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1. Introduction

The reduction of a large family of Feynman integrals to a small set of master integrals is
indispensable in multiloop calculations. It enters both the construction of differential equations and
numerical methods such as auxiliary mass flow [2–4]. Integration-by-parts (IBP) identities [5, 6]
make the reduction algorithmic, while the Laporta algorithm [7] turns it into the solution of a
large linear system. This strategy underlies mature programs such as FIRE, Reduze, LiteRed and
Kira [8–11]. Finite-field reconstruction and structure-based generation or selection of IBP relations
have greatly extended their reach [12–16]. Nevertheless, for multiscale and multileg families the size
and algebraic complexity of the system can still make reduction the bottleneck of the calculation.

Intersection theory offers a different organization of the same problem. Its application to
amplitudes and Feynman integrals has developed from one-variable examples and maximal cuts to
complete multivariate reductions [17–21]. It has also led to new ways of constructing canonical
integrals and of computing intersection numbers through algebraic and polynomial methods [22–26].
The reduction coefficients are obtained directly from pairings in twisted cohomology, without
constructing a global Laporta system. The remaining obstacle is that a multivariate pairing is
normally evaluated one variable at a time; the number of recursive layers, together with the treatment
of subsectors and regulators, can then become prohibitive.

The branch representation addresses precisely this obstacle in Feynman-parameter space.
Propagators with the same quadratic dependence on loop momenta are collected into a branch, and
the parameters inside each branch are first reduced at fixed branch variables. This inner reduction
has a one-loop-like structure [27–29] and leaves at most 3𝐿 − 3 variables for an 𝐿-loop graph with
𝐿 ≥ 2 [1]. The resulting master fixed-branch integrals provide a layer-zero basis, so that intersection
theory is required only for the remaining branch variables.

Following Ref. [1], we present the method through a concrete worked example, making its
implementation explicit while highlighting the practical limitations of multivariate intersection
calculations.

The remainder of this article is organized as follows. Section 2 reviews recent methods for
computing multivariate intersection numbers and their practical bottlenecks. Section 3 introduces
intersection-theory reduction in the branch representation and illustrates its implementation with a
concrete example. Section 4 summarizes the results and discusses how the dependence on a chosen
dual basis might be removed.

2. Intersection theory

2.1 IBP reduction in twisted cohomology

Let a family of generalized hypergeometric integrals be written as

𝐼 [𝜑] =
∫
C
𝑢(𝒛) 𝜑(𝒛). (1)

Define ∇𝜔 = d +𝜔∧ and 𝜔 = d log 𝑢. Since 𝑢∇𝜔𝜉 = d(𝑢𝜉), the integral in Eq. (1) is invariant under
the replacement 𝜑 ↦→ 𝜑 + ∇𝜔𝜉. We therefore impose the equivalence relation 𝜑 ∼ 𝜑 + ∇𝜔𝜉. Each
resulting equivalence class, denoted by ⟨𝜑 |, can be regarded as an element of a finite-dimensional
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twisted cohomology group. Under generic conditions, its dimension 𝜈 is the number of isolated
zeros of the connection one-form 𝜔 in the relevant domain, counted with multiplicity [20, 30]. Given
a basis {⟨𝑒𝑖 |}𝜈𝑖=1 of this group, any class admits the expansion

⟨𝜑 | =
𝜈∑︁
𝑖=1

𝑐𝑖 ⟨𝑒𝑖 | , (2)

which is precisely an IBP reduction, with the basis elements ⟨𝑒𝑖 | corresponding to master integrals.
If {|ℎ 𝑗⟩}𝜈𝑗=1 is a basis of the dual cohomology space, the nondegenerate pairing between the two
spaces gives the reduction coefficients as

𝑐𝑖 =

𝜈∑︁
𝑗=1
⟨𝜑 |ℎ 𝑗⟩ (𝑪−1) 𝑗𝑖 , 𝐶𝑖 𝑗 = ⟨𝑒𝑖 |ℎ 𝑗⟩ . (3)

The pairings in Eq. (3) are called intersection numbers, and 𝑪 is the intersection matrix. Thus a
global Laporta system never appears, but the computational task is transferred to the evaluation of
these pairings. For a multivariate integral they are computed recursively along a chosen order of
variables. We next describe their recursive computation.

2.2 The recursive formula

Multivariate intersection numbers are evaluated recursively, one variable at a time [20, 21, 31].
Choose an order (𝑧1, . . . , 𝑧𝑛). At layer 𝑚, the first 𝑚 − 1 variables have already been treated, 𝑧𝑚 is
the active variable, and 𝑧𝑚+1, . . . , 𝑧𝑛 are regarded as external parameters. Let ⟨𝜑 (𝑚)

𝐿
| and |𝜑 (𝑚)

𝑅
⟩

denote, respectively, a twisted-cohomology class and a dual twisted-cohomology class at this layer,
and let {⟨𝑒 (𝑚−1)

𝑖
|} be a basis at layer 𝑚 − 1.

Since the layer-(𝑚 − 1) intersection numbers are already known, the projection formula (3) can
first be used to decompose the left class as

⟨𝜑 (𝑚)
𝐿
| =

𝜈𝑚−1∑︁
𝑖=1

𝜙
(𝑚)
𝐿,𝑖
(𝑧𝑚) ⟨𝑒 (𝑚−1)

𝑖
| ∧ d𝑧𝑚, (4)

where the dependence on 𝑧𝑚+1, . . . , 𝑧𝑛 is left implicit. The same projection gives the connection of
the layer-(𝑚 − 1) basis along 𝑧𝑚. Writing ∇𝑧𝑚 = 𝜕𝑧𝑚 + 𝜔𝑚, where 𝜔𝑚 is the d𝑧𝑚 component of 𝜔,
we have

⟨∇𝑧𝑚𝑒
(𝑚−1)
𝑖

| =
𝜈𝑚−1∑︁
𝑗=1

Ω
(𝑚)
𝑖 𝑗
(𝑧𝑚) ⟨𝑒 (𝑚−1)

𝑗
| . (5)

To compute the layer-𝑚 intersection ⟨𝜑 (𝑚)
𝐿
|𝜑 (𝑚)

𝑅
⟩, three ingredients are therefore required:

1. the projection coefficients 𝝓 (𝑚)
𝐿

in Eq. (4);

2. the connection 𝛀(𝑚) in Eq. (5);

3. the lower-layer pairings ⟨𝑒 (𝑚−1)
𝑖

|𝜑 (𝑚)
𝑅
⟩ with the right form.

The first two ingredients determine a local function 𝝍 (𝑚)
𝐿

through the differential equation(
𝛿𝑖 𝑗𝜕𝑧𝑚 +Ω

(𝑚)
𝑗𝑖
(𝑧𝑚)

)
𝜓
(𝑚)
𝐿, 𝑗
(𝑧𝑚) = 𝜙 (𝑚)𝐿,𝑖

(𝑧𝑚). (6)
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Pairing this solution with the third ingredient and summing the local residues gives

⟨𝜑 (𝑚)
𝐿
|𝜑 (𝑚)

𝑅
⟩ =

∑︁
𝑝∈P𝑚

Res𝑧𝑚=𝑝

[
𝜓
(𝑚)
𝐿,𝑖
(𝑧𝑚) ⟨𝑒 (𝑚−1)

𝑖
|𝜑 (𝑚)

𝑅
⟩
]
, (7)

where P𝑚 contains the finite poles of 𝛀(𝑚) and infinity. Repeated basis indices are summed. The
computation of an intersection number is thus reduced to the residue calculation in Eqs. (6) and (7).

2.3 From residues to linear systems

The sum of local residues in Eq. (7) can first be reorganized as a sum of global residues [24, 25, 31].
Each global residue collects all roots of one irreducible polynomial factor 𝐵(𝑧𝑚) in the least common
denominator of 𝛀(𝑚) ; the residue at infinity is added separately. The individual roots of 𝐵 therefore
never need to be found.

A global residue can be evaluated directly by polynomial division [24, 25]. The required local
solution is expanded in a finite polynomial basis, so that Eq. (6) becomes a linear system whose
solution directly gives the corresponding global residue. This reduction is particularly transparent
in the companion-matrix formulation, where polynomial multiplication and differentiation are
represented by matrices and the entire calculation becomes finite-dimensional linear algebra [26].

Concretely, when computing the global residue associated with a polynomial 𝐵, polynomial
division translates the three ingredients of Sec. 2.2 into three matrix blocks, denoted by Φ𝐿 , ∇Ω,𝐵

and Φ𝑅, respectively. They are assembled into an augmented matrix and row-reduced as(
1𝑛𝑅 Φ𝑅 0
0 ∇Ω,𝐵 Φ𝐿

)
−→

(
1𝑛𝑅 0 I (𝐵)

𝑅𝐿

0 ∗ ∗

)
. (8)

This organization computes an entire collection of intersection numbers at once. For a fixed 𝐵,
∇Ω,𝐵 is the companion-matrix representation of 𝜕𝑧𝑚 + 𝛀(𝑚) induced by 𝐵. It is common to all
requested pairings and supplies the main coefficient block for the row reduction. The first ingredient
maps each left form to a column of Φ𝐿 , while the third maps each right form to a row of Φ𝑅. Row
reduction eliminates the Φ𝑅 block and produces I (𝐵)

𝑅𝐿
in the upper-right corner. This block contains

all requested global residues associated with 𝐵. Summing these blocks over all polynomial factors
and adding the contribution at infinity gives the matrix of requested intersection numbers, with each
entry corresponding to one pairing.

The cost of the row reduction comes from eliminating the Φ𝑅 rows against ∇Ω,𝐵. The Φ𝐿

columns form a trailing block: they follow the same row operations without affecting the elimination
pattern and record the resulting global residues. Importantly, the layer-(𝑚 − 1) basis can be ordered
by sector, in which case the differential-equation matrix 𝛀(𝑚) naturally takes a block-triangular form.
Its companion-matrix representation ∇Ω,𝐵 is therefore sparse and block triangular. Let 𝑁 denote the
scalar size of the full augmented problem and ⟨𝑛⟩ an upper bound on the diagonal-block size. The
total cost of the row reduction is bounded by

O
(
⟨𝑛⟩𝑁2

)
, (9)

which becomes effectively quadratic in 𝑁 when the sector blocks remain bounded [1].

4



P
o

S
(

L
L

2
0

2
6

)
0

4
0

Intersection-theory reduction from the inside out Ziwen Wang

2.4 Intersection theory in the LP representation

Up to normalization factors, the Lee–Pomeransky representation of an 𝑁-propagator family
is [30]

𝐽 (𝒂) =
∫
R𝑁+

d𝑁 𝒚 G(𝒚)−𝑑/2
𝑁∏
𝑖=1

𝑦
𝑎𝑖−1
𝑖

, G = U + F . (10)

It is already a generalized hypergeometric integral, so intersection theory applies directly.
For illustration, consider the simple massless two-loop bubble diagram in Fig. 1. With 𝑝2 = 𝑠

and 𝑦𝑖 assigned to propagator 𝑖 as shown in the figure, its Symanzik polynomials are

U = (𝑦1 + 𝑦2) (𝑦4 + 𝑦5) + 𝑦3(𝑦1 + 𝑦2 + 𝑦4 + 𝑦5), (11)
F = − 𝑠

[
𝑦3(𝑦1 + 𝑦4) (𝑦2 + 𝑦5) + 𝑦1𝑦5(𝑦2 + 𝑦4) + 𝑦2𝑦4(𝑦1 + 𝑦5)

]
. (12)

The example has only five Feynman parameters, yet a direct LP calculation already requires five
recursive intersection layers.

Figure 1: The massless two-loop bubble diagram.

A complete reduction must include pinched propagators. In the LP representation the coordinate
hyperplanes 𝑦𝑖 = 0 are already boundary divisors, so relative cohomology is the geometrically
natural language [25, 32]. For example,

𝐽 (1, 1, 1, 1, 0) ←→
∫
R5
+

d5𝒚 𝛿(𝑦5) G(𝒚)−𝑑/2. (13)

The delta form restricts the integral to the face 𝑦5 = 0 and therefore represents the sub-sector without
taking a singular limit. More generally, a sector is a class in a relative twisted cohomology group
whose boundary is the union of the required coordinate faces.

One can instead embed every sector into an absolute top-sector problem by analytic regulariza-
tion [24]. The basic distributional identity is

𝛿(𝑦𝑖) = lim
𝜌𝑖→0

𝜌𝑖 𝑦
−1+𝜌𝑖
𝑖

. (14)

In practice one includes generic factors
∏

𝑖 𝑦
𝜌𝑖
𝑖

in the twist, computes the absolute-cohomology
intersections at generic 𝝆, and extracts the appropriate Laurent coefficients as 𝜌𝑖 → 0. This gives a
single top-sector basis and a uniform code path.
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2.5 Bottlenecks of intersection reduction

In principle, intersection theory can deliver a complete reduction. In practice, however, direct
variable-by-variable intersection calculations have not yet become practical for complete reductions
of complicated Feynman-integral families. The central problem is the number of recursive layers.
For the two-loop pentabox in Fig. 2, the Baikov representation [33] requires eleven layers, while
even the more economical LP representation [30] still requires eight [1].

2

3

4

1

5

8

6

7

Figure 2: The two-loop pentabox diagram.

With relative cohomology, this depth translates into a proliferation of separate fibration
problems. For each required face one must determine its dimension, select bra and ket bases,
construct a new connection 𝛀, factor its denominators and solve new systems of the form (8).
At the next layer, intersections on the boundary of that face are themselves relative problems.
A multilayer reduction therefore entails a large collection of independent relative-cohomology
problems and a correspondingly large number of independent linear systems. Solving these systems
is computationally demanding, while automating their construction, organization and bookkeeping
is itself a substantial programming challenge. Moreover, individual relative problems may exhibit
their own mathematical degeneracies, which must be diagnosed and treated case by case.

Compared with relative cohomology, analytic regularization avoids entering the individual
subsectors and constructing separate linear systems for each of them. All subsector information is
instead encoded in the connection 𝛀 of the regulated top sector. The price is the introduction of
several analytic regulators. They enter 𝛀, its pole factors, the polynomial-division systems and the
reconstructed coefficients at every layer, causing symbolic expressions to grow rapidly and making
the calculation computationally expensive. Limits that simplify only after cancellations must also be
propagated through all preceding layers.

Relative cohomology thus proliferates linear systems, whereas analytic regularization produces
increasingly complicated symbolic expressions. When the recursion spans many layers, an
intersection calculation cannot avoid one difficulty or the other. This motivates starting the reduction
further inside.

6
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3. Intersection-theory reduction in the branch representation

3.1 Fixed-branch integrals

The branch representation was introduced in Ref. [28]. An inverse propagator takes the form

𝐷𝑖 = ℓ 𝑇𝐴𝑖ℓ + 2𝑸𝑖 · ℓ + 𝐶𝑖 , (15)

where ℓ collects the loop momenta. Propagators with the same quadratic matrix 𝐴𝑖 belong to the
same branch; they differ only by external-momentum shifts and masses. For each branch 𝑏, define
the branch variable

𝑋𝑏 =
∑︁
𝑖∈𝑏

𝑦𝑖 . (16)

The number of branch variables is bounded solely by the loop order. For 𝐿 ≥ 2, it satisfies
𝐵 ≤ 3𝐿 − 3 [1]. Thus 𝐵 ≤ 3 at two loops, and both examples considered here have 𝐵 = 3.

For the bubble diagram in Fig. 1,

𝑋1 = 𝑦1 + 𝑦2, 𝑋2 = 𝑦3, 𝑋3 = 𝑦4 + 𝑦5. (17)

For the pentabox in Fig. 2, the branch variables are [1]

𝑋1 = 𝑦1 + 𝑦2 + 𝑦3 + 𝑦4, 𝑋2 = 𝑦5, 𝑋3 = 𝑦6 + 𝑦7 + 𝑦8. (18)

In both figures, the branches 𝑋1, 𝑋2 and 𝑋3 are shown in blue, red and green, respectively.
Inserting these definitions into the Feynman-parametric integral gives

𝐽 (𝒂) =
∫
R𝐵+

d𝐵𝑿 𝐾 (𝒂; 𝑿), (19)

where the fixed-branch integral (FBI) is

𝐾 (𝒂; 𝑿) =
∫
R𝑁+

d𝑁 𝒚 G−𝑑/2
𝑁∏
𝑖=1

𝑦
𝑎𝑖−1
𝑖

𝐵∏
𝑏=1

𝛿

(
𝑋𝑏 −

∑︁
𝑖∈𝑏

𝑦𝑖

)
. (20)

At fixed 𝑿, the loop-momentum quadratic form is constant and the remaining parameter dependence
is one-loop-like. The FBIs can therefore be reduced by short algebraic recurrences without computing
intersections in the individual 𝑦𝑖 [1, 27–29].

3.2 Inner reduction

We continue with the massless bubble in Fig. 1. Its fixed-branch integrals reduce to the following
nine masters:

11111 11101, 11110 10111, 01111 10110, 01101 10101, 01110

Figure 3: The nine master FBIs. A word 𝑎1𝑎2𝑎3𝑎4𝑎5 denotes the five propagator indices.
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Symmetry-related FBIs are nevertheless retained as distinct masters because they represent
different elements of the cohomology group. We denote a generic FBI by K (0) [𝒂] and the master
FBIs by K (0) [𝝁]. Their one-loop-like structure allows the reduction

K (0) [𝒂] =
∑︁
𝝁

𝑃𝒂,𝝁 (𝑿)K (0) [𝝁] , (21)

to be obtained rapidly through algebraic recurrences, where 𝑃𝒂,𝝁 denote the reduction coefficients.
Viewed in the conventional layer-by-layer intersection framework, obtaining the same projection
would require intersection numbers through all five 𝑦𝑖 layers. Here it is available at essentially no
intersection cost and without any multilayer calculation. This suggests the central question of the
branch construction: can the intersection recursion start here? The answer is yes.

This is why we assign the superscript (0) to the FBIs and refer to them as inner-layer integrals.
From this viewpoint, all intersection tasks involving the inner variables 𝑦𝑖 have already been
completed by the FBI reduction. We therefore turn directly to layer 1, where 𝑋1 is the active variable
in the intersection calculation.

3.3 Layer-1 intersection numbers

In what follows, the same symbolK (𝑚) [𝒂] is used for a layer-𝑚 integral and for its corresponding
twisted-cohomology class ⟨K (𝑚) [𝒂] |. At layer 1, we write K (1) [𝒂] = K (0) [𝒂] ∧ d𝑋1. We count
the critical points sector by sector and choose the basis shown in Table 1. Seven basis elements
come from the top and ordinary pinched sectors, and three from the boundary 𝑋1 = 0, giving a total
dimension of ten.

Sector Dimension Chosen basis

11111 1 K (1) [11111]
11101 1 K (1) [11101]
11110 1 K (1) [11110]
10111 2 K (1) [10111], 𝑋1K (1) [10111]
01111 2 K (1) [01111], 𝑋1K (1) [01111]
00111 1 K (1) [00111]
00101 1 K (1) [00101]
00110 1 K (1) [00110]
Total 10

Table 1: Sector-by-sector dimension and basis choice at the first branch layer.

The last three sectors in Table 1, 00111, 00101 and 00110, are absent from the inner basis: at
fixed nonzero 𝑋1, the conditions 𝑦1 = 𝑦2 = 0 are incompatible with 𝑋1 = 𝑦1 + 𝑦2. They enter at
layer 1, where 𝑋1 = 0 is a boundary of the relative geometry. We refer to such sectors, in which all
propagators of a branch are pinched, as sub-branch sectors.

With the layer-1 basis fixed, denote the corresponding dual basis by {D (1) [𝝁]}. Likewise,
D (𝑚) [𝝁] denotes the corresponding dual-cohomology class |D (𝑚) [𝝁]⟩. Our next task is to compute
the layer-1 intersection numbers ⟨K (1) [𝒂] |D (1) [𝝁]⟩. According to Sec. 2.2, this requires three
ingredients.
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Left projections
The left projection is already contained in the inner reduction (21): for a target K (1) [𝒂], the

coefficients 𝑃𝒂,𝝁 (𝑿) are precisely the components of 𝝓 (1)
𝐿

. As a concrete example, consider the
dotted target K (1) [21111]. For compactness define

Δ = 𝑋1𝑋2 + 𝑋1𝑋3 + 𝑋2𝑋3, 𝑄 = 𝑠Δ − 4(𝑋2 + 𝑋3),
𝑅 = 𝑠Δ − 4(𝑋1 + 𝑋2), 𝐻 = Δ − 𝑠𝑋1𝑋2𝑋3. (22)

The required inner reduction is

K (0) [21111] = 𝑋1
2
K (0) [11111] + 𝑋2𝑄

4(𝑑 − 3)𝑠(𝑋2 + 𝑋3)
(
K (0) [11101] − K (0) [11110]

)
+ 𝑅

4(𝑑 − 3)𝑠
(
K (0) [10111] − K (0) [01111]

)
+ 𝑋3Δ

2(𝑑 − 3) (𝑑 − 2)𝑠(𝑋2 + 𝑋3)
(
K (0) [10110] − K (0) [01101]

)
+ 𝑋3𝐻

2(𝑑 − 3) (𝑑 − 2)𝑠(𝑋2 + 𝑋3)
(
K (0) [10101] − K (0) [01110]

)
. (23)

Equation (23) supplies every component of 𝝓 (1)
𝐿

for this target. The coefficients depend only on the
branch variables, the kinematic invariant 𝑠 and the dimension 𝑑; no inner variable 𝑦𝑖 remains. The
antisymmetric pairs also illustrate why symmetry-related sectors must remain separate until after the
projection.

The connection matrix
The connection matrix is defined on cohomology by ⟨∇𝑋1K (0) [𝝁] | =

∑
𝝂 Ω
(1)
𝝁,𝝂 ⟨K (0) [𝝂] |.

Integrating this relation over the inner variables shows that 𝛀(1) is precisely the coefficient matrix
of the 𝑋1 differential equations for the master FBIs, and it is readily obtained from the same inner
recurrences [1]. For example, define 𝐴 = 𝑠(𝑋1+𝑋3)−4 and𝑇 = 𝑠𝑋1𝑋2+𝑠𝑋1𝑋3+2𝑠𝑋2𝑋3−4𝑋1−8𝑋2.
The derivative of K (0) [11111] reduces as

𝜕𝑋1K (0) [11111] =
(𝑑 − 1) [4(𝑋2 + 𝑋3) − 𝑠𝑋2

3 ] + (3 − 2𝑑)𝑠Δ
2𝐴Δ

K (0) [11111]

− 𝑠𝑋3
4𝐴

(
K (0) [11101] + K (0) [11110]

)
+ 𝑇

4(𝑋1 + 𝑋2)𝐴
(
K (0) [10111] + K (0) [01111]

)
+ 𝑋2

2(𝑑 − 2)𝑠(𝑋1 + 𝑋2)
(
K (0) [10110] + K (0) [01101]

)
− 𝑋2𝐻

2(𝑑 − 2)𝑠(𝑋1 + 𝑋2)Δ
(
K (0) [10101] + K (0) [01110]

)
. (24)

This determines the complete 11111 row of 𝛀(1) without any additional intersection calculation.

The dual basis
The inner reduction does not construct dual differential forms, nor should it have to. Following

the construction of Ref. [1], introduce formal inner kets D (0) [𝝂] only through the orthonormality

9
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condition
⟨K (0) [𝝁] |D (0) [𝝂]⟩ = 𝛿𝝁,𝝂 . (25)

All subsequent calculations use their action in Eq. (25), not their explicit rational forms in the 𝑦𝑖 .
For ordinary sectors, a layer-1 ket is obtained by wedging the matching inner ket with d𝑋1;

monomial factors are copied. A sub-branch sector is different. Since branch 1 consists of 𝑦1 and 𝑦2,
a ket with both indices pinched must contain the poles associated with approaching the boundary
through either neighboring sector. For 𝝂̂ = (𝜈3, 𝜈4, 𝜈5),

D (1) [00𝝂̂] = D
(0) [10𝝂̂] + D (0) [01𝝂̂]

𝑋1
∧ d𝑋1. (26)

This sub-branch construction follows Ref. [1]; the factor 1/𝑋1 is the new boundary pole. Table 2
lists the complete ten-element dual basis.

Layer-1 bra Corresponding layer-1 ket

K (1) [11111] D (0) [11111] ∧ d𝑋1

K (1) [11101] D (0) [11101] ∧ d𝑋1

K (1) [11110] D (0) [11110] ∧ d𝑋1

K (1) [10111] D (0) [10111] ∧ d𝑋1

𝑋1K (1) [10111] 𝑋1D (0) [10111] ∧ d𝑋1

K (1) [01111] D (0) [01111] ∧ d𝑋1

𝑋1K (1) [01111] 𝑋1D (0) [01111] ∧ d𝑋1

K (1) [00111] D (0) [10111] + D (0) [01111]
𝑋1

∧ d𝑋1

K (1) [00101] D (0) [10101] + D (0) [01101]
𝑋1

∧ d𝑋1

K (1) [00110] D (0) [10110] + D (0) [01110]
𝑋1

∧ d𝑋1

Table 2: The complete bra–ket basis at the first branch layer.

The construction is sparse. An ordinary ket refers to one inner ket, whereas a sub-branch ket
refers to the two neighboring inner sectors. This is the branch analogue of relative-cohomology
support, but it enters as a small boundary map instead of a new five-variable fibration.

Intersection numbers

All three ingredients are now explicit. Solving Eq. (6) with these three ingredients and evaluating
the residues according to Eq. (7) gives, for example,

⟨K (1) [11111] |D (1) [11111]⟩ = −
2(𝑑 − 2) (𝑑 − 1) [𝑠𝑋2

3 − 4(𝑋2 + 𝑋3)]2

(2𝑑 − 5) (2𝑑 − 3) (2𝑑 − 1)𝑠2(𝑋2 + 𝑋3)2
. (27)

A pairing with a genuinely new sub-branch ket is

⟨K (1) [11101] |D (1) [00101]⟩ = −4[𝑑𝑠𝑋2𝑋3 + (2𝑑 − 4) (𝑋2 + 𝑋3)]
(𝑑 − 2)2𝑑 𝑠2(𝑋2 + 𝑋3)

. (28)
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Repeating this computation for all required bra–ket pairs gives the full layer-1 intersection matrix.
Applying Eq. (3) then yields the reduction coefficients. For the dotted target used in Eq. (23), define

𝜆 = 𝑠𝑋2𝑋3 − 𝑋2 − 𝑋3,

𝑛0 = 4(𝑑 − 3) (𝑋2 + 𝑋3) − (2𝑑 − 7)𝑠𝑋2𝑋3 − (𝑑 − 3)𝑠𝑋2
3 ,

𝑛1 = − 4(𝑑 − 3)𝑋2(4 + 𝑠𝑋2) − (𝑑 − 4)𝑋3(𝑠𝑋3 − 4)2

+ 𝑠𝑋2𝑋3
[
−4 + 2(𝑑 − 3)𝑠𝑋2 + (𝑑 − 2)𝑠𝑋3

]
,

𝑛2 = (𝑑 − 4) (8 + 2𝑠𝑋2 + 𝑠2𝑋2
3 ) − 4(2𝑑 − 7)𝑠𝑋3 + 2𝑠2𝑋2𝑋3,

𝑛3 = 4(𝑑 − 4) + 2(𝑑 − 3)𝑠𝑋2 − (𝑑 − 4)𝑠𝑋3.

Its complete layer-1 reduction is

K (1) [21111] = 𝑛0
2(2𝑑 − 7)𝑠(𝑋2 + 𝑋3)

K (1) [11111]

− 𝑋3
2(2𝑑 − 7)𝑠

(
K (1) [11110] + K (1) [11101]

)
+ 𝑋2

2(𝑑 − 3)𝑠
(
K (1) [11110] − K (1) [11101]

)
+ 𝑛1

4(𝑑 − 2) (2𝑑 − 7)𝑠2(𝑋2 + 𝑋3)
(
K (1) [10111] + K (1) [01111]

)
+ 𝑋2(𝑠𝑋3 − 4)

4(𝑑 − 3)𝑠
(
K (1) [10111] − K (1) [01111]

)
+ (𝑠𝑋2 + 𝑠𝑋3 − 4)𝑛3

4(𝑑 − 2) (2𝑑 − 7)𝑠2𝑋2
𝑋1

(
K (1) [10111] + K (1) [01111]

)
+ 𝑠𝑋2 + 𝑠𝑋3 − 4

4(𝑑 − 3)𝑠 𝑋1
(
K (1) [10111] − K (1) [01111]

)
+ 𝑋2𝑋3(4 + 𝑠𝑋2 − 𝑠𝑋3) (4 − 𝑠𝑋3)
(𝑑 − 2) (2𝑑 − 7)𝑠2(𝑋2 + 𝑋3)

K (1) [00111]

+
𝑋2

2𝑋
2
3𝑛2

(𝑑 − 4) (𝑑 − 2)2(2𝑑 − 7)𝑠2(𝑋2 + 𝑋3)𝜆
(
K (1) [00110] + K (1) [00101]

)
+

𝑋3
2𝑋

2
3 (𝑠𝑋3 − 2)

(𝑑 − 4) (𝑑 − 3) (𝑑 − 2)𝑠(𝑋2 + 𝑋3)𝜆
(
K (1) [00110] − K (1) [00101]

)
. (29)

The target therefore projects onto all ten layer-1 masters, including the three sub-branch sectors
that become admissible at 𝑋1 = 0. Thus the inner reduction supplies the data needed to start the
intersection recursion directly at 𝑋1, while the sub-branch duals account for the new boundary
sectors. The subsequent branch layers can be treated in the same way, ultimately yielding a complete
reduction of the original Feynman integrals.

4. Summary and discussion

We have reviewed recent methods for computing multivariate intersection numbers and explained
the practical bottlenecks of their layer-by-layer implementation. Following Ref. [1], we used a
concrete two-loop example to illustrate explicitly how beginning with the inner reduction allows the
intersection recursion to start directly from the branch variables.
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The role of the dual basis in the branch construction points to a further question. An IBP
reduction is a relation entirely within the cohomology space and therefore contains no intrinsic
information from the dual space, whereas its computation through intersection theory introduces
an auxiliary choice of dual basis, as in Eqs. (3) and (8). It would be valuable to reformulate the
calculation so that dual components carrying no information about the desired cohomology reduction
can be discarded, leaving the result dependent only on the data required for the reduction rather than
on auxiliary choices in the dual space.
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