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Scattering amplitudes in the (multi-)Regge regime develop large logarithms, which depend on the

ratio of the centre-of-mass energy over the transferred momentum, to all orders in perturbation

theory. The resummation of these logarithms relies on the universal building blocks of high-energy

factorisation, which can be associated with the properties of either a Regge pole or a Regge cut in

the complex angular momentum plane. Both the cut and the pole contribute to the tower of the

Next-to-Next-to-Leading Logarithms (NNLLs) and it becomes non-trivial to distinguish them at

the level of the perturbative expansion of the amplitudes. This contribution describes a framework

to determine the building blocks of high-energy factorisation and then focus on the (multi-)Regge

limit of the amplitudes with external quarks and gluons, as well as the Higgs boson.
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Towards (multi-)Regge limits at NNLL accuracy Giulio Falcioni

1. The Regge and the multi-Regge limits

The high-energy limit plays a crucial role for understanding the all-order structure of the gauge-

theory scattering amplitudes. This contribution regards the Regge and the multi-Regge limits, which

are defined by large energy and fixed transferred momenta. For a 2 → 2 scattering process

8(−?1) + 9 (−?2) −→ 9 (?3) + 8(?4), (1)

where 8, 9 = q, g label the particle species and where the momenta ?1 . . . ?4 are considered outgoing,

the Regge limit is defined by the hierarchy between the centre-of-mass energy squared and the

transferred momentum

B12 ≃ −B13 ≫ −B14, (2)

where B8 9 = (?8 + ? 9)2. Equivalently, the limit can be defined though strong ordering of the

rapidities of the final state particles. If we assume ?1 and ?2 in the + and −lightcone directions,

respectively, the Regge limit corresponds to

H4 ≡ log
?+

4

|?⊥
4
| ≫ H3, (3)

where the complex variables ?⊥
:
= ?G

:
+ 8 ?

H

:
parameterise the transverse components of the corre-

sponding four-vector. In this regime, the QCD scattering amplitudes at tree level factorise [1, 2]

Mtree
8 9→8 9 =

(

6 T1
04 01

X_1 _4
�

(0)
8

) 2B12

B14

(

6 T1
03 02

X_2 _3
�

(0)
9

)

≡ M [8]
0

c[8] , (4)

where 6 =
√

4cUB is the strong coupling. The kinematic dependence
B�

12

B14

originates from the

exchange of a gluon propagator in the C-channel, where � = 1 corresponds to the spin of the

mediator particle. The Kronaecker deltas ensure the conservation of the helicities of the external

particles attached to the C-channel gluon. The colour tensors T0
12

are the SU(Nc) generators in the

appropriate representation of the external particles and the colour structure c[8] = T1
04 01

T1
03 02

is

associated with the exchange of a colour octet in the C-channel. Finally, the functions �
(0)
8

(?8 , ? 9)
are the tree-level impact factors, coupling the external particles to the C-channel gluon. At loop

level, the amplitudes admit the double expansion

M = Mtree +
∞
∑

==1

=
∑

<=0

0=B !
< M=,<, (5)

where 0B =
UB

4c
and

! =
1

2

(

log
B12

B14

+ log
B13

B14

)

≡ 1

2

(

log
B

C
+ log

D

C

)

= log
B

−C − 8
c

2
, (6)

The all-order tower of contributions with = = < captures the Leading Logarithms (LLs) of the

amplitudes, = = < + 1 the NLL, and = = < + 2 characterises the NNLLs, which are the main focus

of this contribution. Similarly to the Regge limit, one defines the multi-Regge limit for 2 → =

scattering

8(−?1) + 9 (−?2) −→ 9 (?3) + :1(?4) + . . . :=−4(?=−1) + 8(?=), (7)

2
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either in terms of the hierarchy among the Mandelstam invariants

B12 ≫ B34 ∼ B45 ∼ · · · ∼ B=−1 = ≫ −B23 ∼ −B234 ∼ · · · ∼ −B1 =, (8)

or in terms of the strong ordering in the rapidities of the emitted particles

H= ≫ H=−1 ≫ · · · ≫ H4 ≫ H3. (9)

The tree-level amplitudes in the multi-Regge limit factorise similarly to eq. (4) [2]

Mtree
8 9→83...8=

= 2B12

(

6 T11
0=01

X_1 _=�
(0)
8

(?1, ?=)
)

×
6 5 11 0=−1 12 +

_=

0
(@⊥

1
, ?⊥

=−1
, @⊥

2
)

|@⊥
1
|2 |@⊥

2
|2

× . . .

×
6 5 1=−4 04 1=−3 +

_4

0
(@⊥

=−4
, ?⊥

4
, @⊥

=−3
)

|@⊥
=−3

|2 |@⊥
=−4

|2
×

(

6 T
1=−3
03 02

X_2 _3 �
(0)
9

(?2, ?3)
)

, (10)

where @1 = ?1 + ?=, @8 = @8−1 + ?8+2 are the momenta exchanged in the C-channel. Note that, in the

multi-Regge limit, these are mostly transverse [2], e.g. @2
1
= B1= = −|@⊥

1
|2. The Lipatov vertex [3],

+
_8
0
(@⊥

:
, ?⊥

;
, @⊥<), describes the emission of a gluon of transverse momentum ?⊥

;
at central rapidity.

Beyond the tree level, all the LL contributions to the amplitudes factorise into the universal

building blocks of eqs. (4) and (10) [1, 2]. The 2 → 2 amplitudes read

MLL
8 9→8 9 ≡ Mtree

8 9→8 9 +
∞
∑

==1

0=B !
= M=,= = Mtree

8 9→8 9

(

B12

−B14

)U6 (B14 )
, (11)

where U6 is the gluon Regge trajectory, with the perturbative expansion

U6 (C) =
∞
∑

==1

U
(=)
6 (C, `2)

(

UB (`2)
c

)=

. (12)

The LLs of the multi-leg amplitudes exponentiate as in eq. (11) [1, 2]. For instance,

MLL
8 9→86 9 = Mtree

8 9→86 9

( B45

g

)U6 (B15 ) ( B34

g

)U6 (B23 )
, (13)

where g ∼ −B15 ∼ −B23 is an arbitrary factorisation scale.

2. The Regge pole and the Regge cut

The dependence of eqs. (11) and (13) on the energy of the incoming particles, of the form BU(C ) ,

is related to a pole in the complex angular momentum plane, see [4]. The latter originates from the

reggeization of the gluons exchanged in the C-channel [3, 5], which modifies the propagators

B

C
→ B

C

( B

g

)U6 (C )
, (14)

where C is the squared momentum flowing through the propagator and B is the invariant mass of the

external particles attached to it. This phenomenon is universal, because it does not depend on the

3
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external particles, but only on the presence of a gluon propagator in the C-channel. For instance, the

LLs of the amplitudes for Higgs + jet are of the same form as eqs. (11) and (13) [6]

M86→8� =

(

6 T1
0301

�
(0)
8

(?1, ?3)
)

,
B

C

( B

g

)U6 (C )
·
(

X021 �
(0)
H

(?2, ?�)
)

= Mtree
86→8�

( B

g

)U6 (C )
, (15)

where �H is the impact factor of the Higgs boson.

The Reggeized gluon, or Reggeon, has odd signature under the exchange of the external

particles that are attached to it, from the initial to final state. The role of this symmetry emerges by

considering the signaturised combination of permuted amplitudes1

M (f1 ,f2 )
8 9→86 9

=
1

4

[

M8 9→86 9 (?1, ?2, ?3, ?4, ?5) + f1 M8 9→86 9 (?5, ?2, ?3, ?4, ?1)

+f2 M8 9→86 9 (?1, ?3, ?2, ?4, ?5) + f1 f2 M8 9→86 9 (?5, ?3, ?2, ?4, ?1)
]

, (17)

where f1, f2 = ±1. The rest of this talk focuses on the odd components with f1 = f2 = −1 [7],

which are described by a Regge pole at the level of the LLs.

The NLLs of all the signature-odd amplitudes have the structure of a Regge pole too [8]. For

2 → 2 scattering one gets

M (−)
8 9→8 9

=
B12

B23

�8 (?1, ?4, g)
[

( B12

g

)U6 (B23 )
+

(−B12

g

)U6 (B23 )
]

� 9 (?2, ?3, g) c[8] , (18)

which features the signatured combination of reggeized propagators. Eq. (18) requires two new

building blocks compared to eqs. (11) and (13), namely the one-loop impact factors [9, 10], 2
(1)
8

,

�8 (?1, ?4, g) = �
(0)
8

(?1, ?4) · 28

(

UB,
@2

1

g

)

, 28

(

UB,
@2

1

g

)

= 1 + UB

c
2
(1)
8

(

@2
1

g

)

+ . . . , (19)

and the two-loop gluon Regge trajectory, U
(2)
6 , see eq. (12). Similarly, the NLLs of the 2 → 3

amplitudes feature the one-loop corrections to the Lipatov vertex [9, 11, 12]

+ (@1, @2, ?
⊥
4 , g) = +0 +

∞
∑

==1

(UB

c

)=

E (=) (|@1 |2, |@2 |2, |?⊥4 |2, g). (20)

Gluon reggeization underlies the resummation of the centre-of-mass energy logarithms via the

BFKL approach through the NLLs. Hence any insight into the NNLL tower of contributions has

both theoretical and phenomenological value.

The all-order structure of the NNLLs of the amplitudes is not yet understood, due to the

contribution of Regge cuts in addition to the Regge pole. Recently, the tower of the NNLLs has

been investigated with a variety of approaches, e.g. [13–15]. This talk is based on the idea of

1For 2 → 2 scattering, the exchanges 1 ↔ 4 and 2 ↔ 3, in the notation of eq. (4), are equivalent. Therefore

M (f1 ,f2 )
8 9→8 9

= M (f2 ,f1 )
8 9→8 9

≡ M (f1 ·f2 )
8 9→8 9

, (16)

4
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computing the high-energy limit of the amplitudes as a scattering process among Wilson lines [16–

19]. In this approach, a fast-moving projectile, mostly in the + lightcone direction, is represented

as a product of Wilson lines

*[ (I) = Pexp

[

86

∫ +∞

−∞
3G+ �+(G+, G− = 4−2[G+, G⊥ = I)

]

≡ Pexp [86, (I)0 T0][ , (21)

where I is the position of each Wilson line in the transverse plane. The regulator

[ = −1

2
log

(

3G−

3G+

)

=
1

2
log

( B

−C
)

(22)

removes the rapidity divergences of the Wilson lines and carries the dependence on the large

logarithms of the energy. The idea behind the approach pioneered in ref. [20] is to determine the

energy logarithms of the amplitudes through the evolution of the Wilson lines in rapidity. The latter

is governed by the Balitsky-JIMWLK equation [18, 21–23]

3

3[
T [* (I1) . . . * (I=)] = −

∑

8, 9

∫

32I �8 9 [*adj(I)] ⊗ T [* (I1) . . . * (I=)] , (23)

where �8 9 is the JIMWLK Hamiltonian. The perturbative expansion of the scattering amplitudes is

obtained in the dilute regime of the Wilson lines,*[ (I) ∼ 1. In this case, eq. (23) is expanded in the

field,0 (I) of eq. (21), as described in detail in [20, 24]. Here, it is important to recall that the field

,0 (I) has odd signature under the exchanges of particles of eq. (17), which correspond to reversing

the path ordering of the Wilson lines. The JIMWLK Hamiltonian can create and annihilate an even

number of ,-fields, in order to preserve the signature

� = 62 �=→= + 64 �=→=±2 + 66 �=→=±4 + . . . , (24)

where the creation and the annihilation of ,-fields are suppressed by powers of the coupling.

Finally, the contraction of two ,-fields with the same rapidity is a free massless propagator in the

2 − 2n euclidean dimensions of the transverse plane

〈,01 (?1) |,02 (?2)〉 =
8

?2
1

X01 02 X (3−2) (?1 + ?2). (25)

The scattering amplitudes are obtained by contracting together the ,-fields, now interpreted as

Reggeons, that are emitted from the projectile and from the target. To this end, the Reggeons must

be evolved to a common rapidity scale using the Hamiltonian in eq. (24)

M8 9→8 9 =
2B12

8
〈Ψ 9 |4−[� |Ψ8〉, (26)

The target and the projectile are collections of Reggeons

|Ψ8〉 = T0 |,0
8 〉 + T0T1 |,0

8 ,
1
8 〉 + T0T1T2 |,0

8 ,
1
8 ,

2
8 〉 + . . . (27)

and similarly for 〈Ψ 9 |. It is convenient to organise the amplitudes in the single-Reggeon contribution

and the multi-Reggeon contributions

M8 9→8 9 = MSR
8 9→8 9 +MMR

8 9→8 9 . (28)

5
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The former has the structure of a Regge pole [20, 24, 25]

MSR
8 9→8 9 =

2B12

8
〈,0

9 |4−[ � |,0
8 〉 = −2 B12

B14

4−�1→1 ! , (29)

where B14 = −|?⊥
3
|2 = −|?⊥

4
|2 is the transverse momentum of the final-state particles and �1→1 is

contained in the leading term of eq. (24).

The multi-Reggeon component contains contributions from both the Regge pole and the Regge

cut. Ref. [25] defines a scheme to disentangle them, based on their colour structure: the terms

that are leading in the #2 expansion are universal and can be associated to the Regge pole, all the

#2-subleading ones are assigned to the cut. For instance, consider the leading-order contribution

to MMR
8 9→8 9 , which arises at O(U2

B) [24, 25]

MMR, (2)
8 9→8 9

=
2B12

8
〈,01,02,03 [?3]) |,11,12,13 [?4]〉

=
2 B12

B14

c2 ((n)
[#2

2

6
+

(

(T2
B−D)2 − #2

2

4

)

]

Mtree
8 9→8 9 . (30)

The first term in the square brackets, which is leading in #2, is proportional to the tree-level

amplitudes and is universal, because it does not depend on the external states. The term (T2
B−D)2−#2

2

4
,

which is colour subleading [25], depends on the colour representation of the external particles

through the operator T2
B−D. Furthermore, by acting with T2

B−D upon Mtree
8 9→8 9

, the colour structure

of the amplitudes is modified compared to the tree level, thus spoiling the simple exponentiation,

which is typical of the Regge pole, see eq. (11). Using this prescription, the NNLLs of the odd

amplitudes are written as

M (−)
8 9→8 9

=
28 (C, g)

2

[

( B12

g

)U6 (B14 )
+

(−B12

g

)U6 (B14 )
]

2 9 (C, g) · Mtree
8 9→8 9 +MMR

8 9→8 9

�

�

�

�

�

#2-sublead.

, (31)

where the first term has the structure of a Regge pole and the second term is the Regge cut.

The equation above has been matched with the three-loop 2 → 2 QCD amplitudes, in order to

determine the three-loop gluon Regge trajectory, U
(3)
6 , in this scheme [26, 27]. The self-consistency

of the scheme was checked2 at the four-loop level, by verifying that the multi-Reggeon amplitudes,

MMR, (4)
8 9→8 9

, are automatically non-planar [25]. Indeed, a term leading in #2 cannot be absorbed in

the Regge pole, which does not have new parameters beyond the three-loop Regge trajectory.

This talk discusses the application of the scheme introduced in eq. (31) beyond the 2 → 2

amplitudes with external quarks and gluons, to verify the universality of the high-energy scattering.

3. The Higgs + jet amplitudes

Recently, it has been shown that the NLLs of the Higgs + jet amplitudes, 66 → 6� and

@6 → @�, have the structure of a Regge pole [28]. The NNLLs have the general form

M86→8� =
28 (C, g)

2

[

( B

g

)U6 (C )
+

(−B
g

)U6 (C )
]

2� (C, g)Mtree
86→8� +Mcut

86→8� . (32)

2There remains the freedom to shift colour-subleading contributions to the Regge pole. Here, we choose to assign all

the #2-subleading terms to the Regge cut, inspired by the behaviour of the amplitudes in N = 4 super Yang Mills, as

discussed in the conclusions.

6
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In the equation above, all the parameters entering the Regge pole part are known, except for the two-

loop impact factor of the Higgs boson 2
(2)
H

(C, g). The latter can be determined from the high-energy

limit of the two-loop Higgs-plus-jet amplitudes , which have been computed in general kinematics

[29], as follows

2
(2)
�

=

M (2)
86→8�

Mtree
86→8�

− 2
(2)
8

− 2
(1)
8

2
(1)
�

+ c2

8

(

U (1)
)2

− !
(

U (2) − U (1) (2 (1)
8

+ 2
(1)
�

)
)

−
(

U (1) )2

2
!2 −

Mcut, (2)
8�→86

Mtree
86→8�

, (33)

where ! is defined in eq. (6), 2
(1)
8

and 2
(2)
8

, with 8 = q, g, are given in [9–11] and the one-loop Higgs

impact factor, 2
(1)
H

, has been computed in [30]. In the scheme of eq. (31), the Regge cut, Mcut, (2)
86→8�

,

is the #2-subleading part of the multi-Reggeon exchanges, MMR, (2)
8 9→8 9

. However, this contribution

vanishes by colour conservation. Indeed, MMR
8 9→8 9 is given by eikonal diagrams involving only

gluons and it has the general form of eq. (30)

MMR
8 9→8 9 = %

(

T2
B−D,T

2
C , #2,

3AA

#�

, . . .

)

· Mtree
86→8� , (34)

where % is a polynomial, 3AA is the quartic Casimir in the adjoint representation, #� is the

dimension of the adjoint representation and the dots stand for higher Casimir invariants. Colour

conservation for three parton implies

T2
B−D = 0, T2

C = #2, (35)

hence it is not possible to generate colour #2-subleading terms at the two-loop level.3 Therefore,

the cut contribution in eq. (33) is set to zero and, conjecturally, to all orders [31]. By taking the

high-energy limit of the Higgs + jet amplitudes in eq. (33), the two-loop Higgs impact factor has

been determined up to O(n2) in the dimensional regulator [31]. Up to the terms of transcendental

weight 4, the result contains only classical polylogarithms in the variable G =
−C
<2

H

, where <H is

the mass of the Higgs, consistent with observation that the amplitudes for � + 36 involve only

this class of functions [32]. Crucially, the universality of the Regge pole formula was checked by

repeating the extraction of the Higgs impact factor from the amplitudes of both the 66 → 6� and

the @6 → @� processes, finding agreement.

4. The five-point amplitudes

The all-order behaviour of the NNLLs of the 2 → = amplitudes in the multi-Regge kinematics

is needed to extend the BFKL approach to NNLL. As a first step in this direction, this contribution

discusses the high-energy limit of the 2 → 3 amplitudes at two loops. These amplitudes involve

3The quartic Casimir has #2-subleading contributions

3AA

#�
=

#2
2 (#2

2 + 36)
24

. (36)

7
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contributions from both the Regge pole and the Regge cut, which are disentangled by generalising

the scheme in eq. (31), as below

M (−,−)
8 9→86 9

�

�

�

U2
B!

0
=

[

2
(2)
8

+ 2
(2)
9

+ 2
(1)
8

2
(1)
9

+
(

2
(1)
8

+ 2
(1)
9

)

E (1) + E (2)
]

Mtree
8 9→86 9 + M (−,−)

8 9→86 9

�

�

�

cut
.

(37)

In the equation above, E (2) is the two-loop Lipatov vertex and M (−,−)
8 9→86 9

�

�

�

cut
arises from the multi-

Reggeon diagrams

MMR, (2)
8 9→86 9

= 〈,11

9
,

12

9
,

13

9
| 004 (?4) |,11

8
,

12

8
,

13

8
〉, (38)

where 004 (?4) annihilates a gluon of momentum ?4 (and colour index 04) at central rapidity. In

the Wilson line picture, the emission of a gluon is described by the operator [20]

* (I)00 (?) = −26

∫

[3̄@] [3G] @.n (?)
@2

48@.(G−I)4−8 ?.G
(

*01
ad (G))1

1,' − )0
1,!

)

* (I), (39)

which, upon expansion in the dilute regime, provides the relevant set of vertices between the

Reggeons ,0 and the emitted gluon [7, 20, 33, 34]. Using this method, the multi-Reggeon

contributions MMR
8 9→86 9 have been computed up to two loops in [7, 33, 34]

MMR, (2)
66→666 =

(8c)2

72
(#2

2 + 36) �fact(I, Ī) Mtree
66→666 + . . . , (40)

MMR, (2)
@6→@66 =

(8c)2

72

[

#2
2 �fact(I, Ī) + �qg(I, Ī)

]

Mtree
@6→@66 + . . . , (41)

MMR, (2)
@&→@6&

=
(8c)2

72

[

#2
2 �fact(I, Ī) + �qQ(I, Ī)

]

Mtree
@&→@6& + . . . , (42)

where the dots indicate colour components that are not present in the tree-level amplitudes. The

functions �fact, �qg and �qQ depend on the variables I and Ī defined such that

|?⊥3 |2 =
B34B45

B12

· I Ī, |?⊥3 |2 =
B34B45

B12

· (1 − I) (1 − Ī). (43)

As in the 2 → 2 multi-Reggeon amplitudes, the leading contributions in #2 are universal for the

three channels, hence they can be assigned to the Regge pole, i.e. E (2) . In the spirit of eq. (31) the

Regge cut is defined by

M (−,−)
8 9→86 9

�

�

�

cut
= MMR, (2)

8 9→86 9

�

�

�

O(#0
2 )
. (44)

Eqs. (37) and (44) allow one to determine the two-loop Lipatov vertex, E (2) , as

E (2) =
M (−,−)

8 9→86 9

�

�

�

U2
B!

0

Mtree
8 9→86 9

− 2
(2)
8

− 2
(2)
9

− 2
(1)
8

2
(1)
9

−
(

2
(1)
8

+ 2
(1)
9

)

E (1) −
MMR, (2)

8 9→86 9

�

�

�

O(#0
2 )

Mtree
8 9→86 9

. (45)

The multi-Regge limit of the two-loop amplitudes, M (−,−)
8 9→86 9

�

�

�

U2
B!

0
, was computed at the level of the

finite remainders

H =

∑

9 ,:

A: "<9 ℎ<, (46)
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where ℎ: is the basis of transcendental pentagon functions [35], A: are rational functions and ": 9

are rational number. The pentagon functions were expanded with

B12 =
B

G2
, B34 =

B2

G
, B45 =

B1

G
, and G → 0, (47)

up to O(G2), using the technique described in [7, 34, 36]. The rational functions were determined

directly in the G → 0 limit from numerical evaluations over ?-adic numbers with the code pyadic

[37]. The finite remainders for the three channels agree with the results of [34].

The two-loop Lipatov vertex obtained through eq. (45) is, as expected, universal. The agreement

of the vertices extracted independently from the three channels, 66 → 666, @6 → @66 and

@& → @6&, provides a strong consistency check of the scheme defined in eq. (37). The result

is expressed in terms of generalized single-valued hyperlogarithms4 [38] in the variables I and Ī.

The absence of any branch points is a consequence of the fact that the dynamics is in the euclidean

transverse plane. Finally, the vertex can be decomposed into the N = 4 super Yang Mills (sYM)

contribution and in terms of lower transcendental weight. Notably, the former does not contain any

#2-subleading term, hence it is identical to the Lipatov vertex in the planar theory.

5. Conclusion and Outlook

In the Regge and multi-Regge limits, the NNLLs of the gauge theory amplitudes feature both

a Regge cut and a Regge pole. This contribution reviewed a proposal that was developed in the

context of the 2 → 2 quark and gluon amplitudes to disentangle the two analytic behaviours

order-by-order in perturbation theory. This method relies on the iterative solution of the Balitsky-

JIMWLK equation, which describes the evolution of the Wilson line correlators in rapidity, and

on features of the #2 expansion. We applied this approach to the Higgs + jet amplitudes and to

2 → 3 scattering in QCD, leading to the determination of two new building blocks entering the

Regge-pole contribution: the Higgs impact factor and the Lipatov vertex at two loops. Both were

checked by verifying the universality of these building blocks across all the partonic channels.

Colour plays a major role in the analysis of the amplitudes, with the Regge cut emerging, in

this scheme, as an intrinsically non-planar feature. In the scheme of eq. (31), the Regge pole is

dominated by planar contributions. For instance, the three-loop gluon Regge trajectory in QCD

at = 5 = 0 and in N = 4 sYM does not have any #2-subleading contribution [40]. The same

observation holds for the two-loop Lipatov vertex discussed in this talk. Therefore, it is expected

that in N = 4 sYM the Lipatov vertex remains planar even at higher perturbative orders (and

beyond the NNLLs). Based on this conjecture, the three-loop Lipatov vertex of N = 4 sYM has

been determined from the planar 2 → 3 amplitudes at three loops, obtained with the BDS ansatz

[41], and it will appear soon [42].
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