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both soft and collinear subleading contributions in a unified framework, allowing for efficient
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NLP calculation for one-jettiness process at NLO, focusing on prompt-photon production using a
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1. Introduction

As the High-Luminosity LHC era approaches, the collider theory community has made sig-
nificant advances towards the N3LO precision frontier. Power corrections in the slicing schemes
are one aspect of the theoretical description of hard scattering processes at the LHC where further
progress is desirable. We focus on the power corrections in the context of the 𝑁-jettiness slicing
scheme [1, 2]. 𝑁-jettiness slicing uses the 𝑁-jettiness variable T as the cutting variable [3]. It is
defined as

T (R,U) =
∑︁
𝑥∈U

min
{

2pxph1

Ph1

,
2pxph2

Ph2

,
2pxph3

Ph3

, · · ·
}
, (1)

where we split the final-state partons into resolved R and unresolved U ones, with 𝑥 ∈ U and
ℎ𝑖 ∈ R and 𝑃ℎ𝑖 are arbitrary normalization constants. The cross section then splits as

𝜎 =

∫ T0

𝑑T 𝑑𝜎

𝑑T +
∫
T0

𝑑T 𝑑𝜎

𝑑T . (2)

For very smallT0, the first contribution (unresolved) can be well approximated using the factorization
theorem Soft-Collinear Effective Field Theory (SCET) [4, 5]∫ T0

𝑑T 𝑑𝜎

𝑑T =

∫
𝐵 ⊗ 𝐵 ⊗ 𝑆 ⊗ 𝐻 ⊗

∏
𝑖

𝐽𝑖 + O(T0), (3)

which is written in terms of beam, jet, soft and hard functions. If T0 is taken to be very small, its
dependencies on cross sections follow the double-logarithmic pattern, which is typical to radiative
corrections in QCD. However, for a better matching between the resolved and unresolved contribu-
tions to cross sections, and to improve the numerical cancellations, it is crucial to compute these
subleading corrections to the cross sections, referred to as power corrections.

Power corrections to 𝑁-jettiness slicing were investigated in the last few years [6–13], primar-
ily at NLO. However, these studies focused on relatively simple processes, and it is unclear how
to extend them to arbitrary collider processes, even at the next-to-leading order in perturbative QCD.

In this proceeding, we present a methodology in the direction to compute subleading power
corrections for arbitrary processes at NLO in QCD. In section 2, we present our computation of the
power corrections to arbitrary color-singlet production at NLO [14]. We extend this methodology
by including a jet in the final state by considering the production of a prompt-photon and a jet [15]
in section 3. The applications and checks to this methodology are discussed in section 4 and we
conclude in section 5.

2. Power corrections: Arbitrary color-singlet production

We consider the leading order process 𝑞𝑞 → 𝑋 where 𝑋 denotes a generic colorless final state
with momentum 𝑃𝑋 composed of 𝑚 massless particles. To compute the next-to-leading-power
corrections in zero-jettiness, we consider the corresponding real-emission process obtained by
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adding a gluon with momentum k. The differential cross section reads

d𝜎
d𝜏

= N
∫

[d𝑃̃𝑋]𝑚 [d𝑘] (2𝜋)𝑑𝛿(𝑝𝑎 + 𝑝𝑏 − 𝑃̃𝑋 − 𝑘)

× 𝛿(𝜏 − 𝑇0(𝑝𝑎, 𝑝𝑏, 𝑘)) O(𝑃̃𝑋)
∑︁

col,pol
|M|2(𝑝𝑏, 𝑝𝑎, 𝑘, 𝑃̃𝑋).

(4)

where [d𝑘] is the phase space measure of the emitted gluon, [d𝑃̃𝑋]𝑚 =
𝑚∏
𝑖=1

[d𝑝𝑖], O denotes an

observable that depends on the momenta of colorless particles comprising the final state 𝑋 , and N
is the cross section normalization. The zero-jettiness function is defined as follows

𝑇0(𝑝𝑎, 𝑝𝑏, 𝑘) = min
[
2𝑝𝑎 · 𝑘
𝑄

,
2𝑝𝑏 · 𝑘
𝑄

]
, (5)

with 𝑄 being an arbitrary normalization factor of mass dimension one. The constraint 𝜏 =

𝑇0(𝑝𝑎, 𝑝𝑏, 𝑘) implies that either the gluon energy 𝑤𝑘 or its transverse momentum squared 𝑘2
⊥ is

O(𝜏). These corrections can be written in the form

d𝜎
d𝜏

= 𝜏−2𝜖 𝑓𝑠 + 𝜏−𝜖 𝑓𝑐 . (6)

where 𝑓𝑠 and 𝑓𝑐 indicate the soft and collinear contributions respectively. For both of these
contributions, there are three building blocks that contribute to these subleading expansions: the
phase space, the matrix element squared and the observable.

2.1 The soft contribution

A gluon with momentum 𝑘 is considered to be soft if 𝑘 ∼ 𝜏. Since we are interested in the
relative O(𝜏/

√
𝑠) correction, where 𝑠 = 2𝑝𝑎 · 𝑝𝑏, it is sufficient to expand the integrand in Eq. (4)

to the first subleading order in 𝑘 . To facilitate this expansion, we use the momentum mapping that
absorbs 𝑘 into the momentum of the colorless final state [16], and write

𝑃
𝜇

𝑎𝑏
= 𝜆−1 [Λ𝑠] 𝜇

𝜈 (𝑃𝜈
𝑎𝑏 − 𝑘

𝜈). (7)

In Eq. (7) 𝑃𝑎𝑏 = 𝑝𝑎 + 𝑝𝑏, Λ𝑠 = Λ(𝑃𝑎𝑏 − 𝑘, 𝜆𝑃𝑎𝑏) is the Lorentz boost that transforms 𝑃𝑎𝑏 − 𝑘
to 𝜆𝑃𝑎𝑏, and 𝜆 is a rescaling parameter that preserves the invariant mass under the momentum
mapping. To first order in the soft momentum,

𝜆 =

√︄
1 − 2𝑃𝑎𝑏 · 𝑘

𝑃2
𝑎𝑏

≈ 1 − 𝑃𝑎𝑏 · 𝑘
𝑃2
𝑎𝑏

+ O(𝑘2). (8)

The momentum mapping in Eq. (7) allows us to rewrite the phase space in terms of the Born
kinematics, while isolating the dependence on the soft momentum 𝑘 into simple overall functions.
This allows the expansion in the soft momentum to be carried out systematically. Utilizing Eq. (7)
allows us to write the phase space in eq. (4) as

[d𝑃̃𝑋]𝑚 [d𝑘] (2𝜋)𝑑𝛿(𝑝𝑎 + 𝑝𝑏 − 𝑃̃𝑋 − 𝑘) = 𝜆𝑚(𝑑−2)−𝑑 dΦ𝑚(𝑝𝑎, 𝑝𝑏, 𝑃𝑋) [d𝑘] . (9)
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The remaining ingredients are the first subleading expansions of the matrix element squared and the
observable. The expansion of the matrix element squared is obtained using the Low-Burnett-Kroll
theorem [17, 18]. The observable O, assumed to be a smooth function of the boosted final-state
momenta, can be Taylor expanded in 𝜏 to obtain the subleading contribution. Combining these
ingredients, we obtain a compact expression for the soft expansion.

d𝜎 (𝑠)

d𝜏
= N

∫
[dΦ𝑚(𝑝𝑎, 𝑝𝑏, 𝑃𝑋)]

{
O(𝑃𝑋)

[
𝐼1 − 𝜅𝑚𝐼2

− 𝐼2
∑︁
𝑖∈𝐿 𝑓

𝑝
𝜇

𝑖

𝜕

𝜕𝑝
𝜇

𝑖

]
|M|2(𝑝𝑏, 𝑝𝑎, 𝑃𝑋) − 𝐼2 |M|2(𝑝𝑏, 𝑝𝑎, 𝑃𝑋)

𝑚∑︁
𝑖=1

𝑝
𝜇

𝑖

𝜕

𝜕𝑝
𝜇

𝑖

O(𝑃𝑋)
}
,

(10)

where 𝐿 𝑓 is the list that includes all particles in the Born process. The integrals 𝐼1, (2) , obtained by
analytically integrating over 𝑘 , are given by

𝐼1 = [𝛼𝑠]
(
𝑄
√
𝑠

)−2𝜖 4
𝜖 𝜏1+2𝜖 , 𝐼2 = [𝛼𝑠]

(
𝑄𝜏
√
𝑠

)−2𝜖 4𝑄
𝑠

(
1
2𝜖

− 1
2
− 𝜖

2
+ O(𝜖2)

)
. (11)

2.2 The collinear contribution

A gluon is collinear when 𝑘2
⊥ ∼ 𝜏. Similar to the soft case, we perform a momenta mapping

that isolates the dependence of 𝑘⊥ from the phase space and allows a collinear expansion of other
quantities. Focusing on the 𝑘 | |𝑝𝑎 case with final-state momenta 𝑄̃𝑋, we start by rewriting the gluon
momentum 𝑘 as follows

𝑘 =
𝑘 · 𝑃𝑎𝑏

𝑝𝑎 · 𝑝𝑏
𝑝𝑎 + 𝑘̃𝑎 = (1 − 𝑥)𝑝𝑎 + 𝑘̃𝑎, (12)

and
𝑘̃
𝜇
𝑎 =

2𝑘 𝑝𝑎
𝑠

(𝑝𝑏 − 𝑝𝑎)𝜇 + 𝑘𝜇⊥. (13)

This introduces a Lorentz boost Λ𝑎 (𝑄𝑋, 𝑄̃𝑋) acting on the final-state momenta, defined as follows

𝑄𝑋 = Λ𝑎 (𝑄𝑋, 𝑄̃𝑋) 𝑄̃𝑋 . (14)

As in the soft case, the momenta mapping in Eq. (12) allows us to construct a simple collinear
expansion of the phase space and express it in terms of the Born phase space in 𝑥-kinematics.
The expansion of the squared matrix element is more involved, since no analogue of the Low-
Burnett-Kroll theorem is available in the collinear limit. To facilitate the expansion, we use Lorentz
invariance to transfer the boost from the final state to the incoming partons and the emitted gluon,∑︁

pol
|M|2(𝑝𝑏, 𝑝𝑎, 𝑘,Λ−1

𝑎 𝑄𝑋) =
∑︁
pol

|M|2(Λ𝑎𝑝𝑏,Λ𝑎𝑝𝑎,Λ𝑎𝑘, 𝑄𝑋), (15)

allowing us to ’localize’ the boost. We express the matrix element in terms of three Green’s
functions 𝑁𝑎, 𝑁𝑏 and 𝑅 𝑓 𝑖𝑛 as (see Fig. 1)

M ∼ 𝜖∗𝜈 𝑣̄𝑏
[
𝑁𝑎 (𝑝𝑎, 𝑝𝑏, 𝑘)

(𝑝𝑎 − 𝑘̂)𝛾𝜈
(−2𝑝𝑎 · 𝑘)

+ 𝑅𝜈
fin(𝑝𝑏, 𝑝𝑎, 𝑘, 𝑄𝑋) + 𝛾𝜈

(𝑝𝑏 − 𝑘̂)
2𝑝𝑏 · 𝑘

𝑁𝑏 (𝑝𝑎, 𝑝𝑏, 𝑘)
]
𝑢𝑎 .

(16)
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Figure 1: The diagrammatic representation of the amplitude written in terms of Green’s functions introduced
in Eq. (16).

where we keep the collinear 𝑘 | |𝑝𝑎 singularity explicit. We can now square the matrix element and
write it as a sum of three terms

𝐹𝑎 = 𝐹𝑎𝑎 + 𝐹𝑎𝑟 + 𝐹𝑟𝑟 ,𝑎, (17)

where 𝐹𝑎𝑟 and 𝐹𝑟𝑟 ,𝑎 are subleading in the collinear limit 𝑘 | |𝑝𝑎. Although the collinear singularity
is kept explicit, the terms 𝐹𝑎𝑎 and 𝐹𝑎𝑟 contain logarithmic and power-like soft singularities which
require a careful extraction. As outlined in [14], we derive a systematic expansion of the matrix
element squared in 𝑘2

⊥, isolating poles which cancel with the poles in the soft case to obtain
the subleading contribution. The master formula for the collinear expansion 𝐶NLP,a is a lengthy
expression, and we refer the readers to [14]. We note that the 𝑘 | |𝑝𝑏 collinear expansion 𝐶NLP,b can
be derived in an analogous manner.

2.3 The final result

Combining the soft and collinear contributions, we obtain the finite result for the power
corrections to an arbitrary color-singlet production in the zero-jettiness variable. We observe 1/𝜖
cancellation from both contributions, resulting in a ln 𝜏 term. The final result for a generic smooth
observable is of the form

d𝜎NLP

d𝜏
∼[𝛼𝑠]N

{
2
[
ln

(
𝑄𝜏

𝑠

)
+ 1

]
CNLP,𝑠 + CNLP,𝑎 + CNLP,𝑏

}
. (18)

where 𝐶NLP,s corresponds to the soft contribution, and is written in a very compact manner. 𝐶NLP,a

and 𝐶NLP,b are the collinear contributions which take the Green’s functions 𝑁𝑎, 𝑁𝑏 and 𝑅fin as
ingredients. These ingredients can be computed in a recursive manner using Berends-Giele like
relations for generalised currents [19]. We explicitly derive these relations for the production of
arbitrary number of photons, and the details of its implementation can be found in the paper [14].

3. Power Corrections to prompt-photon + jet production

The next step is to extend our methodology to processes with final state jets. The previous study
of𝑉 + 𝑗 production [11] only presented the next-to-leading power leading-logs using a non-realistic
jet algorithm. To start simple, we study the production of a prompt photon and a jet in hadron
collisions, 𝑝𝑝 → 𝛾 + 𝑗 , focusing only on the 𝑞𝑞 → 𝛾 + 𝑔 partonic channel. We do not consider

5
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any other partonic channels to avoid dealing with the complications of photon isolation. At NLO,
we have to consider the process,

𝑞𝑎 (𝑝𝑎) + 𝑞𝑏 (𝑝𝑏) → 𝛾(𝑝𝛾) + 𝑔𝑚(𝑝𝑚) + 𝑔𝑛 (𝑝𝑛), (19)

To define a final-state jet, we require a jet algorithm. We will consider the so-called inclusive
sequential 𝑘⊥ jet algorithm [20, 21].1 The jet algorithm uses the angular distance 𝑅𝑚𝑛 defined as

𝑅2
𝑖 𝑗 = (𝜂𝑖 − 𝜂 𝑗)2 + arccos(cos(𝜑𝑖 − 𝜑 𝑗))2, (20)

where 𝜂 and 𝜑 denote the pseudorapidity and azimuthal angle, respectively. We apply the clustering
algorithm to the two final-state gluons, 𝑔𝑚 and 𝑔𝑛. If their separation satisfies 𝑅𝑚𝑛 < 𝑅, they are
clustered into a single jet with momentum 𝑝𝐽 = 𝑝𝑚 + 𝑝𝑛. Otherwise, for 𝑅𝑚𝑛 > 𝑅, the two gluons
remain unclustered and constitute two separate jets with momenta 𝑝𝑚 and 𝑝𝑛. After imposing the
transverse-momentum cuts on the reconstructed jets, the cross section can be written as

d𝜎O
d𝜏

= N
∫

dΦ(𝑝𝑎, 𝑝𝑏 |𝑝𝑚, 𝑝𝑛, 𝑝𝛾) |M|2 𝜃 (𝑝⊥,m − 𝑝⊥,n)

×
{
𝜃ucl 𝛿(𝜏 − T1(𝑝m)) O(𝑝m, 𝑝𝛾) + 𝜃cl 𝛿(𝜏 − T1(𝑝 [mn])) O(𝑝 [mn] , 𝑝𝛾)

}
,

(21)

where O is the observable depending on the jet and photon momenta, 𝑝 [mn] = 𝑝m + 𝑝n, and 𝜃ucl

and 𝜃cl denote the constraints enforcing the unclustered (𝑅mn > 𝑅) and clustered (𝑅mn < 𝑅) jet
configurations, respectively, together with the corresponding transverse-momentum requirements.
The one-jettiness variable in terms of the jet momentum is defined as

T1(𝑝𝐽 ) =
∑︁

𝑖∈{m,n}
min

{
2𝑝𝑖𝑝𝑎
𝑃𝑎

,
2𝑝𝑖𝑝𝑏
𝑃𝑏

,
2𝑝𝑖𝑝𝐽
𝑃𝐽

}
. (22)

To compute the power-suppressed corrections, we identify the kinematic regions where T1 becomes
small. For the one-jet process considered here, these correspond to a soft gluon and three collinear
limits, namely n| |pa, n| |pb, and n| |m. The soft limit and the initial-state collinear limits are treated
using the momentum mappings discussed in section 2. In what follows, we briefly discuss the soft
contribution and the final-state collinear limit.

Soft contribution

Since a soft gluon can contribute to both the clustered and unclustered jet configurations,
the soft contribution retains an explicit dependence on the jet-clustering condition. Following the
discussion in section 2.1, we expand the phase space of the cross section in Eq. (21) using the soft
boost Λ𝑠. In this case, however, the phase space and the choice of jet momentum are constrained
by Θ(𝑅mn, 𝑞 𝑗), which distinguishes between the clustered and unclustered configurations.

In addition to the expansion of the matrix element, the subleading soft contribution also re-
ceives corrections from the jet-clustering condition. We first discuss the contribution from the
matrix element. The subleading contribution to squared matrix element can be obtained using

1We note that our results can be used, without any modification, for the anti-𝑘⊥ jet clustering algorithm as well.
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momentum shifts provided in Ref. [22]. The divergences resulting from this contribution cancel
upon combining with the collinear contributions.

We now discuss the subleading contribution arising from the expansion of the angular distance
𝑅𝑚𝑛. The soft boost Λ𝑠 induces a modification of the angular distance, which can be expanded as

𝑅mn = 𝑅 𝑗𝑘 +
𝜔𝑘√
𝑠
R 𝑗𝑘𝑎, (23)

where R 𝑗𝑘𝑎, derived in Ref. [15], can be expressed in terms of the spatial-directions of the jet, the
soft gluon and the initial-state partons. An important observation is that the subleading expansion
of Θ(𝑅mn, 𝑞 𝑗) is proportional to 𝛿(𝑅 − 𝑅𝑚𝑛), which fixes the jet configuration at the boundary
separating the clustered and unclustered region. As a result, this contribution is finite.

Final-state collinear contribution

This contribution corresponds to 𝑝𝑚 · 𝑝𝑛 ∼ 𝜏. The relation between the one-jettiness variable
T1 and distance 𝑅𝑚𝑛 is such that 𝑝𝑚 · 𝑝𝑛 is only small when m and n are clustered into a jet. Hence,
this expansion only contributes to the clustered part of the cross section. To simplify this expansion,
we map the two final-state gluons to a jet using the momenta redefinition described in [15]. The
mapping is of the form

𝑝m + 𝑝n → 𝑝 𝑗 + (1 − 𝜆)𝑝𝛾 , 𝑝𝛾 → 𝜆𝑝𝛾 (24)

The momenta redefinition allows for a straightforward expansion of the matrix element squared and
the observable in 𝑝m · 𝑝n.

The final result

The final result is obtained by combining of unclustered contribution, the clustered contribution
and contribution from the jet algorithm. We observe the cancellation of 1/𝜖 poles for both the cases,
leaving a log 𝜏 contribution. The final result is of the form

d𝜎NLP
O

d𝜏
= [𝛼𝑠]𝜎̃0(𝐶NLP,LL log[𝜏] + 𝐶NLP,NLL) (25)

where the explicit results of the coefficients 𝐶NLP,LL and 𝐶NLP,NLL are presented in [15].

4. Applications and checks

Drell-Yan production

Considering the NLO Drell-Yan process

𝑞(𝑝𝑎) + 𝑞(𝑝𝑏) → 𝛾∗ → 𝑙 (𝑝1) + 𝑙 (𝑝2) + 𝑔(𝑘). (26)

We use the methodology presented in section 2 to compute the power corrections to lepton pair
production, keeping the observable to be arbitrary, explicitly given in [14]. As this is a simple
enough process, we compute the naive subleading expansion of the cross section to analytically
validate our methodology and find agreement with Eq. (18). In addition, we also validate our
computation by comparing the Drell-Yan result with the earlier calculation presented in [10]. This
check was non-trivial as it requires us to correctly match their N-jettiness definition.

7
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Table 1: Next-to-leading power coefficients as defined in Eq. (18) for 4𝛾 production at
√
𝑠 = 200, 𝑒𝑒𝑞 → 1

GeV with the observable defined in Eq. (27). In this case, the collinear coefficient CNLP,𝑏 is equal to CNLP,𝑎.
Fitted results for the next-to-leading power coefficients are compared with the results obtained by a numerical
integration of the derived analytic formula.

coefficient numeric fitted

CNLP,𝑠 2.61598(7) × 10−7 2.5(1) × 10−7

CNLP,𝑎 8.61(8) × 10−7 8.9(5) × 10−7

Four photon production

We apply the master formula in Eq. (18) to calculate the subleading power corrections in
the zero-jettiness to the production of an arbitrary number of photons. The central feature is the
implementation of generalized Berends-Giele like currents computed recursively in FORTRAN. We
use this implementation to compute the production of four photons for the process 𝑞𝑞 → 4𝛾 + 𝑔
and the observable is chosen to be the product of the transverse momentum of all photons i.e.

O(𝑃𝑁𝛾) =
𝑝2

1,⊥ 𝑝
2
2,⊥ · · · 𝑝2

𝑁,⊥
𝑠𝑁

, (27)

. This computation is verified against a numerical check where we compute the subleading co-
efficients using a 𝜒2 fit analysis and we find a very good agreement for both the leading-log and
next-to-leading-log coefficients, as shown in table 1.

Prompt-photon + jet production

We evaluate the results for 𝛾 + 𝑗 production (discussed in section 3) for various transverse-
momentum cuts of the final-state jet. The observable is then given by

O(𝑝 𝑗 , 𝑝𝛾) = 𝜃 (𝑝⊥, 𝑗 − 𝑝⊥,cut). (28)

To perform a numerical validation, we compute the numerical cross section in bins of [𝜏min, 𝜏max]
and perform fits to obtain the coefficients 𝐶NLP,LL and 𝐶NLP,NLL in the equation (25). We find
excellent agreement for various 𝑝⊥,cut. We provide an illustration of the correctness of the next-to-
leading-power corrections computed in [15] (see Figure 2). It is clear from the plot that the inclusion
of full next-to-leading-power corrections extends the range of 𝜏 values where the numerical and
analytical results agree, indicating the correctness of the latter.

5. Conclusions

We present a methodology to compute the power corrections to zero-jettiness cross sections
for arbitrary colorless final states composed of massless particles. In this process, we show that
momenta redefinitions, a familiar concept used in fixed-order calculations, allows for a generic
expansion of the phase space and the observable. We extend the same formalism to one-jettiness
cross sections by computing the NLP corrections to production of prompt-photon and a jet for the
first time. Together, these developments move us closer to a general framework for computing
power corrections in slicing schemes for arbitrary collider processes at NLO.
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Figure 2: The comparison of the numerical binned cross section and its various approximations obtained by
different truncations of the expansion in small 𝑁-jettiness. The analytic approximations including the leading-
power (LP) contributions, the LP + leading-logarithmic (LL) next-to-leading-power (NLP) correction, and
the LP + full NLP corrections. The three curves in the plot become indistinguishable for 𝜏 < 10−3.
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