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Loop amplitudes describing the transition of an electroweak vector boson into QCD partons are
important ingredients for precision phenomenology at the LHC. Existing compact analytic results
are commonly expressed in the massless spinor-helicity formalism using a leptonic current in
place of the vector-boson polarization vector and, therefore, appear to describe only its transverse
polarization states. Exploiting the little-group covariance of these amplitudes, we show that
they actually retain the full polarization information of the massive vector boson and can be
promoted to spin-covariant amplitudes with open SU(2) indices in the massive spinor-helicity (or
spin-spinor) formalism. In particular, this allows the “missing” amplitude for a longitudinally-
polarized massive vector boson to be reconstructed through simple replacement rules, avoiding
entirely new loop calculations.
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1. Introduction

Loop amplitudes describing the transition of an electroweak vector boson into QCD partons are
essential ingredients for precision phenomenology at the LHC. They enter higher-order predictions
for processes such as the associated production of the Higgs boson and a vector boson together with
a jet 𝑝𝑝 → 𝐻𝑉 + 𝑗 , the production of a vector boson in association with jets, followed by the decay
of the vector boson into heavy leptons, e.g. 𝑝𝑝 → (𝑉 → 𝜏𝜏) + 2 𝑗 , and the production of the Higgs
boson via weak boson fusion in association with jets 𝑝𝑝 → 𝐻 + 3 𝑗 . Moreover, amplitudes with
weak vector bosons are also needed for studying polarization effects in vector boson production at
the LHC.
Many of the amplitudes required for these calculations at NNLO QCD accuracy are already available
in compact analytic forms. In particular, the one-loop amplitudes for 𝑒+𝑒− → 4 𝑗 were computed by
Bern, Dixon and Kosower in Ref. [1] almost thirty years ago, while the corresponding leading-color
two-loop amplitudes were obtained in Ref. [2] and later cast into a remarkably compact spinor-
helicity representation in Ref. [3].
However, the amplitudes of Refs. [1, 3] are expressed in terms of the leptonic current [ℓ |𝛾𝜇 |ℓ̄⟩
associated with the decay 𝑉 → ℓℓ̄, which serves as a proxy for the transverse polarization vector
of the massive vector boson. While this representation is ideal for processes involving leptonic
decays, many applications also require amplitudes for a longitudinally-polarized massive vector
boson. A direct calculation of this contribution, or of the amplitude with an open Lorentz index, is
certainly possible, but leads to large intermediate expressions whose simplification is a significant
undertaking, even at one-loop.
In this contribution, we discuss the results of Ref. [4], where we showed that no additional loop
calculation is required to obtain the “missing” longitudinal contribution. This is because the
amplitudes in Refs. [1, 3] were calculated for arbitrary lepton momenta. Thus, they retain the
full information about all polarization states of the massive vector boson. Exploiting the little-
group covariance of these helicity amplitudes, we show that they can be promoted to spin-covariant
amplitudes with open SU(2) indices and this allows the longitudinal contribution to be reconstructed
through simple replacement rules. We briefly discuss the application of this construction to the
one- and two-loop leading-color 𝑉 → 4 𝑗 amplitudes of Refs. [1, 3].

2. Spin-covariance and polarization states of massive vector boson amplitudes

A prototypical loop amplitude with QCD corrections, relevant for processes such as Higgs
production in weak boson fusion or associated Higgs and vector boson production, is shown in
Fig. 1. It can be written as

A = 𝐴
𝜇

𝑉→4 𝑗 (𝑞) 𝐷𝑉 (𝑞) 𝜌𝜇𝜈 (𝑞) 𝐽𝜈 (𝑞) , (1)

where 𝑞 denotes the momentum of the off-shell vector boson, 𝐴𝜇

𝑉→4 𝑗 describes its transition to four
partons, 𝐽𝜇 encodes the remaining process-dependent structures, the propagator of the intermediate
massive vector boson is

𝐷𝑉 (𝑞) =
i

𝑞2 − 𝑀2
𝑉
+ i Γ𝑉𝑀𝑉

, (2)
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Figure 1: Embedding of the current 𝐴𝜇

𝑉→4 𝑗 into a more generic scattering amplitude.

and 𝜌𝜇𝜈 is the polarization density matrix,

𝜌𝜇𝜈 (𝑞) = −𝑔𝜇𝜈 +
𝑞𝜇𝑞𝜈

𝑞2 . (3)

To exploit massless spinor-helicity techniques, five-point one-mass amplitudes are commonly
represented as six-point massless amplitudes by introducing two arbitrary light-like momenta,

𝑝2
ℓ = 𝑝2

ℓ̄
= 0 , 𝑞 = 𝑝ℓ + 𝑝ℓ̄ . (4)

The polarization density matrix can then be decomposed as

𝜌𝜇𝜈 =
∑︁

𝜆=±,𝐿
𝜀 (𝜆) ,𝜇𝜀 (−𝜆) ,𝜈 , (5)

where the transverse polarization vectors take the familiar spinor-helicity form,

𝜀 (+) ,𝜇 =
⟨ℓ |𝛾𝜇 |ℓ̄]
√

2 ⟨ℓℓ̄⟩
, 𝜀 (−) ,𝜇 = − [ℓ |𝛾𝜇 |ℓ̄⟩

√
2 [ℓℓ̄]

, (6)

while the longitudinal polarization vector is

𝜀 (𝐿) ,𝜇 =
[ℓ̄ |𝛾𝜇 |ℓ̄⟩ − [ℓ |𝛾𝜇 |ℓ⟩

2⟨ℓ̄ℓ⟩
. (7)

In particular, the amplitudes in Refs. [1, 3] were obtained by contracting the current 𝐴𝜇

𝑉→4 𝑗 with a
transverse polarization vector.
The above construction admits a natural interpretation in the massive spinor-helicity formalism [5–
9]. By writing the momentum of the massive vector boson as

|q𝐼⟩[q𝐼 | = |ℓ⟩[ℓ | + |ℓ̄⟩[ℓ̄ | , (8)

a correspondence between the five-point one-mass and six-point massless descriptions can be
established. Moreover, the massive spinors transform under an SU(2) little group as

|q𝐼⟩ → 𝑈 𝐼
𝐽 |q𝐽⟩ , [q𝐼 | → [q𝐽 | (𝑈−1)𝐽 𝐼 , 𝑈 ∈ SU(2) . (9)

The corresponding polarization tensor [10–12] is

𝜀𝜇,𝐼𝐽 =
1

√
2 𝑚

[q𝐼 |𝛾𝜇 |q𝐽⟩ , (10)
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whose physical components are identified as

𝜀 (+) ,𝜇 = −𝜀𝜇,22 , 𝜀 (𝐿) ,𝜇 =
𝜀𝜇,12 + 𝜀𝜇,21

√
2

, 𝜀 (−) ,𝜇 = 𝜀𝜇,11 . (11)

Scattering amplitudes with external massive vector bosons are then naturally organized into objects
with two SU(2) spin (little-group) indices,

𝐴𝐼 𝐽 = 𝐴
𝜇

𝑉→4 𝑗 𝜀
𝐼 𝐽
𝜇 , (12)

showing that the transverse and longitudinal contribution are simply different projections of the
same SU(2) tensor.
Therefore, the spin-covariant formulation immediately provides a simple prescription to recover the
longitudinal contribution from the known transversely-polarized amplitudes. This is because the
amplitudes of Refs. [1, 3] for 𝑒+𝑒− → 4 𝑗 were computed for arbitrary lepton momenta and thus
transform covariantly under the U(1) little groups associated with the momenta 𝑝ℓ and 𝑝ℓ̄ . This
completely fixes the dependence of the amplitudes on the lepton spinors, so that these amplitudes
can always be cast in the form

𝐴
𝜇

𝑉→4 𝑗 𝜀
(+)
𝜇 =

[ℓ̄ |O|ℓ⟩
√

2 ⟨ℓℓ̄⟩
, (13)

where the operator O depends only on the momentum of the massive vector boson 𝑞 = 𝑝ℓ + 𝑝ℓ̄

and no hidden dependence on the individual lepton spinors can arise there through algebraic
manipulations.
Finally, the amplitude for a longitudinally-polarized massive vector boson is then obtained by
replacing the transverse polarization vector with the longitudinal one,

𝐴
𝜇

𝑉→4 𝑗 𝜀
(𝐿)
𝜇 =

[ℓ̄ |O|ℓ̄⟩ − [ℓ |O|ℓ⟩
2⟨ℓ̄ℓ⟩

. (14)

Building upon the compact analytic amplitudes of Refs. [1, 3], in Ref. [4] we applied the above
construction to obtain the complete set of one-loop and two-loop leading-color 𝑉 → 4 𝑗 amplitudes
for all physical polarization states of the massive vector boson.

3. Conclusions

In this contribution, we reviewed the construction of Ref. [4], which promotes helicity ampli-
tudes involving a massive vector boson to spin-covariant amplitudes with open SU(2) little-group
indices. The key observation is that amplitudes written in terms of the leptonic current 𝑉 → ℓℓ̄

already contain the full information about the polarization of the massive vector boson. As a result,
the longitudinally-polarized amplitude can be reconstructed directly from the transversely-polarized
amplitude.
This construction was applied in Ref. [4] to the compact analytic one-loop amplitudes of Ref. [1] and
the two-loop leading-color amplitudes of Refs. [2, 3], yielding analytic expressions for all physical
vector-boson polarization states without requiring additional loop calculations.
In passing, we remark that this construction relies only on the little-group covariance of helicity
amplitudes and is, therefore, independent of the perturbative order and of the particular process
under consideration.
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