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processes, keeping arbitrary numerical precision throughout the entire calculation.
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1. Introduction

We are approaching a new precision phase for the study of the phenomenology of the elec-
troweak (EW) interactions. The upcoming high-luminosity phase of the Large Hadron Collider
(HL-LHC) will provide a factor of 10 increase in the dataset, with experimental precision targets
at the sub-percent level for several electroweak observables. The following increased sensitivity to
the EW interactions will possibly be enhanced by lepton collisions at the Future Circular Collider
(FCC-ee), whose main focus is going to be precision EW physics. To take full advantage of the HL-
LHC data, theoretical predictions need to match the impressive level of the projected experimental
precision. The last decades have seen an impressive progress in the development of technologies for
the computation of higher order QCD corrections, reaching next-to-next-to-leading order (NNLO)
for most hadron collider processes, and even next-to-next-to-next-to-leading order (N3LO) in se-
lected cases. EW corrections are instead lagging behind, and there is a very limited number of
processes where NNLO EW corrections have been assessed [1-4]. This gap risks to severely hinder
the potential of HL-LHC, making the development of a computational and theoretical framework
for the computations of such corrections of primary importance for the precision physics program
of LHC.

In this proceeding, we describe recent progress towards the formulation of such framework,
presenting first results for selected subsets of the full NNLO EW corrections to the production of
a lepton-antilepton pair at hadron colliders: the QED and the fermionic contribution. The lepton-
antilepton pair production, also known as neutral-current Drell-Yan (NC-DY) process, has been
selected for its primary phenomenological relevance since, at hadron colliders, it provides the ideal
environment for a precise study of the gauge sector of the SM, being in particular crucial for the
determination of the Z-boson mass and the effective weak mixing angle.

For NC-DY, predictions are available up to N3LO QCD [5-7], NLO EW [8-17] and at NNLO
in the case of mixed QCD-EW corrections [18-20]. The large size of the NLO EW corrections, due
to the presence of EW Sudakov logarithms and in turn of the NNLO mixed QCD-EW corrections,
suggests that also the NNLO EW effects might potentially be large, at the several percent level, as
it appears for instance in [21-24]. If confirmed, effects of this size could not be neglected for a
meaningful comparison with the experimental data. In a complementary perspective, the residual
uncertainties of a NLO-EW calculation of the NC-DY process, due to input- and renormalisation-
scheme dependencies, range between 1 and 10% in the TeV region, with a strong limitation of
the discovery potential of any signal of physics beyond the SM [24], based on current tools. The
NNLO-EW corrections will also be relevant for precision phenomenology at HL-LHC in the 80-400
GeV interval, where sub-percent errors are expected.

2. The computational framework

One of the main bottlenecks for the evaluation of NNLO EW corrections are the two-loop
virtual amplitudes, which require to face several problems at the frontier of current technology.
Some of these problems are shared with analogous calculations at NNLO QCD: they are large
computations, involving O(10*) diagrams, often with several dynamical scale. The multiscale
nature of the problem rises naturally in the case of higher-order EW corrections, since they require
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the insertion of massive gauge bosons. As a consequence, the resulting multiscale Feynman
integrals present a more involved analytic structure, which often can only be expressed in terms
of complicated special functions of the elliptic type. EW corrections also present some unique
complexities, which do not appear in a pure QCD calculations. As a chiral theory, the EW
interaction introduces the presence of the Dirac trace s, which needs to be consistently treated in
dimensional regularisation. Furthermore, a gauge-invariant definition of the gauge boson masses
can be assessed by the introduction of the Complex Mass Scheme [25], thus requiring the analytic
continuation of the results in the full complex plane. This set of challenges, together with the
full development of a subtraction and renormalisation program at this perturbative order in the
EW coupling, deserves the development of a dedicated computational framework, where all the
different conceptual and computational issues relevant in the calculation are addressed in a fully
consistent way. For this reason we developed Oceann (Organised Calculation of Electroweak
Amplitudes at NNLo), a collection of codes and packages that provides, to an experienced user, all
the necessary tools to face the challenges of the calculation of a multi-loop electroweak amplitude.
The main steps of our computational workflow are: the generation of the chosen scattering process
Feynman diagrams; the computation of all the interference terms between the Feynman diagrams
contributing to the squared matrix element; the calculation of the Feynman loop integrals through
the reduction to a basis of Master Integrals (MIs); the MIs evaluation across the kinematical space
by solving the associated differential equations; the cancellation of the UV and IR divergences via
the renormalisation and subtraction procedures.

Our references codes are respectively FEYNARTs [26] for the generation of diagrams, our
private Mathematica package ABiss (Amplitudes Builder, Interference Solver and Simplifier) for the
interference terms computation, Kira[27-30] for the MIs reduction, LiteReD[31] for the differential
equation system identification, AMFLow[32] for the boundary condition evaluation in one point
of the kinematic space and SEASYDE[33] for the analytical continuation of the solutions in the
complex plane. The main methodological choice that defines the Oceann framework is that all
the elements contributing to the expression of the scattering amplitude are evaluated with arbitrary
numerical precision, namely the possibility to increase at will the number of significant digits which
are under control in the numerical evaluation. Such approach is ideally suited for the calculation of
higher-order EW corrections.

2.1 s treatment in dimensional regularization

The evaluation of multi-loop Feynman Integrals within the dimensional regularization proce-
dure introduces a well-known theoretical issue in chiral gauge theories, represented by the consistent
embedding of ys in D dimensions [34]. During the last decades, several techniques have been for-
mulated to answer the problem, coming from the infeasibility to satisfy simultaneously in generic
D dimensions both the anticommutation relation:

{7’#,75} :0a (1)
and the trace condition
TV(?’y?’v?’p)’a?’S) = 4i€yvp0' > (2)

due to the vanishing of the latter when applying the cyclicity property of the trace operator.
The ’t Hooft-Veltman/Breitenlohner-Mason’s (HVBM’s) prescription [35-39] renounces to the



Towards two-loop EW corrections Simone Devoto and Michele Dradi

anticommutation relation, and it is the sole that has been demonstrated to remain valid at any
perturbative order. However, due to its necessity of introducing suitable higher-order counterterms
for the restoration of gauge-invariance, it has not yet been extended beyond O(«). Conversely, the
Korner-Kreimer-Schilcher’s (KKS’s) approach [40-42] retains ys’s anticommutativity, resulting in
a much easier automation for the case of hundreds or thousands of Feynman diagrams. With respect
to other alternatives, such as the Larin principle [43] or the naive-anticommuting approach, the
appearance spurious terms coming from its preservation of ys anticommutation property can be
systematically controlled by verifying their cancellation in the final results.

One of the main features of ABiss is a validated implementation for the KKS’s y5 treatment
in two-loop virtual amplitude calculations. This has been realised by introducing an ad-hoc trace
operator projected on a 4-dimensional subspace, defining the Levi-Civita tensor "¢ and s itself
as intrinsically four-dimensional objects. Following these definitions, Equation 2 can be restored,
but the loss of the trace cyclicity leads to potentially disruptive results in the calculation. One
immediate consequence is that final results become dependent on the internal ordering of any trace
operator’s arguments. For the case of 2 — 2 scattering processes involving external fermion states,
we identify two distinct cases of ys ordering conventions:

* We define reading-point convention the choice of the initial point from which the Feynman
diagrams internal fermionic traces are constrained to start. Once this choice is adopted for a
certain topology, it must be applied to any diagram contained therein.

* We define fixed-point convention the choice that realizes the desired external spinors ordering
in the sum over the polarization states. Once this choice is adopted for one diagram, it must
be applied to any other diagrammatic contribution.

For SM computations, the independence from the reading point is retained independently for each
of the three fermion families only after summing over all the respective diagrammatic contributions.

In general, the implementation of the KKS’s s prescription in ABIss represents a general-
ization of the procedure already described in [44, 45]. After projecting the Lorentz quantities
into 4-dimensional and (-2¢)-dimensional subspaces, the integrals with purely (-2€)-dimensional
numerators are then expressed as combinations of D = 6 — 2e and D = 8 — 2¢ two-loop integrals
with increased denominator exponents.

3. UV Renormalisation

The amplitude’s UV singularities are ensured to cancel by the means of the SM renormalisation
procedure. The latter has been discussed up to second order in the electroweak interaction in [23, 46—
501, both for the on-shell and the M S renormalisation scheme. The electric charge renormalisation at
O(a?) EW has been presented in detail in [51]. A major component of our automated computational
framework OcEANN is the consistent inclusion of the higher-order renormalization constants.

The quantization of the theory is performed choosing the Background Field Method (BFM).
The latter allows for the translation of the U(1).,, gauge invariance of the classical SM Lagrangian
into QED-like Ward Identities that connect the 1PI vertex functions involving external background
photon fields, as well as additional ghost-free Slavnov-Taylor relations connecting the 1PI gauge
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boson self-energies with the pseudo-Goldstone bosons ones. The complete list of identities can be
found in [23, 46]. Verifying that these identities were satisfied in our calculation provided a funda-
mental intermediate benchmark of our framework. Inside Oceann we have collected in a dedicated
Fey~nARrTs model file all the Feynman rules for both interaction vertices and renormalisation con-
stants insertions up to O(a?). We have then implemented special routines for the semi-analytical
evaluation of all the O(a) and O(a?) counterterms as Laurent series in the dimensional regular-
ization parameter €. For both the complete list of renormalisation conditions and any additional
detail of our complete renormalisation procedure, we refer the reader to [52]. The main innovation
for this computation is the usage of the Complex Mass Scheme, which burdens the renormalisation
constants computation with the necessity of evaluating the 2-point Green functions of the theory in
correspondence of complex valued poles ,u%,, coinciding with the integral threshold values. This
approach leads to a potential non-commutativity between the limits p? — ,u%, and € — 0 and the
possible violation of causality principle. Within Oceann, all these concepts are carefully addressed
by exploiting the same packages used for the complex amplitude evaluation in the kinematic plane:
AMFLow and SEASYDE.

The two-loop virtual amplitudes are obtained by replacing each bare parameter with the
associated renormalised counterpart and by rescaling each external field with the corresponding
wavefunction (WF) renormalisation constants. For the case of the Drell-Yan scattering:

1
Z;. 167% x

1 1
IM(qqg — tT€7)) = 2,27,

© 2j+2
e(1+6Z.)\™ ;
Z ( 4 ) ) MG (5.t + 6y g 483y 2.1 + Sty 2.10))
j=0

= dra Y. (=) IMY (st iy, i) 3)
j=0

The WF counterterms can be determined either by setting to one the residue of the propagator
(unitarity condition), as prescribed from the on-shell renormalisation scheme, or by imposing the
validity of the second order BFM Ward identities also at the renormalised level (gauge invariance
condition). For the case of the external fields constants Z, ; ¢+ ¢-, the unitarity condition is the one
that must be considered to preserve the probabilistic interpretation of asymptotic states. Due to the
diagrammatic cancellation of any internal WF renormalisation constant, at O («) no other specifica-
tions are needed. Nevertheless, at O(a?) the expressions of the on-shell bosons mass counterterms
0 y%,(z) carry an implicit dependence on the corresponding first order WF renormalisation constants,
for which the two possibilities described above differ in a finite part. For the sake of building a
gauge invariant scattering amplitude, we choose to fix these internal WF counterterms through the
enforcement of renormalised Ward Identities.

4. IR Subtraction

The amplitude in Equation 3 is expanded in powers of @, and we collect all the terms of
the same order in the coupling constant, checking the cancellation of the UV divergences. The
subtraction of the remaining IR divergences can be obtained by exploiting the universal structure
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of IR divergences [53], with the introduction of suitable subtraction operators:

IM-Finy — | Ay — 7D A0y | 4)
|M(2),fin> — |M(2)> _ ](2)|M(0)> _ I(1)|M(1),fin>’ (5)

where the 71 and 7@ follow from the abelianization of the QCD results presented in [54-57]:

F’ T
](1) -0 , 6
5. 12 " 2e ©)
1 (r* )2 I’ 3 massive
— 7P =% 4 %I, -= To—2B0) + —= + — + b
s2 ne Tga |\l0T 2P0t ( 0= 2B0) + e+ 4 Z RER
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with S¢ = (4me™7E)€ and ug being the scale for the M S renormalisation of the electric charge. In
order to ensure a consistent cancellation of the IR divergences, the same renormalisation scheme

has been adopted in the evaluation of the virtual corrections. For the complete description of each
term appearing in Equations 6-7, we refer the reader to [58].

These operators describe the emission of massless gauge photons and the production of ad-
ditional light fermion pairs. The subtraction formula holds for the case of a massive final state,
where the emitter mass m acts as a natural regulator and the final state collinear divergences are
consequently absent. The universality of the IR divergent factors implies that their expression
depends only on the external particles of the scattering under study, but not on the details of the
hard interaction; in other words, the discussion of the IR structure of the gg — €*¢~ process is the
same, irrespective of our choice of performing the calculation in QED or in the full EW SM. For
the latter, the only difference will be the inclusion of W boson contributions in the renormalised
coefficient that describes the emission of one photon, in addition to the ones coming from the
massive fermions.

5. Results

We present here the results that reflect our long-term strategy of addressing the full NC-
DY virtual amplitude through diagrammatic subsets with increasing complexity, allowing us to
progressively validate complementary aspects of our computational workflow. We consider the pair
production of massive leptons:

u(pr) +ia(p2) = £ (p3) + € (pa) . (®)

The lepton mass is labeled by m,. The Mandelstam variables are defined as
s=(p1 + p2)2, t=(p1 - p3)2, u=(ps —p3)2 with s+t +u = 2m§, 9

while the on-shell conditions of the external particles are

2

pi=pi=0, pi=pi= (10)

3
C\:I\)
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0.438957 476 012 852250 408 920 432 150 96
e —0.438957 476 012 852 250 408 920 432 150 96
0
—50.507 936715 422 813794 673 578 353 212
e? 50.507 936715422 813794 673 578 353212
0
729.673 397 464 406 823 805 401 840 608 83
e? —1334.179413 878226 352371 754281 42592
604.506 016413 819 528 566 352440 817 09
26528.662 344 660 489 566 812 058 589 673 55
e! —463.090 234 187 259 379 447 239209 073 69
—26065.572 110473230 187 364 819 380 599 86
401 847.447 345130 812729 654 039 382 6352
€? 4376.812767 994 162 824 254 022 583 940 2
—308980.388 535 504 055 198 013 748 925 268 4
2Re(M DM ) fimy 97243.871 577 620920 355894 313 0413070

Table 1: Numerical coefficients, computed with at least 32 significant digits, of the IR poles present in the
different contributions to Equation 5 in QED, for s = 10000 GeV? and t = —2500 GeV2. For each pole,
the first row refers to 2Re(M | M), the second one to —27 ® Re(M @M} and the third one to
27D Re(MO | MD-Fimy The last row is the final result of 2Re(M D |MP)-finy,

In the corrections with one closed fermionic loop, we consider the three charged leptons and six
quarks of the three known fermion families. We keep as massive particles in the loops the leptons
and the top quark, while we consider the five light quarks as massless. The results are obtained
using the following values for the Mandelstam invariants, the masses of the charged leptons and of
the top quark in the fermionic loops:

s = 10000 GeV? me = 0.510998 MeV mz = 91.1535 GeV
t = —2500 GeV? m, = 0.105660 GeV I'z = 2.49430 GeV
Ur =mz = 91.1535 GeV m, = 1.77686 GeV mw = 80.3580 GeV

m; = 172.690 GeV I'y = 2.08400 GeV

mpy = 125.250 GeV

5.1 Two-loop corrections in QED

We will first consider the two-loop corrections to the NC-DY virtual amplitude in QED, with
me = m,, which encode completely the general IR structure of the overall amplitude. In this
case, the lower number of Feynman diagrams and the absence of massive gauge boson offered a
highly instructive framework to assess our arbitrary numerical control. We identify in total 11
families relevant for the description of two-loop box topologies'. In the classification of the vertex
corrections we identify 6 new families, while in the analysis of the self-energy diagrams we find
2 new families. We find a finite result for the self-energy corrections to the tree-level photon

'We count only once the insertion of a closed fermionic loop, treating the fermion mass as one generic parameter.
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Figure 1: Two-loop fermionic EW diagrams for NC-DY. The blue lines represent internal fermions, the
orange lines generic internal bosons (vectors or scalars). The wavy lines represent vector boson propagators.

propagator, after the introduction of the one- and two-loop electric charge counterterms, and we
check the cancellation of UV-divergences when combining any two-loop diagram featuring one
fermion loop insertion together with the charge renormalization of the adjacent vertices in the
corresponding one-loop diagram.

After the UV-renormalization, the remaining IR divergences appear as poles in the dimensional
regularization parameter €, but also as logarithms of the lepton mass in the case of the final state
collinear divergences. The numerical amplitude results are Laurent series in €, and their coefficients
are numbers with arbitrary precision. In Table 1 we present the value of the coefficients of the
different powers of €, for each one of the three contributions that appear in Equation 5 after projecting
on the Born amplitude |M(?) and taking two times the real part of the result. For all the poles, we
achieve a perfect cancellation when we sum the three coefficients. In the table we also report the
the result for the finite part of the interference term, which we verified to be in perfect agreement
with the values presented in [59].

5.2 Two-loop fermionic EW corrections

We now discuss the complete fermionic sector of the two-loop corrections to the NC-DY
EW virtual amplitude, with my, = m,, defined by the presence of a closed fermionic loop in
the Feynman diagrams and the relevant UV counterterms. This calculation represents a non-
trivial test of our renormalization procedure, as well as a significant consistency check for the
Y5 treatment in dimensional regularization. However, keeping m, # 0 introduces an additional
kinematic scale and significantly slows down the MIs reduction procedure. In order to mitigate
this computational bottleneck, we neglect the mass of the final-state muon whenever possible,
considering that final-state collinear divergences only arise when a photon couples to a final-state
muon. As a consequence, if the exchanged boson is massive we can safely set m,, = 0: this choice
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—35.4668
€3 35.4672
0
1 856.03 + 374.962 i
e? —1207.81 +241.417 i

—648.21 - 616.378 i
—35083.52 - 4774.08i
e! 9463.56 — 5495.621i

25 620.07 + 10 269.72 i
—523472.8+ 82010.2i
e’ 32550.2— 16686.4i
36267.7+ 52963.0i
(MO MP)-Fimy | _454 654.8 + 118 286.9 i

Table 2: Numerical coefficient of the IR poles present in the different contributions to Equation (5) for
the case of fermionic EW corrections, in units of o and for s = 10000 GeV? and t = —2500 GeV2. For
each pole, the first row refers to (M(® IM;ezr) ), the second one to —Iférz) (MO MY and the third one to

7MW (MO IMf(elr)’fi"). The last row is the final result of (M ©) IMf(i)"ﬁ").

only introduces corrections effects that are suppressed by O(mfl / ,u%v), which is negligible for any
phenomenological application.

The topologies we have encountered include: two-loop self-energies, with up to five massive
lines; two-loop triangles, with up to five massive lines and four different masses; two-loop boxes
containing the insertion of a one-loop fermionic bubble insertion on an internal line, featuring at
most six massive propagators and three different masses. The latter represents the most demanding
topology, and required approximately 4 hours for the reduction on a 96-core machine with 500 GB of
memory. The subsequent numerical evaluation in one point of the phase-space with AMFLow took
roughly 1 hour and 45 minutes on 96 cores. In Table 2 we present the numerical coefficients of the
Laurent expansion in € for each contribution of Equation 5, now specialised for the purely fermionic
contributions, thus introducing |leelr) ), IM(Z)

fer
in separate parts of the calculation, we obtain a cancellation of the € poles with a relative precision

) and Iférz) Due to the choice of considering m,, = 0

of 1077, because of missing terms proportional to the squared muon mass. However, we have
checked that these are all and the only terms responsible for the imperfect cancellation, by reducing
the numerical value of the muon mass by a factor 100, observing in turn the cancellation improving
by a factor 1002, consistent with the expected squared power-like behavior.

As a consistency check, we have verified our results to be completely independent of any
possible choice for the fixed- and/or reading-point conventions. In particular, we have observed
that at NLO only the one-loop box diagrams are affected by the external spinor ordering, only
introducing spurious terms of O(e). At NNLO, the difference between the orderings results to be
of O(e) only after taking into account all the diagrammatic structures that contribute to the UV
renormalisation and IR subtraction procedures: we observed the two-loop fermionic boxes showing
a numerical O(1) difference that matches with negative sign the one coming from the one-loop
boxes with insertion of a first order purely fermionic UV counterterm.
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6. Conclusions

In this review, we presented Oceann, a framework for the computation of two-loop EW
amplitudes which relies on the private code ABiss for the evaluation of rational coefficients and the
public Mathematica package SEASYDE for the evaluation of the Master Integrals.

As a proof of concept of its ability to handle the calculation of the ingredients of a full NNLO
EW calculation, we presented some recent results in the case of the QED corrections and fermionic
contribution to the NC-DY process. We found, thanks to the arbitrary precision approach of
OceanN, excellent control over the cancellation of the UV and IR poles of the amplitude. These
results mark first important steps towards the computation of the full NNLO EW correction for the
NC-DY process.
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