% " 6561
dabedgabedy . (800 320 1600 640
+ RN—Zf(—Tg“a -G -SR0S n 25652) (18)

with Np = N and N4 = N2 — 1 denoting the dimensionality of the representation R.
Employing equation (17) for r = g gives the prediction
B® _ o (@{ N @( ¢ + { c 37477{ N 710 5 144674 B 35664 o+ %g
g T la|lTz37F 365 4637 g 0T T3 T T 95T T 2t o
L 48550, 242, 48443) (dgPed)?
27 27 486 Na

814
(280047 +320050 = 64y = —5- L6 — 10443

440

476 64 1727 836 , 931
-5 116835 — —54 — 67243 + 800, + —) + cj\nf(

L6 — —53 T(s

718 1601 12749 2579 176 1859 3
Dot - - - - -2 23
*5 BO 2 {4 77 14} Cz ) CACF”f( 5 e 77 )+Cp”f( )

3

dabcddabcd 296 488 664 320 224
%(_46 256{3 - —45 + 60843{2 + —44 + —{3 - 160(2 + T)

280 2182 34 22627
+ CE«CF”f(Té% + 232(32 —8045 =834 + _44 — G+ =0 m)

+

s of 8 200 289 37 1352 160 3910
+Cyny —555 - 3(3(2 —54 + —§3 —§2 Tl CACan 9 — 0+ 3

176 338\ (d@D’n (512 704 5 15

2.2

2 il IS I el U 1
+CF”f( g ¥ 27)+ Na ( 3977 ) Canj (243) Crrj (243) (19)

for the virtual anomalous dimension of the gluon. Bg) was derived in this way also in [22, 51, 52]
and we agree with their result.

4. Conclusions

We presented a complete calculation of the four-loop, non-singlet splitting functions in QCD.
In these proceedings, we discussed how this result can be used to derive the eikonal soft anomalous
dimension and the virtual anomalous dimension for both quarks and gluons. It is expected that the
computational method employed here can also be used to calculate the singlet splitting function.
The latter, however, requires additional ingredients for the renormalization due to the impact of
gauge-variant operators.
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