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In this talk, we present the three-loop QCD conversion factor from the regularization-independent
massive symmetric-momentum-subtraction (nSMOM) mass to the MS mass 72, extending the
previous result by two perturbative orders. (Interesting revisions of the mSMOM conditions are
discussed too.) A preliminary application to the RBC/UKQCD 2024 analysis indicates that its
central charm-quark mass would decrease by about one percent and move toward the earlier FLAG
averages. We also discuss an alternative matching route based on the trace-anomaly-subtracted
heavy-quark mass m,, exploiting its nice properties including scale/scheme-independence (and
hence a unique value for each heavy-quark flavor) and the absence of the leading infrared-renormalon
ambiguity. We present a compact conversion formula relating it to the perturbative pole mass
through five loops and to the m through four loops. Furthermore, we outline how m, for a heavy
quark can in principle be determined from lattice QCD through an intermediate regularization-
independent renormalization and perturbative matching, for which we analyze the matching factor
through four loops with appealing features revealed. These properties motivate m,- as a possible

common reference definition for comparing heavy-quark masses obtained in different schemes.
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1. Two mass bridges from lattice QCD considered in this talk

Quark masses are fundamental parameters of the Standard Model of particle physics, and their
precise values are of crucial importance for various high-precision tests of this model. However,
the color confinement inherent in Quantum Chromodynamics (QCD) makes the experimental
extraction of quark masses highly non-trivial, as quarks are not observed as isolated free particles
but are permanently confined within hadrons (with the exception of the top quark). Because quark
masses are not direct observables, lattice QCD tunes a regulator-dependent bare parameter mgt(a)
to hadronic observables; it denotes an additively subtracted mass whenever required by the lattice
action. Regularization-independent (RI) momentum-subtraction schemes [1, 2] make it feasible to
establish connections or bridges to continuum definitions, because the same off-shell conditions can
be imposed non-perturbatively on the lattice and perturbatively in continuum QCD:
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The targets focused on in this talk are the short-distance MS mass and a scale-independent trace-
anomaly-subtracted mass. The upper bridge uses mSMOM [3]; the lower currently employs the
conventional RI/MOM [1] and rests on the heavy-quark m, definition proposed in Ref. [4] and the
conversion relations developed in Ref. [5]. An important class of heavy-quark cutoff effects scales
as azsz. By retaining a nonzero propagator mass at the symmetric subtraction point, nSMOM
preserves the vector and non-singlet axial Ward—Takahashi identities [3]. Its first charm application
found smaller cutoff dependence than SMOM [6], but the continuum conversion factor was known
only at one loop, and the three-loop QCD conversion factor was presented in ref. [7] where interesting

revisions of the mSMOM conditions are provided as well.

2. The mSMOM-MS bridge at three loops
In dimensional regularization (DR) with d = 4 — 2¢, one can define [3, 7]

mp = Za() m(p) = Zm MM (1g) mmsmom (i), m(u) = Cp(pt, s) mmsmom(is), — (2)

where C,, = ZMSMOM 7 At mg = mmsmom (s ), the field and mass factors follow from

1
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with ¢ = p1 + p2. Here Sk is the massive quark propagator and A p r the non-singlet pseudoscalar
vertex. These tree-level projectors fix Z, and Zp. With Pr = Zp Pp, the non-singlet axial Ward—
Takahashi identity implies Zp = Z,,, obviating a scalar-vertex condition [3, 7]. Our calculation in
Ref. [7] was done with one massive quark and »n; massless flavors and the full dependence on the
covariant-gauge parameter was retained; the numerical results presented below use Landau gauge (the
same gauge as employed in the lattice calculations in Ref. [6]). The choice of an off-shell momentum
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Figure 1: The mSMOM-to-MS factor C,y, (upper) and loop terms §; = (a; /n)iC,(,? (lower) for n; = 3,

u=pus =2GeV, a§4) = 0.3, and Landau gauge [7].

subtraction point with massive quark propagators in the mSMOM conditions (3) leads to loop integrals
extremely challenging to compute especially at high loop orders, i.e. much more complicated than
those in RI/MOM and SMOM schemes. We note [7] that the diagrammatic large-mass-expansion
method becomes directly applicable to the loop integrals at this configuration. Eventually, the
loop integrals involved in the computation of C,,, at three-loop order are reduced to 1115 master
integrals. Differential equations for these masters integrals in m; = mé /12, with auxiliary-mass-flow
boundaries and large-mass-expansion checks, yield C,,, = 1 + Z?:l C,(,?(as /m)t + O(a?), where
as = a§"’+])(,u); SMOM is recovered as mg; — 0 [7]. For Fig. 1, the three-loop factor ranges from
about 0.98 to 1.09 over 0 < my < 2. In the usual domain 0 < mg < 1, §3 is comparable to ¢, but
has the opposite sign for mg > 0.33; for 0.09 < my < 0.61, C,, is closer to unity than its SMOM
counterpart. Applying the new factor preliminarily [7] to the RBC/UKQCD inputs [6] indicates that
m.(2 GeV) would decrease by about 1% and move toward the FLAG averages [8].

In ref. [7] we have explored an illuminating possibility that in DR the original (m)SMOM
renormalization conditions can be interpreted merely in a weak sense, namely as equations holding
just in the 4-dimensional limit rather than exactly in d dimensions: they result in different, albeit
simpler, DR renormalization constants but still the same finite quark-mass conversion factor. Another
finding of our explicit perturbative calculation is that both tested scalar prescriptions generally give
Zs # Zp = Z,, at finite mass and approach equality in the chiral limit; for the original condition, its
accidental one-loop equality in Feynman gauge fails beyond one loop [7].

3. A scale-independent o-mass for heavy quarks

For renormalized forward on-shell matrix elements, equation-of-motion, total-derivative, and
noncontributing gauge-fixing terms may be omitted from the physical bare energy—momentum-tensor
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Here [...]p denotes a bare composite operator. The explicitly O(e) gluonic coeflicient combines

with ultraviolet poles to leave the finite four-dimensional trace anomaly. Ref. [4] presents a novel

all-order diagrammatic proof of the exact identity

(O(p. )€, 10(p, 5)) = (p, 5) Mo u(p, s). &)

for all elementary on-shell (massive) quarks in perturbative QCD, where m, is the finite-order
perturbative pole mass defined by the zero of the inverse quark-propagating function. The proof uses
mass-dimensional analysis, topological properties of Feynman diagrams, and on-shell renormal-
ization, and holds to all orders in the dimensional regulator without appealing to any pre-imposed
operator renormalization conditions or Ward identities. Explicit perturbative calculations up to
three loops were conducted in ref. [4] to verify (5); they also explicitly show that there are indeed
non-vanishing contributions from the trace-anomaly operator to the perturbative pole masses of the
on-shell electron and heavy ¢-, b-, c-quarks.

Under the approximation of keeping only a single quark massive, the trace-anomaly contribution
to the perturbative quark pole mass in QCD can be given, at any loop order, by the following
relation [4]:

(9 EB(p’ mp, /j)

2¢| - iF;V Fa] 7

(p.s P )y, = 0 5)] )utp. ), (©)
an identity involving the dimensionally-regularized bare (unsubtracted) amputated matrix element
of the EMT trace-anomaly operator 26[ - A—I‘Fﬁv Fe ""]  evaluated between on-shell massive-quark
states described by the Dirac spinor u(p, s) at the on-shell point p = mqs.

The leading infrared-renormalon part of the pole—m relation is linear in yu at fixed @ and
m [9, 10]; its logarithmic derivative therefore reproduces the full leading contribution, leaving m
free of it [5]. Observing interestingly that the trace-anomaly contribution contains all leading-IR-
renormalon effects [4, 5] we are thus motivated to define a new scheme- and scale-independent
trace-anomaly-subtracted o-mass definition. In essence, owing to the proved identity (5) it is

equivalent to the expectation value of the scalar mass-operator in an on-shell quark state:

omes| _ (Qp.s)|[modiovo] 5 10(p. )
M0 |y an a(p. ) u(p. s)

Mg = Mos — @)
in the single-massive-quark approximation, where the /1 derivative is the trace-anomaly contribution. !
Ultraviolet finiteness and gauge invariance of the bare scalar operator, together with the gauge- and
scheme-independent perturbative pole position, make m, scale, scheme, and gauge independent in
perturbation theory [4]. This nice property turns out to be useful in the following discussion of an
advantageous lattice-QCD matching strategy for determining m, .

'We note in passing that the relation m, = mp
formula for composite quantum systems (we refer to refs. [11, 12] and the classical refs. therein for more details).

W complies formally with the so-called Feynman-Hellmann
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Using RG invariance, we obtain the following mass ratios [5]:

an (Cpr (ay p/m))
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in terms of the anomalous dimensions of @y and m, defined by 8 = u?dIne,/dy’ and vy, =
12 dInm/du?, and the pole-to-MS conversion factor C; = o /M. Note that the partial derivative
of Crz(as, p/m) w.r.t. ay is defined by expressing Cy; as a function of the independent variables a;
and y/m (rather than u/mes). Since B = O(a), N-loop Z, needs the pole-MS factor only through
N — 1 loops, but S and 7, through N loops. Four-loop pole—m and five-loop RG results give
me [mys through five loops and m,, /m through four loops in the single-mass approximation [5]. As a
by-product, we obtain also an explicit formula for the trace-anomaly contribution to the perturbative
pole mass of a heavy quark:

Oln \Ciplas ,u/m
0 Mo —2Ym = 2B n( 3“(1?%;1 m))

= Mos 1= 2y

) 10
0 o las,m (10
and we refer to ref.[5] for more details.

We now take this opportunity to update the numbers for the o-masses of the b quark and the
c quark. With the MS-mass for the b quark, mp(u = mp) = 4.18 fg:gg‘ GeV [13], and the 5-flavor

coupling a§5>(mb) = 0.2242, we then obtain m”. = 3.97 ig:gg GeV using the four-loop relation
derived in [5]. The conventional QCD renormalization-scale uncertainty in this result at four-loop
accuracy is about 0.4% in relative terms, and the quoted upper and lower errors are dominated
by those originating from the input values for m;,(u = mjp).? In the case of the ¢ quark, using the
four-loop relation, we obtain the central value m. = 1.18 GeV with the external inputs including
me(u =me) = 1.27 GeV [13] and the 4-flavor perturbative QCD-coupling value a§4)(2GeV) =0.3.
The QCD renormalization-scale uncertainty associated with the four-loop relation used for this result
is [-1.3%, +1.3%], which is determined simply by taking twice its variation from the scale u = m,.

to the scale p = 2m, (as the running of @, is unstable or unreliable below 1 GeV).

Following the idea of introducing an intermediate regularization-independent scheme, a strategy
for directly extracting m. for heavy quarks from lattice-QCD calculations can be formulated [5],
in contrast to its apparent or superficial dependence on the concept of the on-shell pole mass
and on-shell quarks. Essentially m, can be matched directly from a regularization-independent

2 We note a non-essential correction to the sizes of the conventional QCD-scale uncertainties determined for mg.

and m¢. reported in ref. [4]: for m(br = 3.96 GeV of the b quark, determined at three loops in ref. [4], the conventional
QCD-scale uncertainty of the four-loop transformation is actually about 1% in relative terms, smaller than originally
reported. In the case of the ¢ quark, the QCD-scale uncertainty of the perturbative relation at three loops should be about
[—2%, +2%] by simply taking twice its variation from the scale u = m, to the scale u = 2m,, smaller than the naive
estimate given there [4].
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momentum-subtraction mass defined in lattice QCD, via the following renormalization of the

lat.

(short-distance) lattice bare mass m':

lat  lat lat  lat
My = ZL mit = Crism,, Z14 mi (11)

where all UV-divergences in the m,-renormalization constant Z,l,f‘; = Cri-m,, Z,ﬂfrfl are regularized
via the intermediate regularization-independent momentum-subtraction renormalization constant
Z,l;lfl computed in lattice QCD. (The suppression of the dependence of mg‘t on the UV-regulating
lattice spacing is understood, which is canceled against that in lequtI and is replaced by momentum-
subtraction scale dependence.) Here and below, for definiteness, we consider the RI/MOM [1], or
more precisely RI’/MOM scheme, although its variants and related alternative schemes [2, 3, 7, 14]
should work similarly. The finite renormalization or matching coefficient Cri—,,, = Z—;, which
effectively relates m, to the RI’/MOM mass mgy = Zf,’fél m};‘, can be conveniently determined in
perturbative QCD with dimensional regularization. Consequently, once the lattice bare mass mgt for
a heavy quark is determined from lattice-QCD calculations, the renormalization constant Z,qu; can
be applied to it to directly extract the m for this heavy quark.

In view of the availability of the ingredients in closed form and also the slightly better perturbative
convergence in the RI’/MOM scheme, we spell out here the matching coefficent for ny =n; + 1 =4

and p = pg = 2mg(s):
Criso = 1 —0.195350, — 04160602 — 0.80745¢° — 1.598(18)a’ + O(c?), (12)

Here a; = a/§4)(ps), and the parenthetical uncertainty is inherited from the numerical four-loop

pole-MS relation. [15, 16] As the RI’/MOM-subtraction scale u, increases, the improvement
in the apparent convergence of the truncated perturbative series (12) is actually faster than its
MS-counterpart: in addition to the common merit brought by the reduction of e at higher scales, the
sizes of the perturbative coefficients themselves become smaller too. One crucial advantage with this
approach is that both Crj—,, (is) and its logarithmic derivative in the RI’/MOM subtraction scale
s do not rely on and are, in principle, independent of the MS-renormalized perturbative a at a
particular MS scale ¢ (which can not be too small). Consequently, provided some accurate boundary
values for both Cri—,, (1s) and its logarithmic derivative chosen at an initial point u{ where the
available truncated series in @ () can be reliably applied, one can then solve the differential equation
in p4 to determine the Cri—m,, (15) in a region possibly far from its initial perturbative domain —
without involving the a there anymore — if no singularities are encountered along the way. The
aforementioned features then motivate a direct extraction of the numerical values for the m, for
c-quark and b-quark from lattice QCD, rather than going through the intermediate scale-dependent
MS mass, say, at 2 GeV.

4. Conclusions and outlook

The three-loop mSMOM factor in the non-singlet pseudoscalar channel removes the one-loop
bottleneck in the MS route and preliminarily shifts the RBC/UKQCD charm result toward FLAG.
The complementary m, is scale and scheme independent in the perturbative single-mass setup, free
of the leading pole-mass renormalon, and matchable from continuum or lattice RI/MOM masses.
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We have discovered that the leading IR-renormalon divergence in the perturbative pole mass of
a massive quark resides entirely in the contribution from the trace anomaly of the EMT in QCD.
Consequently, the trace-anomaly-subtracted o-mass definition proposed in ref. [4, 5] for heavy
quarks is proved to be free from the leading IR-renormalon issue, and furthermore it nicely combines
the merits of both the perturbative pole-mass and MS-mass definitions, while elegantly circumvents
their respective unappealing and undesirable features. Given the theoretical merits of this mass
definition — a unique value for each quark flavor and free of leading IR-renormalon— and the
availability of high-precision conversion relations as well as a systematically improvable lattice-QCD
matching strategy, we conclude that it is well suited as a promising common reference scheme for
comparing or combining quark masses of the same flavor obtained under different definitions.
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