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The Mellin moments of the heavy-quark structure functions in deep-inelastic scattering are com-
puted at next-to-leading order in quantum chromodynamics, retaining the full dependence on the
heavy-quark mass throughout. Combining the optical theorem with the operator product expan-
sion, analytic expressions are obtained for the fixed Mellin moments N = 2 to 22 of the structure
functions F, and Fp at next-to-leading order. These results reproduce the known expressions
in the relevant asymptotic limits, in particular for photon virtualities Q> much larger than the
heavy-quark mass squared m?, and agree with existing parametrisations of the next-to-leading-
order coefficient functions. The principal outcome of this work, however, is the computational
framework itself, which has been designed to carry directly over to higher orders. Building on
the validated next-to-leading-order framework, work towards the next-to-next-to-leading-order
calculation is already underway, with first progress reported here.
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1. Introduction

Heavy-quark production in deep-inelastic scattering is a central probe of QCD and a key
constraint on parton distribution functions, particularly the small-x gluon, with charm and bottom
produced mainly through photon-gluon fusion. Precision data from HERA [1], and the anticipated
data from the future Electron-Ion Collider [2], push experimental uncertainties below the accuracy
of next-to-leading-order predictions [3, 4], making next-to-next-to-leading-order QCD corrections
necessary. The full QCD corrections to the heavy-quark coefficient functions are known at next-to-
leading order in numerical form [5-7], with analytic results available for the non-singlet [8, 9] and
pure-singlet [10] channels and in the asymptotic limit Q% > m? [11], while the gluon coefficient
functions are still only known numerically. At next-to-next-to-leading order, complete results exist
in the limit Q> > m? [12, 13], which combined with threshold [14, 15] and high-energy [16]
information yield approximate results for general kinematics [3, 15, 17, 18].

As a first step towards extending these results to next-to-next-to-leading order, the Mellin
moments of the structure functions are computed with full heavy-quark mass dependence, set up
and validated at next-to-leading order against existing results and the parametrisations of Ref. [6].
The proceeding lays out the formalism, computes the moments via two complementary methods (a
momentum expansion of the forward Compton amplitude and an alternative reduction that avoids
it), presents the results and consistency checks, and closes with an outlook towards next-to-next-to-
leading order.

2. Theoretical Background

2.1 Hadronic Tensor

The hadronic part of lepton—hadron scattering is assumed to involve n; light quarks and ny,
heavy quarks of mass m coupled to a vector boson through the conserved current

Ju =010y + nQyy o (1)

where Q1 and Qy, are the charge matrices describing the coupling to a vector boson such as the
photon. The hadronic tensor is the Fourier transform of the spin-averaged matrix element of two
currents,

1 : _
W, (p.q) = E/d“z e (pl I, (2)7,(0) Ip)y 2

where p is the hadronic momentum and g the boson momentum. The hadronic tensor is constrained
by Lorentz symmetry, parity, time-reversal invariance, and current conservation, and can therefore
be written as

1 1
va (p.q) = Eeﬂv(p, @ FL(p,q) + ﬂdyv(pa F(p,q), (3)
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where the F; denote the structure functions, accompanied by the symmetric and transverse tensors,
with the Bjorken scaling x = —¢?/(2pq),

qdud
e'uv(py CI) = gﬂv - I:IZV ) (43)
2x 4x?
dyv(p"])Z_P(pyqv"—q‘upv)_?pﬂpv_gpv' (4b)

2.2 Forward scattering amplitude

In the deep-inelastic limit —g> — oo the current correlator is dominated by the light cone
z> = 0, and the optical theorem relates the hadronic tensor to the imaginary part of the forward
scattering amplitude,

1
Wy (p.q) = 7, m Ty, (p.q), )

with the forward scattering amplitude

T (pg) =i / &'z (p| TAIT, ()], (0)) |p) . ©)

where 7 denotes the time-ordering operator. At leading twist, the forward amplitude admits an
expansion in terms of local operators, with the tensor structure once more constrained by Lorentz
symmetry, parity, and time-reversal invariance,

2\N 9,49,
5, 2 (3 oSt

N kefa,q.g}

(7
2 N 2
+ (8%(141% + 8990, ~ 8uv8a, 4 — gﬂlﬂzq#qv) G (q) (q ) ]

A1...4
X gy (P1OT N D)

The outer sum runs over the spin N, the inner sum over the local, symmetric, traceless, twist-two
operators of that spin, which split into quark non-singlet, quark singlet, and gluon operators,

Oa{,ul...,uN} _ lZ]/lla'y{ﬂliDﬂz .. -iD”N}lﬂl , ®)
Oq{,ul...,uN} _ lﬁl’y{'uliDm ... iD”N};bl , C))
Og{.ul---.uN} — glipre . ipEN-1GHENAY (10)

with 4] the flavour-group generators and D¥ the gauge-covariant derivative. In the parton model
only light-flavour operators enter, so heavy-quark operators are omitted. Neglecting hadronic mass
effects, each matrix element reduces at leading twist to a product of external momenta times a
reduced matrix element,

(plO N py = p A p AN (p) +O(p?). ()
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These hadronic operator matrix elements are non-perturbative. Substituting them into the expansion
and contracting the open indices, the forward amplitude takes the same tensor form as the hadronic
tensor,

N
Tw(p,q)=z Z ()1;) AN (p)

N ke{a,q,g}

e ChR(@) + d, Cl(@) | +0(p?).  (12)

from which the hadronic invariants are defined through suitable projectors,

Ti(p.q) =P (0. )Ty, (poq),  ke{2,L}. (13)

By exploiting the invariance of the forward scattering amplitude for vector-vector scattering under
crossing of the external bosons, and by applying the inverse Mellin transform of the operator product
expansion together with the optical theorem and crossing symmetry (see Ref. [19]), the hadronic
invariants can be related to the structure functions,

1
N-2 N AN .
/ dr xNPF(p.g) = ) AN, CN(g), ie{2L}. (14)
0 ke{a.,q.g}
Note that this relation fixes only the even moments of the structure functions. By analytic contin-
uation, however, all moments in the complex N-plane are determined once the even moments are
known.

2.3 Renormalisation

For the renormalisation we exploit the universality of the operator matrix elements and trade
the external hadronic states for partonic ones. The collinear singularities of the coefficient functions
are removed by mass factorisation, under the assumption that the coefficients admit a double series
expansion in the strong coupling a,, and the dimensional regulator & .

To renormalise the operator product expansion of the forward amplitude, the bare operators
are replaced by their renormalised counterparts, and hence the operator matrix elements by the
renormalised ones. In the leading-twist approximation, this yields the renormalised partonic
invariants,

1\v .
Ti,p(p,q>=2(;) >l zp AN (py,  ie{L2}, (15)
N J.k

where Z;; denote the renormalisation constants that relate the bare operators to the renormalised
ones, allowing for operator mixing. The operator matrix elements are computed in a momentum
subtraction scheme, so that their higher-loop contributions may be dropped once the partonic
momentum p is nullified and they reduce to the tree-level matrix elements. This completes the
renormalisation of the right-hand side of the forward scattering amplitude, namely its operator
product expansion.

The left-hand side is renormalised as follows. The strong coupling is renormalised in a theory
with n; + ny active flavours; since the mass factorisation is performed with n; flavours only, the
heavy quarks are subsequently removed through the decoupling relation. The heavy-quark mass is
renormalised by counterterm insertions, and wave-function renormalisation is required only for the
partons, to account for heavy-quark insertions in their propagators, but not for the external bosons,
whose QCD corrections enter only beyond the order considered here.
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3. Method

To efficiently compute fixed Mellin moments of the coefficient functions, the method of
projectors (see Refs. [20, 21]) is used to project onto individual terms in the operator product
expansion, as has been done previously for the calculation of moments of the massless coeflicient
functions [22, 23]. The harmonic projection operator is defined as

LHS g ()

; (16)

PuC) = 50 =2 apa . apem
p=0

where H, is a symmetric, traceless, and suitably normalised harmonic tensor.

By substituting the explicit expression for the Bjorken variable x, the N-th Mellin moment
of the operator product expansion, Eq. (12), or rather of the partonic invariants, can therefore be
defined,

TN q) = Pu(Th)

. 17
=Y Y A@zpAl )| oieqr2y. U7
jelaq.g} -

The Mellin moments of the coefficient functions can then be extracted by first computing the
left-hand side and subsequently applying mass factorisation to isolate their finite parts.

3.1 Computational Setup

Graphs contributing to the forward scattering amplitude of neutral currents (see Fig.1), that is
those with only mass-preserving vertices, are generated with the built-in graph generator in Form
[24, 25] and then processed in several steps. Form is also used for all algebraic computations, in
particular the colour and Lorentz algebra. In a first step, graphs that give rise to scaleless integrals
are dropped by identifying whether they are one-vertex connected; if so, it is checked whether the
removal of a vertex splits the graph into disjoint components, one of which carries neither a mass
nor an external momentum. Integral families are then assigned to each graph systematically. To this
end, the partonic momentum p is routed through the graph so that it traverses a minimal number
of edges, which reduces the number of terms generated by the harmonic projection. Next, all edge
momenta p, are decomposed into the edge momenta g, of the two-point functions and the parton
momentum. Up to three loops, a single set of edge momenta is sufficient to span the full basis of
scalar products and to cover all two-point graphs that may contribute. The sets of edge momenta

read
Ri={ki,ki+q}, (18)
Ro={ki,ki+q,ka,kr+q, ki —ka}, (19)
Ry ={ki,ki+q, ko, ko+q, ks, ks +q, ki — ko, ks — ko, ki — ko +k3} . (20)

In a further step, the integral families are minimised by constructing reference families, obtained by
dressing each edge momentum with a mass. The task of finding a minimal set of integral families
then reduces to a set-covering problem, in which the universe is spanned by all propagator sets
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occurring in the problem and the covering sets are the reference families constructed here. The
integral families needed to study the neutral current are

BYC — {810,511 e
BZNC = {82,0,82,7,82,30} ’ -
BYC = {830, B3.27. B3,103: B3.414- B3 482, B3.505 } » (23)

where the mass assignments are given in binary notation by converting the second decimal subscript
to its binary representation. This procedure gives an exact minimum of integral families. Similar
steps where undertaken for the charged current, where the only new contributions contain mass
changing vertices.

", o Ty sy

X

0" e 0T e,

Figure 1: Typical contribution to the forward scattering amplitudes in the gluon channel. Heavy quark lines
are depicted in green. The vector boson carries momentum ¢, and the gluon p.

4. Master Integrals

The resulting amplitudes are reduced using an implementation of the Laporta algorithm in
Kira [26]. For the master integrals we focus on the three-loop contributions. Across all integral
families we find in total 171 master integrals for the neutral current and 243 for the charged current.
Symmetries relate integrals across the different families, and after accounting for them 65 unique
master integrals remain in the neutral current and 57 in the charged current. All master integrals
are chosen to have only good denominators, that is, all denominators factorise over the rational
numbers into factors that depend on the kinematic invariants and factors that depend only on the
dimensional regulator.

Many of these master integrals have appeared before in the literature, in the context of vacuum
polarisation [27] and the electron self-energy in QED [28]. Some, however, are genuinely new
and do not occur in QED computations (see Fig. 2). The reason is twofold: certain cancellations
enforced by Furry’s theorem in QED are absent in QCD, and the QCD vertex structure is richer
owing to the non-abelian vertices, which at the level of the master integrals give rise to trivalent
vertices with three massless lines.

All master integrals are computed by deriving an e-factorised form of their differential equa-
tions [29]. For the purely polylogarithmic sectors this factorised form is obtained with Canonica
[30], whereas for the elliptic sectors we employ the method of splitting the Wronskian matrix into
its semisimple and unipotent parts [31].

For both the neutral and the charged current, not all master integrals are polylogarithmic. In the
neutral current there is a single elliptic sector, namely the three-loop banana subtopologies, whose
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Picard—Fuchs operator is associated with a K3 surface [32]; further sectors become elliptic through
their inhomogeneous coupling to this three-loop banana sector. Here the Picard—Fuchs operator is
the perfect square of an operator tied to an elliptic curve. For the charged current there are four
elliptic sectors, whose Picard—Fuchs operators are all tied to the two-loop banana graph. Further
details on the master integrals are given in Ref. [33] in the context of QCD two-point functions.

X e e X

Figure 2: New Topologies exlcusive to QCD contributing to the three loop Mellin moments that are either
absent in QED or vanish there due to Furry’s theorem

5. Conclusion

In this work we have outlined the status of the computation of the coefficient functions for the
vector—vector contributions up to next-to-next-to-leading order. At present, all master integrals have
been computed analytically for both the charged and neutral currents through next-to-next-to-leading
order, and the assembly of the Mellin moments is underway.

At next-to-leading order, the computed moments [34] agree with the existing literature, both
in the asymptotic limit Q%> > m? and with the semi-analytical parametrisations of the heavy-
quark coefficient functions of Refs. [6, 9], with the gluon channel reproduced at the permille level
corresponding to the quoted accuracy of those parametrisations.
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