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We report on the calculation of the photon-energy spectrum in the inclusive radiative decay
𝐵 → 𝑋𝑠𝛾 induced by the electromagnetic dipole operator 𝑂7 through next-to-next-to-next-to-
leading order (N3LO) in QCD. We obtain the complete light-fermion contributions, the terms
with two closed massive-fermion loops, and the leading-colour contribution to the remaining
bosonic part. The real-emission corrections are extracted from the imaginary part of the forward-
scattering amplitude 𝑏𝛾 → 𝑏𝛾 and combined with the virtual contributions available as three-loop
heavy-to-light form factors. We discuss the photon-energy spectrum, the rate with and without
a lower photon-energy cut, and the perturbative behaviour in the pole, kinetic, and MSR mass
schemes. The use of a short-distance bottom-quark mass substantially improves the convergence
of the integrated rate.
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1. Introduction

The inclusive radiative decay 𝐵 → 𝑋𝑠𝛾 is one of the most precise flavour-changing neutral-
current observables. At the quark level it is mediated by the loop-suppressed transition 𝑏 → 𝑠𝛾

and is therefore sensitive to the effects of heavy virtual particles, including particles beyond the
Standard Model (SM). Its inclusive character permits a systematic treatment based on the heavy-
quark expansion (HQE) and perturbative QCD. For the contribution of the electromagnetic dipole
operator 𝑂7 alone, the first local power corrections arise at order Λ2

QCD/𝑚
2
𝑏

[1]. The full decay
rate also contains nonlocal resolved-photon effects [2] and collinear photon emission from light
partons [3], which remain important components of the hadronic uncertainty.

The measured branching fraction agrees with the SM prediction [4, 5]. Belle II is expected to
determine it with a precision of about 2.5% [6], making a comparable improvement of the theory
prediction particularly valuable. Experiments necessarily impose a lower cut, typically 𝐸𝛾 ≃ 1.8–
2.0 GeV in the 𝐵-meson rest frame. The shape of the spectrum is therefore required both for a direct
comparison with data and for extrapolating measurements to a common reference cut.

The perturbative calculation combines several operator interferences and several partonic final
states. At NNLO, the photon spectrum is known for the contributions involving the electromagnetic
and chromomagnetic dipole operators [7, 8]. For the interference of the current–current operators
with 𝑂7, the exact charm-mass dependence of the dominant NNLO contributions to the integrated
rate has recently become available [9–14].

Close to the endpoint, the local HQE is replaced by a factorization theorem in which the
leading nonperturbative input is the shape function [15, 16]. Schematically, the physical spectrum
is obtained from a convolution

dΓ
d𝐸𝛾

=

∫
d𝑘

dˆ︁Γ
d𝐸𝛾

(𝑘) S(𝑚𝐵 − 2𝐸𝛾 − 𝑘) + O
(︃
ΛQCD

𝑚𝑏

)︃
, (1)

where dˆ︁Γ/d𝐸𝛾 is the perturbative partonic kernel and S describes the motion of the 𝑏 quark inside
the 𝐵 meson. In the endpoint region this convolution is further organized by soft-collinear effective
theory, which separates hard, jet, and soft scales and resums the logarithms between them [17]. The
same leading shape function enters inclusive 𝐵 → 𝑋𝑢ℓ𝜈̄ℓ decays, so the precision of the photon
spectrum also matters for inclusive determinations of |𝑉𝑢𝑏 |. Fits to the measured spectrum combine
fixed-order information with the resummation of endpoint logarithms. The analysis of Ref. [18]
reached N3LL′ accuracy, but at that time the three-loop hard function and the complete regular part
of the fixed-order N3LO spectrum were not known and were treated as nuisance parameters. The
three-loop hard function were subsequently obtained from the computation of the heavy-to-light
form factors in Ref. [19].

Here we summarize the calculation of the 𝑂7 contribution to the partonic photon-energy
spectrum in 𝑏 → 𝑋𝑠𝛾 through 𝑂 (𝛼3

𝑠) [20], focusing in particular on the previously unknown real-
emission contributions. At N3LO we calculate all colour structures proportional to 𝑛2

𝑙
, 𝑛𝑙, and 𝑛2

ℎ
,

together with the leading-colour bosonic term proportional to 𝑁3
𝑐 . Both the singular endpoint terms

and the regular part of the spectrum are obtained analytically. Their integral yields the corresponding
contribution to the total rate and, more generally, to the rate with a lower photon-energy cut.
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Figure 1: Sample forward-scattering diagrams whose imaginary parts generate real-emission contributions
to the photon spectrum. Thin and thick lines denote strange and bottom quarks, respectively.

2. The partonic 𝚪77 spectrum

The weak interaction responsible for the decay is described by the Δ𝐵 = Δ𝑆 = 1 effective
Lagrangian

Leff =
4𝐺𝐹√

2
𝑉𝑡𝑏𝑉

∗
𝑡𝑠

[︄
6∑︁
𝑖=1

𝐶𝑖 (𝜇)𝑂𝑖 + 𝐶7(𝜇)𝑂7 + 𝐶8(𝜇)𝑂8

]︄
. (2)

We focus on the electromagnetic dipole operator

𝑂7 =
𝑒

16𝜋2 𝑚𝑏 (𝜇)
(︁
𝑠 𝜎𝜇𝜈𝑃𝑅𝑏

)︁
𝐹𝜇𝜈 , (3)

where the strange-quark mass is neglected. Introducing the normalized photon energy 𝑥 = 2𝐸𝛾/𝑚𝑏,
the partonic spectrum at the renormalization scale 𝜇 = 𝑚𝑏 can be written as

dΓ77

d𝑥
= Γ0 𝑚

3
𝑏𝑚

2
𝑏 (𝑚𝑏) |𝐶7(𝑚𝑏) |2

[︃
𝛿(1 − 𝑥) +

3∑︁
𝑛=1

(︂𝛼𝑠

𝜋

)︂𝑛
𝑌𝑛 (𝑥)

]︃
, (4)

with Γ0 = 𝛼em𝐺
2
𝐹
|𝑉𝑡𝑏𝑉

∗
𝑡𝑠 |2/(32𝜋4). Each coefficient in the perturbative expansion separates into

𝑌𝑛 (𝑥) = 𝑌 𝛿
𝑛 𝛿(1 − 𝑥) + 𝑌+

𝑛 (𝑥) + 𝑌
reg
𝑛 (𝑥), (5)

where 𝑌+
𝑛 is a linear combination of the plus distributions D𝑘 = [ln𝑘 (1 − 𝑥)/(1 − 𝑥)]+, while 𝑌 reg

𝑛

has at most integrable singularities as 𝑥 → 1.
The virtual corrections are obtained from the three-loop QCD heavy-to-light tensor form

factors of Ref. [19]. For the real corrections we instead use the optical theorem. After crossing
the observed photon to the initial state, the phase-space integral at fixed 𝐸𝛾 can be identified
with the total cross section for 𝑏𝛾 → 𝑋𝑠. It is thus given by the imaginary part of the forward
amplitude 𝑏𝛾 → 𝑏𝛾 (sample diagrams are shown in Fig. 1.) evaluated at fixed centre-of-mass
energy, followed by the analytic continuation back to decay kinematics. This formulation avoids
introducing an additional propagator for the photon-energy constraint, as in the reverse-unitarity
approach used at NNLO [7, 21].

3. Technical details

3.1 Reduction to master integrals

The forward amplitudes are generated with qgraf [22], and the Dirac and colour algebra is
performed with FORM [23, 24]. Partial-fraction identities required by the forward kinematics are

3
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generated with tapir [25], and equivalent integral families are identified with feynson [26]. This
leaves 1, 6, and 44 integral families at one, two, and three loops, respectively. After using the
cut information, the first two orders involve only 2 and 24 master integrals, whereas the three-loop
problem contains 987.

The scalar integrals are reduced using Kira 3 [27] by means of integration-by-parts (IBP)
identities [28–30] . At three loops a conventional complete reduction would retain many master
integrals that have no imaginary part and would become prohibitively expensive. We therefore
identify the sectors without physical cuts before the reduction and declare them vanishing. Together
with finite-field reconstruction through FireFly [31], this makes the reduction feasible. Of the 987
three-loop master integrals, 132 enter the leading-colour contribution, 82 enter the terms containing
at least one massless-fermion loop, and two enter the 𝑛2

ℎ
contribution. After accounting for overlaps

among these sets, 158 distinct master integrals remain.

3.2 Master integrals and separation of branches

The master integrals are evaluated using differential equations in 𝑥 [32]. When expressed in
terms of 𝑦 = 1 − 𝑥, the endpoint behaviour is:

®𝐼 (𝜖, 𝑦) =
∑︁
𝑛

𝑦𝑚+𝑛𝜖 ®𝐽𝑛 (𝜖, 𝑦), ®𝐽𝑛 (𝜖, 𝑦) =
∑︁
𝑘≥0

®𝐽𝑛,𝑘 (𝜖)𝑦𝑘 , (6)

where the integer 𝑚 depends on the master integral under consideration. At 𝑙 loops the relevant cut
integrals contain branches with 𝑛 = 1, . . . , 2𝑙. Keeping these branches separate is essential: after
the expansion in 𝜖 , powers such as 𝑦−1+𝑛𝜖 generate the 𝛿(𝑦) term and the complete tower of plus
distributions. Combining the branches too early would obscure this distributional structure.

We first solve the coupled differential equations for the complete master integrals by decoupling
them into higher-order differential operators [33]. At three loops, numerical boundary values at
𝑦 = 2/11 are obtained with 100-digit precision using AMFlow [34]. Comparison with deep series
solutions, followed by a PSLQ reconstruction, yields analytic boundary constants. In a second step,
an ansatz of the form of Eq. (6) is inserted into the differential equations for each branch separately.
The branch-specific solutions are then matched to the complete solution and used as boundary data
for a final integration of the differential equations.

At one and two loops the answer is expressible in multiple polylogarithms. At three loops
additional square-root letters occur in individual master integrals. They cancel from the final
leading-colour amplitude, but survive in the terms linear in 𝑛𝑙. For stable and efficient numerical
evaluation, we construct 100-term expansions around both 𝑥 = 0 and 𝑥 = 1. Each has unit radius
of convergence, and the two series agree to about 30 digits at 𝑥 = 1/2.

Finally, for every endpoint branch we isolate all terms singular as 𝑦 → 0. They are converted
into distributions, while the remainder is finite as 𝜖 → 0 and has at most integrable singularities as
𝑥 → 1. Before adding the virtual corrections, the coefficient of 𝛿(1 − 𝑥) contains poles up to 1/𝜖6.
Their complete cancellation against the three-loop tensor form factor provides a stringent check of
the calculation. Additional checks include the reproduction of the known NLO and NNLO spectra
[7] and agreement of the N3LO singular light-fermion terms with the SCET prediction of Ref. [18].
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Figure 2: Shape-function-convoluted 𝑂7 contribution to the photon-energy spectrum in the pole scheme,
using 𝛼𝑠 = 0.22, 𝑝 = 4, and 𝜆 = 0.6 GeV.

4. Spectrum and integrated rate

Since the partonic spectrum is distribution-valued, it cannot be displayed directly as a function
of the photon energy. We therefore convolve it with the shape function according to Eq. (1).
Following Ref. [18], we adopt the model

S(𝑘) = 1
𝜆

(𝑝 + 1) 𝑝+1

𝑝!
exp

[︃
−(𝑝 + 1) 𝑘

𝜆

]︃ (︃
𝑘

𝜆

)︃ 𝑝
, 𝑘 ≥ 0, (7)

with 𝑝 = 4 and 𝜆 = 0.6 GeV. The resulting 𝑂7 contribution to the spectrum in the pole-mass
scheme, convoluted with the shape function, is shown in Fig. 2. Although the convolution turns
the distribution-valued partonic result into an ordinary function, the NNLO and N3LO predictions
become negative close to the upper endpoint.

This unphysical behaviour does not imply that the physical spectrum is negative. Rather, it
signals the breakdown of the truncated perturbative expansion in the pole scheme, whose infrared
sensitivity is particularly pronounced near the endpoint. A consistent endpoint prediction requires a
short-distance bottom-quark mass, together with a correspondingly defined shape function and the
resummation of the large endpoint logarithms. Integrating Eq. (4) over the full phase space gives

Γ77 = Γ0𝑚
3
𝑏𝑚

2
𝑏 (𝑚𝑏) |𝐶7(𝑚𝑏) |2

[︄
1 +

3∑︁
𝑛=1

(︂𝛼𝑠

𝜋

)︂𝑛
𝑋𝑛

]︄
, with 𝑋𝑛 =

∫ 1

0
d𝑥 𝑌𝑛 (𝑥). (8)

For 𝑛𝑙 = 4, 𝑛ℎ = 1, and 𝜇 = 𝑚𝑏, the result in the pole scheme is

Γ
pole
77 = Γ0𝑚

3
𝑏𝑚

2
𝑏 |𝐶7 |2

[︃
1 − 2.61

𝛼𝑠

𝜋
− 23.13

(︂𝛼𝑠

𝜋

)︂2
− 267.26

(︂𝛼𝑠

𝜋

)︂3
]︃

= Γ0𝑚
3
𝑏𝑚

2
𝑏 |𝐶7 |2 [1 − 0.18 − 0.11 − 0.09] (9)
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Figure 3: Scale dependence of the normalized 𝑂7 contribution in the MSR scheme.

The large coefficients reflect the familiar infrared sensitivity of the pole mass. The perturbative
behaviour improves when the factor 𝑚3

𝑏
is expressed in a short-distance scheme. Using the MSR

mass, 𝑚MSR
𝑏

(1 GeV) = 4.66 GeV, while retaining the explicit MS mass in 𝑂7, we find

ΓMSR
77 = Γ0(𝑚MSR

𝑏 )3𝑚2
𝑏 |𝐶7 |2

[︃
1 − 1.75

𝛼𝑠

𝜋
− 13.30

(︂𝛼𝑠

𝜋

)︂2
− 121.50

(︂𝛼𝑠

𝜋

)︂3
]︃

= Γ0(𝑚MSR
𝑏 )3𝑚2

𝑏 |𝐶7 |2 [1 − 0.121 − 0.064 − 0.040] . (10)

Thus the N3LO correction is reduced from the large coefficient in Eq. (9) to a few-percent effect.
We also investigated the kinetic scheme, which gives a well-behaved perturbative expansion for the
rate. Since only the leading-colour, light-fermion, and 𝑛2

ℎ
terms are known at N3LO, Eqs. (9)–(10)

still omit the subleading-colour bosonic terms and the remaining contributions linear in 𝑛ℎ. At
NNLO, analogous subleading-colour terms shift the result by about 10%, so no cancellations large
enough to alter these conclusions are expected at 𝑁3LO.

To estimate the scale dependence of the𝑂7 matrix element, we evolve the combination𝐶𝑇 (𝜇) =
𝐶7(𝜇)𝑚𝑏 (𝜇) with the anomalous dimension of the tensor current, known through 𝑂 (𝛼4

𝑠) [35].
Fig. 3 shows the result in the MSR scheme. Varying the scale over 𝑚MSR

𝑏
/2 ≤ 𝜇 ≤ 2𝑚MSR

𝑏
gives

an uncertainty of about 7% at LO, reduced to 4%, 2%, and 0.7% at NLO, NNLO, and N3LO,
respectively. The corresponding N3LO variation in the kinetic scheme is about 0.2%. The bands at
successive orders overlap only marginally, and the NNLO band does not cover the full N3LO shift.
In addition, a complete N3LO scale analysis of the physical rate is currently limited by matching
and operator mixing, which are available only through NNLO [36, 37].

For comparison with experiment, one needs the rate with a photon-energy cut:

Γ77(𝐸cut) =
∫ 𝑚𝑏/2

𝐸cut

d𝐸𝛾

dΓ77

d𝐸𝛾

= Γ0𝑚
3
𝑏𝑚

2
𝑏 |𝐶7 |2

[︄
1 +

3∑︁
𝑛=1

(︂𝛼𝑠

𝜋

)︂𝑛
𝑋cut
𝑛

]︄
. (11)

The lower cut affects both the regular spectrum and the integral of the plus distributions. It also
enters the conversion between mass schemes through 𝑥cut = 2𝐸cut/𝑚𝑏. In the phenomenologically

6
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relevant range, the NLO, NNLO, and N3LO corrections remain negative. As the cut approaches
the endpoint their magnitude grows, signalling the increasing importance of resummation and
nonperturbative effects. For example, in the kinetic scheme the normalized rate decreases from
0.840 at 𝐸cut = 0.5 GeV to 0.824, 0.805, and 0.755 at 𝐸cut = 1.6, 1.8, and 2.0 GeV, respectively.

4.1 Comparison with previous estimates of the N3LO corrections

A useful way to assess the impact of the calculation is to compare it with the nuisance parameters
employed in the N3LL′ analysis of Ref. [18]. Two fixed-order ingredients were unknown there: the
three-loop hard function ℎ3 and the finite regular part of 𝑌3(𝑥). For the former, the estimated and
exact values are

ℎestimate
3 = 0 ± 80, ℎexact

3 = −181.1617381 . . . , (12)

respectively [18, 19]. The exact result lies well outside the original interval, illustrating why scale
variation and dimensional estimates alone may not capture three-loop constants.

For the spectrum, Ref. [18] wrote 𝑌 reg
3 = 𝑌 corr

3 +𝑌uncorr
3 , with the first term fixed by the singular

spectrum and the second modelled as a polynomial in the known NLO function [𝑌1(𝑥) −𝑌1(0)]/4.
Figure 4 compares the resulting uncertainty band with the colour structures calculated here. The
model gives a reasonable description over much of the spectrum, but its band is slightly too narrow
and grows rapidly near the endpoint. The explicit N3LO result replaces this model for all light-
fermion and 𝑛2

ℎ
terms and for the leading-colour bosonic contribution. Only the genuinely unknown

subleading-colour structures remain to be computed.

0.0 0.2 0.4 0.6 0.8 1.0

-300

-200

-100

0

100

200

300

Figure 4: Comparison of the nuisance-parameter band used for the previously unknown 𝑌uncorr
3 (𝑥) [18] with

the explicit leading-colour, light-fermion, and 𝑛2
ℎ

result (black line).

5. Conclusions

We have presented the first calculation of the 𝑂7 contribution to the photon-energy spectrum
in 𝐵 → 𝑋𝑠𝛾 at N3LO for all light-fermion terms, the contributions with two massive fermion loops,

7
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and the leading term in the large-𝑁𝑐 expansion.
The new fixed-order spectrum removes a substantial part of the theoretical uncertainty in

existing N3LL′ analyses. Upon integration, the pole scheme displays poor convergence, whereas
the kinetic and MSR schemes reduce the N3LO correction to a few percent. The calculation also
provides the rate for arbitrary values of the lower photon-energy cut. Completing the subleading-
colour terms is the next step toward the full 𝑂7 spectrum at N3LO. This work is in progress using
semi-analytic expansions and the “expand-and-match” method [38] for the more complicated non-
planar sectors. The same forward-scattering method can also be applied to the chromomagnetic
operator 𝑂8. A public implementation of the spectrum is planned in the kolya library [39].
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