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Bottom quark effects in Higgs boson pair production at the LHC Tao Liu

1. Introduction

Higgs pair production via gluon fusion is the most promising process to access the trilinear
Higgs coupling at the LHC, which is key to understanding the electroweak symmetry breaking
sector of the Standard Model (SM) and probing new physics. Considering the importance of
this process, lots of efforts have been devoted to calculating the corresponding cross sections as
precisely as possible'. Comprehensive NLO results that consider the effect of all mass scales have
only been known with the two-loop virtual amplitudes calculated by numerical methods. The QCD
corrections are evaluated in refs. [1—4], and EW corrections in refs. [5, 6]. There are also studies at
the NNLO [7-11] and N°LO [12-14], in which various analytical approximations valid in certain
kinematic regions have been employed. While the top quark contribution to this process have
been extensively studied, it is interesting to ask how large is the correction from bottom quarks.
We noticed that at LO the interference between bottom and top quarks can provide percent level
correction in the region of low invariant mass. To obtain the interference effects at NLO in QCD,
one must calculate the two-loop amplitudes mediated by bottom quarks, which we aim to carry
out in an analytical way. In additional to the well-known advantages over numerical approaches,
analytical results can shed light on the underlying logarithmic structures. The leading logarithmic
corrections are themselves an interesting question and are discussed in Section 3.

2. Master integrals and amplitude

We consider the process mediated by a bottom quark loop g(p1)g(p2) — H(p3)H(p4), where
all momenta are incoming. The masses of bottom quark and Higgs boson are denoted by m; and
mpy respectively. The Mandelstam variables are defined as

s=(pi+p)?, t=(p1+p3)?, u=(p2+p3) (1)
Next, we define three dimensionless variables x, z and k

1+x)?
szmlzqg, u:—quz, ml%:mlzqk. )
X
There are two linearly independent Lorentz structures for the amplitude, and we can write two

corresponding form factors,

ME = (MAY + MaAYY) A3)
with
Al = g’”—ipyp”
! o P1P2
P33 2po3 2pi13 2
AYY = g+ —=—piph - PPy — P3Pt + 5 Pipy, )
pPrpP12 PrP12 PrpPi12 Pr

'Due to space limitations we only list the references which are most relevant to the results presented in this proceeding.



Bottom quark effects in Higgs boson pair production at the LHC Tao Liu

_4
uth

where p;; = p; - p; and pZT = . With the help of the projectors, one can obtain the form

N

factors. Furthermore, we can decompose the two form factors into “triangle” and “box” parts,

3m%{
Mi = Xos | —— Fui+ Fooxi |
§—my
My = XosFoox2, )
with
GFa's(/l)
Xy = ——=T. 6
0 N (6)

Here T = 1/2, u is the renormalization scale and G is the Fermi constant. Note that there are
also “double-triangle” contribution coming from Feynman diagrams with two closed quark loops
at NLO. This kind of form factors is easy to get since only one-loop integrals need to be evaluated.
Feynman diagrams involving Higgs self-couplings only contribute to the triangle part F;,;.

To compute the form factors, QGRAF [15] is used for the generation of two-loop Feynman
diagrams of box type. We use FORM [16] to apply aforementioned projectors and perform Dirac
and color algebra on each diagram. Then we are left with linear combinations of scalar Feynman
integrals which could be categorized into 10 planar families and 3 non-planar families®. And there
are 177 planar and 49 non-planar master integrals (MIs) after reduction with the help of Kira [17].

The differential equations method [18, 19] are employed to calculate the MIs. The idea is that
when we take a derivative of a master integral with respect to a kinematic variable or internal quark
mass, we obtain results expressed in terms of integrals of its own family. By applying IBPs, we can
transform them into a linear combination of the MIs

oli(x,z,k,€) = Afj(x,z, k,€)li(x,z,k,€), ke{x,z k}. 7

Guided by the idea of asymptotic expansion [20, 21], we use the following ansatz for each MI which
is suitable to describe the solution in the limit of mi — 0orxk — 0,

Nmax 2

2
Lz = > > > el z " logh. ®)

n=nmin j=0 k=0

In the above ansatz the small bottom quark mass are expanded and separated from kinematical
scales s, u. It is expected that all the information of s, u is contained in a class of well-understood
special functions, namely multiple polylogarithms (MPLs) [22]. In our calculation the differential
equations with respect to « are considered at the first step. Under the condition that coefficients
of k"~/€ logk k in the equations are equal independently, we obtain a system of linear equations
for c;’j’ . Which tell us the independent ones. In general the number of undetermined coefficients

equals the number of MIs in this sector. Before going on, the expansions in € for the undetermined
i

C,,.j.x Are necessary for calculating physical scattering amplitudes
Tmax .
Crjk (X, 2,€) = Z E’c;’,(jr,)k (x,2). ©)
F=rmin

2Qther families can be generated through permutation of the external momenta py <> py Or p3 <> pg.
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To determine these free coefficients the differential equations with respect to x and z have to be
considered and we again demand that different €” k"7 € logk k terms are independent. Finally we
obtain the MIs expressed in terms of MPLs, the arguments of which are functions of x and z as
expected.

After solving the differential equations, the last step is to fix the boundary conditions to get
the analytical form of the MIs. We subtract the contribution of MPLs from the full results of
MIs at a physical point and obtain the analytical form of the boundary using the PSLQ algorithm.
AMFlow [23] are used to calculate master integrals to a high precision and for MPLs we choose the
C++ library GiNaC [24, 25]. Since what we get from the subtraction is correct only to a certain
degree of accuracy, there are two different methods employed in our calculation to improve the
accuracy. The first one is making k as small as possible and the other is to increase the expansion
order of x*. We believe that the result is stable and reliable if it does depends on the digits of the
numerical numbers which are used as an input for the PLSQ algorithm.

Before discussing the amplitudes, we would like to make some comments on the cross-checks
we have made. The one-loop MIs have been calculated at the first step and it is found that our
results agree with those computed by Package-X [26]. For two-loop Mls, we assign the variables
x, z and « different groups of values and then compare the analytical results with the numerical ones
computed by AMFlow. These two results are identical within a certain accuracy. Another method
is choosing another basis of MIs and using the IBP relations to get their analytical form. Then we
check the differential equations Eq. (7) for this new basis*. At last, it is interesting to see that Cf),o,o
corresponds to the “all-hard" region in the language of expansion by regions, which is exactly the
same integral with the quark mass goes to zero. The massless limit of these integrals has been
calculated in ref. [27] and they also provide a strong cross-check for our calculation.

Having the analytical expressions of the MIs, it is time to come back to the form factors
introduced in the beginning of this section. To perform the ultraviolet renormalization of the form
factors, the bare gauge coupling constants and bare bottom quark mass are expressed in terms of
the renormalized ones accordingly. Note that the renormalization of the quark mass also applies
to the Yukawa coupling, since the coupling is gy = mj /v, where v is vacuum expectation value
of the Higgs field. Finally, all the UV divergences are removed after performing the gluon wave
function renormalization. As for the infrared poles that are of soft and collinear origin, they could
be subtracted in a standard way, which for simplicity we will not repeat here. Since the MPLs
appearing in the MIs are not mutually linearly independent, our current results for the form factors
initially appear to contain 1/e poles. However, numerical evaluation at various physical points in
phase space reveals that the coefficients of these poles actually vanish. We would also like to stress
that while the MIs involve MPLs of weight 6 and weight 7, the final two-loop form factor contains
only MPLs up to weight 4.

At the end of this section, we would like to make a few remarks on the current status. The
results for the planar MIs have already been published and can be found in ref. [28]. The non-planar
MIs and the corresponding two-loop amplitudes will be presented in a forthcoming publication.

3In real calculations we set k = 10725 and demand that stable results within a precision of at least 30 digits.

4This check is performed only for planar MIs

>The MlIs have been expanded to a sufficient order in « to ensure that each scalar integral in the amplitude is expanded
to at least mi order.
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We are currently computing the associated scattering cross sections at the LHC, primarily using the
published C++ library ggxy [29], and we believe this should not pose a major difficulty.

3. Double logarithmic corrections

It is found that there are power-suppressed leading(double) logarithmic corrections in the
scattering amplitudes involving massive particles in the limit of small mass or high energy [30-34].
In contrast to the traditional Sudakov logarithms [35-40], these kind of corrections are related to
the effect of eikonal charge non-conservation with soft fermion exchange. After factoring out the
infrared (IR) divergent Sudakov logarithms, the same QCD color structure has been observed for
the finite contribution in different physical processes, e.g., light quark mediated Higgs production
gg — h[41-43] and gg — hg [44].

For Higgs pair production mediated by top quarks, in the high-energy limit amplitudes of
triangle Feynman diagrams involving the triple Higgs coupling have the same kinematic structure
as the amplitude of aforementioned single Higgs production after a proper normalization and the
double logarithmic corrections can be obtained from ref. [41-43], while analytical calculations [45]
indicate that Feynman diagrams of box type should own much more complicated logarithmic
momentum configurations. Indeed, we found that there are new configurations at each loop in box
diagrams and their numbers exceed that of the old ones [46] 6. These facts, which never happen for
three-point amplitudes, make the calculation rather complicated and also the all-order analysis an
impossible task. It is therefore an interesting and natural question to ask whether the same kind of
problems also show up in the amplitudes mediated by bottom quarks, where m;, is much smaller
than Higgs mass and other kinematic variables. Clearly, the experiences gained from analyzing the
amplitudes in high-energy limit could be of great help for bottom mediated amplitudes.

Sudakov’s method is used for evaluating the leading logarithms in our analysis. Here the
momentum configuration in Fig. 1(a;) is taken as an example to show the basic ideas. Soft quark
momentum ¢; is parameterized by €; = qu; + g2vi + [;, with the constraint 1 > ujv; > mi/s
and two eikonal propagators are proportional to either 1/u; or 1/v;. To get the double logarithmic
corrections the soft and eikonal propagators can be approximated as follows [35]

1 :
V) ~ —imd(sujvy + KIZL - mi),
1 b
1 o1
(qi+6)>—m3  svi’

1 -1

 ——— . 10
(2= 0)2 —my  sui (1o

Eikonal approximation for these equations requires |u;[, |v1| < 1, and the aforementioned constraint
1 > uyvy > m?/s is imposed to ensure that the soft propagator can go on the mass shell. After inte-
grating over the transverse component ¢}, , the residual eikonal propagators featuring the 1/(u;vy)
dependence generate the double logarithmic contribution. Additionally, one has to account for the

The full corrections at one and two loops were obtained and agree with the analytical results in ref. [45]. For
three-loop contribution, we only calculated the finite abelian corrections.
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Figure 1: Typical leading logarithmic momentum configurations for abelian Feynman diagrams at one and
two loops. ¢ > denote the soft propagators.

mass suppression factors originating from the numerator part of the amplitude which we will not
elaborate on due to page limitations’. Finally we get the desired log? k terms at one-loops which
agree with the results obtained from the differential equations method. Note that for high-energy
amplitudes mediated by top quarks each of the four quark propagators in Fig. 1(a;) can be soft and
they all contribute the expected leading logarithms.

Dressing an additional soft gluon between the eikonal propagators provides the simplest two-
loop double logarithmic configurations, which owns the C 4 — Cg color structure after IR subtraction
and could be easily resummed to all orders. In Fig. 1 we show the typical two-loop momentum
configurations that may provide the leading logarithmic corrections at the next-to-leading power.
It is interesting to see that Fig. 1(b;) only contribute to the form factor Fyox» and other Feynman
diagrams or configurations likes Fig. 1(b,) do not contribute non-vanishing leading logarithms to
either Fyox1 Or Fpox2. Thus we could get Fyox; at two loops from its one-loop result. As for Fyoxo, One
will get the whole corrections through combing the two-loop part proportional to C4 — Cr which
can be obtained similar to Fox and above discussed contribution from Fig. 1(b;). We also check
that the logarithmic results agree with what we obtained in the previous section. It appears that if
there are no new type of leading logarithmic configurations at three or higher loops, an all-order
analysis at next-to-leading power for bottom mediated amplitudes should be feasible.

4. Conclusion

We computed the two-loop Mls for gg — HH with an expansion in the bottom quark mass, us-
ing the method of differential equations and fixing the boundary constants by a numerical approach.
To check our analytical expressions each MI has been evaluated at different physical points of phase
space and a different basis in each family was chose for planar integrals. We obtained two-loop
finite amplitudes after UV renormalization and IR subtraction. As for mass-suppressed double
logarithmic corrections, it is found that the analysis for bottom mediated amplitudes is similar to,
but much simpler than, that for amplitudes mediated by top quarks in the high-energy limit, since
there are fewer momentum configurations to consider in the former case.

TInterested readers could find the details in ref. [46].
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