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QED self-energies up to four loops Felix Forner

1. Introduction

The anomalous magnetic moment of the electron (g — 2) is known not only as an important
physical observable, but also for its formally interesting analytical structure, where special numbers
connected to Calabi-Yau (CY) geometries appear [1-5]. Since the (g —2) is computed from an on-
shell three-point function, where the external photon carries a vanishing (Euclidean) momentum,
the corresponding Feynman integrals are expected to live in the same integral families relevant
for the electron self-energy. Computing the latter as an off-shell quantity is thus a natural related
problem to study, and we expect more general functions beyond polylogarithms to appear, which,
in special kinematic limits, produce the type of transcendental constants observed in the (g — 2).

A priori, integrals associated to CY geometries are certainly expected to appear through banana
integrals. In our case, any propagator is either massless or carries the electron mass. Thus, any
banana integral that may appear can carry n < /+1 lines with an equal non-vanishing mass, and some
number of additional massless lines. For such banana integrals, the geometry is solely determined
by the number of massive lines. In particular, for n massive lines, the associated geometry is an
(n — 2)-dimensional CY geometry [6-8].

Due to mass conservation in the QED vertex, it follows to all loop orders that any graph for
the electron self-energy only admits cuts where an odd number of massive lines are cut. It then
follows that banana integrals can only contribute to the electron propagator with odd-dimensional
CYs. The natural counterpart to consider in addition to the electron propagator is, of course, the
photon propagator. Here, conversely, any cut involves even numbers of massive lines, such that
only banana integrals with even-dimensional CYs can appear. It is, however, important to keep in
mind that this reasoning only applies to contributions from banana integrals. It does not exclude
the appearance of other graphs with non-trivial geometries that may break this pattern at high loop
orders. Nonetheless, this is consistent with all results available currently: The QED self-energies at
one loop and the two-loop photon self-energy are only polylogarithmic and trivial from that point
of view. While the two-loop electron self-energy, where elliptic integrals (corresponding to a 1-
dimensional CY) were observed for the first time in perturbative QFT [9], was tackled already long
ago and revisited for a full analytical treatment [10] much later, also the three-loop contributions
to the QED self-energies are known fully analytically since recently [11, 12]. At three loops, the
electron self-energy is again elliptic, while one finds a K3 surface (two-dimensional CY) for the
photon. First partial results for the electron self-energy at four loops involve not only an elliptic
geometry, but also a Calabi-Yau threefold.

The fact that it was possible to push these computations to rather high loop order is also due to
the dependence on a single dimensionless variable, the ratio of the squared incoming momentum
and the mass squared, which removes some of the extra computational complexity common in
higher-point amplitudes. The goal of this contribution is to review the results for the QED self-
energies up to three loops and present results for a first integral family at four loops. Before turning
to the self-energies in section 4, however, we first recap the general workflow and the concept of
canonical bases.
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2. General workflow

We follow the usual general workflow in the computation of scattering amplitudes in pertur-
bative quantum field theory. After generating all contributing Feynman diagrams with QGRAF [13],
we perform a tensor reduction of the corresponding amplitude with FORM [14—16], such that all oc-
curring Feynman integrals are scalar and the tensor structures are fully contained in the coefficients.
Next, we map all scalar integrals present in the amplitude to integral families. Finally, we generate
symmetry and integration-by-parts (IBP) relations with Reduze 2 [17, 18], Kira 2 [19-21] and
the private code Finred based on finite field sampling [22, 23]. This allows us to reduce all
integrals to a minimum set of master integrals, I , for which we derive differential equations with
respect to the kinematic variables [24-26]. In the case of the QED self-energies, there is only one
dimensionless variable, which we define as x = p?/m?, where p is the incoming momentum and
m the electron mass. Furthermore, we rescale all integrals by an appropriate power of m? to make
them dimensionless. This is equivalent to setting m? = 1. The system of differential equations may
then be written as

d7 (x)
dx

where A is a rational matrix and the dimensional regulator € is defined in terms of the space-time

= A(x;e)f, (D

dimension D as D = 4 — 2e. Our goal is now to compute I (x) as a Laurent expansion in the
dimensional regulator around € = 0.

In general, the dependence on € can be very complicated. Thus, our strategy will be to find a

canonical basis [27, 28], fc, where € appears fully factorized as

% = eAc(ic. @)
For a canonical basis, we further require that there are only simple poles in the differential equation
and all differential forms to be independent, in order to avoid hidden relations among them.

Once we have found a canonical basis, it is trivial to write down the solution as a Laurent
expansion in € in terms of formal iterated integrals. We may also derive local series expansions
around any point in kinematic space. What is still left to do is fixing the boundary constants.
One convenient option is to compute them numerically with high precision, for example, with
AMFlow [29, 30]. Then, if possible and desired, one may find the corresponding expression in terms
of analytical constants with an integer relation algorithm PSLQ [31].

In this contribution, we will focus on the aspect of constructing canonical bases. In particular,
we first recap the concept of canonical bases for polylogarithms and then apply it to the QED
self-energies, where more general classes of functions make their appearance.

3. Canonical bases and integrand analysis for polylogarithms

Feynman integrals that evaluate to Multiple Polylogarithms [26, 32-34] (MPLs) are canonical
if they can be written as iterated integrals over logarithmic differential forms (dlog forms) with a
constant prefactor, which we commonly call integrals with unit leading singularities [28, 35-37].
These integrals have two special properties, referred to as purity and uniform transcendental weight.
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To give a very simple example of integrand analysis and computing a leading singularity, let us
consider the one-loop equal-mass bubble integral in two dimensions. In Baikov representation [38—
42], it reads

1
I ~ / dzidzo .
2122Vx2 = 2x(21 + 22 + 2) + (21 — 22)?

3)

Now we can analyze the analytic structure of the integrand. Starting in z; with z, fixed, there is a
pole and a branch cut. We would now like to consider all independent closed integration contours,
but since the two available ones are connected through the global residue theorem, it is enough to
consider one of them. Choosing the pole for simplicity, this just amounts to taking the residue at
71 = 0. Afterwards, we are left with a pole and a residue in the remaining integration variable, z,.
Repeating the same procedure, we take the residue at zo = 0. Overall, this amounts to

Resz, -0 1 Resz,-0 1

I —> /dZ2 —_— —
22\/)(2 —2xz9 —4x + z% vx(x —4)

which gives the leading singularity. Indeed, multiplying the bubble integral in D = 2—2¢ dimensions
with 4/x(x — 4), to make the leading singularity constant, makes it canonical. This can be verified
easily on the level of the differential equation. Intuitively, analyzing the integrand at € = 0 was

“

enough here since this sets a factor of the form (...)"€ to unity, whose expansion only gives extra
logarithms. Note, however, that this is more subtle for integrands with higher poles.

Next, we will discuss the self-energies in QED, with a focus on Feynman integrals that evaluate
to functions beyond polylogarithms.

4. QED self-energies at high loop orders

In this section, we discuss the self-energies in QED up to three loops, plus first partial results
at four loops. We will focus on the most interesting aspects and, as such, skip the one-loop
contributions as well as the two-loop photon self energy, as these examples are rather simple and
only involve MPLs. Thus, let us start with the electron self-energy at two loops.

4.1 Two-loop electron self-energy

The first complete analytic computation of the two-loop electron self-energy was presented
in [10]. After tensor and IBP reduction, one finds eight master integrals in six different sectors,
whose corresponding graphs are shown in fig. 1.! The new feature arises from the third sector, the

iﬂl& Eo - X<

Figure 1: The six topologies that contribute to the electron self-energy at two loops. Here and throughout
this contribution, solid (dashed) lines represent massive (massless) propagators.

These and all other Feynman diagrams in this work were illustrated with JaxoDraw [43].
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equal-mass sunrise graph. The maximal cut of the corner integral (where all propagator powers are
1) in D = 2 dimensions in Baikov representation reads

®)

MC (ID=2

1 ~ 1
. )N/dz\/z(z—4)((z—1)2—2x(z+1)+x2) _‘/dZ,/Péii(z;x)’

where we encounter the square root of a fourth-order polynomial in the integration variable z. This
introduces a new geometry to our problem, a family of elliptic curves defined through

¥ =PP (zx). (6)

Sun
It is well-known that this geometry comes with two additional forms, which we can choose as
d d
= g
4 4
VP (z:%) P (z:x)

Here, the first form is holomorphic and the second one is characterized by a double pole, which

(N

one can generate by taking the derivative of the holomorphic form. These two forms are usually
referred to as forms of the first and second kind, respectively. Additionally, the elliptic geometry
comes with two periods, @ and @», that we obtain by integrating the holomorphic form along two
independent cycles.

As we saw in eq. (5), the corner integral corresponds to the form of the first kind. A good
starting basis in this case thus consists of the corner integral and its derivative, Zgy, and 0y Jsy,. We
also refer to this basis as the derivative basis. From here, constructing a canonical basis on such a
non-trivial geometry still requires some extra steps that were not necessary in the polylogarithmic
case (corresponding to the geometry of a punctured Riemann sphere). Here, we will briefly review
the method based on the splitting of the period matrix [44, 45].> The basic idea behind the method
is to split the period matrix into a so-called semi-simple and unipotent part,

w0 @ | _ [ @o 0 . 1 %(1) ®
0,y Oy 0@ %0 0 1]/
[ —
W WSS Wu

where A denotes the determinant of the period matrix, which is a rational function that can easily be
computed from the second-order differential equation defining the periods. In eq. (8), the unipotent
part can be thought of as the generalization of the logarithm in the MPL case, and the semi-simple
part as the generalization of the leading singularity that needs to be removed to make the integral
canonical. A canonical basis can then be obtained by rotating the derivative basis with W',
followed by an e-rescaling and a final “cleanup”, typically performed on the level of the differential
equation. This method has been successfully applied to a wide number of problems. It is important
to note that canonical bases obtained in this way locally behave like canonical bases in the MPL
case, in a kinematic limit where the geometry degenerates to the Riemann sphere. Recently, this
method has also been understood more directly in terms of an integrand analysis and connected to
the notion of leading singularities [48].

ZWhile not discussed here, we would also like to point the reader to the method proposed in [46, 47].
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The other sectors relevant for the two-loop electron self-energy are all polylogarithmic on their
maximal cut, and a simple integrand analysis similar to the one of section 3 suffices to construct a
full canonical basis. We will therefore conclude the two-loop discussion here and move on to three
loops.

4.2 Three-loop electron self-energy

N 4 N S
N 7’ N A

Figure 2: Top sectors for the electron self-energy at three loops.

The electron self-energy at three loops was computed analytically in [11]. There are two top
sectors corresponding to the graphs in fig. 2. In total, there are 51 master integrals that form 31
sectors. The four of them shown in fig. 3 are elliptic on their maximal cut. They all turn out to
correspond to the same family of elliptic curves as the sunrise discussed before, defined by eq. (6).
While this is rather obvious for the first three graphs in fig. 3 since they are simply banana integrals
(possibly with a factorized bubble or tadpole), it is not immediately transparent for the last one.

Since there is no new geometry here, we will not go into further detail at this point. A canonical
basis can be obtained with the methods discussed in the previous sections.

e LT

Figure 3: Sectors that are elliptic on the maximal cut.

4.3 Three-loop photon self-energy

Figure 4: Top sectors for the photon self-energy at three loops.

The photon self-energy at three loops was computed analytically in [12]. It can be reduced to
36 master integrals in 21 sectors, with the top sectors drawn in fig. 4. If we again analyze all the
maximal cuts, we find that there is only one sector with a non-trivial geometry: the equal-mass,
three-loop banana graph. On the maximal cut, the integrand of the corner integral is of the form

dz1dzp

VPW (21,225 %)

where P®) (z1, z2;x) is a polynomial of fourth order in both integration variables z; and z,. This

€)

indicates that the problem involves the geometry of a one-parameter K3 surface. As a natural
generalization of the elliptic case, the geometry comes with three periods, @y, 2, and three extra
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differential forms. In this case, they are the holomorphic form in eq. (9) and two forms with higher
poles, for which we may use a single and a double derivative of the holomorphic one. To obtain
a canonical basis for the banana sector, we may again apply the steps described in section 4.1: we
split the period matrix and rotate with the inverse semi-simple part, followed by an e-rescaling and
a final “cleanup” rotation.

An interesting new feature here in comparison to the lower loop orders is that, to e-factorize
the remaining sectors, we need to introduce the three additional transcendental “G”-functions

X X

(u —8)(u + 8)3wy(u)? 8G(u)
G = — d . G = d D
1) / - 16)2(u— 472 () Y@ = (16 = wyumo ()

(10)

X

(u +2)wy(u)
Gs = [T
0

This is a common feature for canonical bases beyond polylogarithms.

4.4 A first integral family for the electron self-energy at four loops

Figure 5: The top sector of an integral family contributing to the electron self-energy at four loops.

Finally, we discuss a first integral family contributing to the electron self-energy at four loops.
This family has 160 master integrals in 72 sectors with up to six masters per sector, and the top sector
is shown in fig. 5. We have derived a complete canonical basis for this integral family, together with
numerical boundary values obtained with AMFlow. At the MUM-point at x = oo, the numerical
boundary values can all be matched to known analytical constants associated to polylogarithms.

The most complicated geometry is a Calabi-Yau threefold that enters the problem through the
four-loop, equal-mass banana graph. The geometry comes with a holomorphic differential form and
three forms with higher poles. A canonical basis can again be obtained by splitting the period matrix
as outlined before. One complication here is that there are also several elliptic sectors, enabling
couplings between different non-trivial geometries. Modulo graphs with a factorized banana, all
graphs with elliptic curves on the maximal cut are drawn in fig. 6. Strikingly, all geometries we
encounter here are described through the same polynomial as for the sunrise graph, see eq. (6).
There is one more sector with a non-trivial geometry: the “cateye” graph of fig. 7, whose structure
is closely related to the ice cone graphs studied in [49]. We find two families of elliptic curves,
defined by
(z:2-x), y?=pY

Sun

32 = p®

Sun

(z:x7"). (11)

Comparing to the geometry of the sunrise in eq. (6), we see that the second arguments appearing
in the polynomial are related by Mobius transformations. Therefore, these are three different
parametrisations of the same family of elliptic curves.
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Figure 7: The cateye graph. There are two elliptic curves on the maximal cut.

This four-loop computation is also very interesting in order to better understand the additional
G-functions necessary for e-factorization. Around 40 such functions are required here, which
provides us with plenty of useful data to study them. For a collection of insightful examples from
or inspired by self-energy computations in QED and scalar theories, see [48].

5. Conclusion

In this contribution, we reviewed the method of canonical differential equations for multi-loop
Feynman integrals. We applied it to the self-energies in QED up to four loops, where increasingly
complicated geometries appear, associated with functions beyond multiple polylogarithms. The
four-loop computation is particularly interesting due to the couplings of several non-trivial geome-
tries and the appearance of a much larger set of additional transcendental functions compared to
lower loop orders. While we focused on self-energies in QED here, the methods discussed apply to
a wide range of multi-loop computations relevant for particle physics and gravity.
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