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We discuss recent developments in the antenna subtraction scheme which help to simplify the
construction of subtraction terms at NNLO and improve the efficiency of the resulting numerical
implementation. In particular, we detail how to algorithmically generate subtraction terms at
arbitrary multiplicity, and then focus on the specific case of four-jet production at electron-
positron colliders. Here we compute the four-jet production rate at NNLO and compare with
LEP data, finding improved agreement with respect to the next-to-leading order calculation. In
the region where perturbative predictions are most reliable, we observe a significant reduction of
theory uncertainties, which now fall below the experimental ones.
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Streamline Antenna Subtraction and Applications to 𝑒+𝑒− → 4 jets at NNLO

1. Introduction

In this section we review the status of higher order calculations and outline the current state
of the art of the Antenna Subtraction method [16], thereby setting the stage for the rest of these
proceedings.

1.1 State of the art NNLO calculations

One of the key reasons for the difficulty of higher order calculations is the emergence of
infrared singularities. Though they cancel for sufficiently inclusive observables, their appearance
at intermediate stages of calculations means that they need to be properly treated to allow for the
numerical computation of observable quantities. The two most commonly used methods to achieve
this are infrared subtraction and slicing.

In the case of infrared subtraction, the task is to construct subtraction terms which reproduce
the singular behaviour of matrix elements with extra emissions compared to the Born process
in unresolved (soft/collinear) limits, therefore rendering the combination of matrix element and
subtraction term finite across the whole of phase space. Moreover, these terms must be sufficiently
simple that they can be integrated over the phase space of the unresolved emission and added back
at virtual layers in such a way that the overall effect of including these terms at all layers is zero.
Concretely, we have that at next-to-leading order (NLO)

𝑑𝜎𝑁𝐿𝑂 =

∫
𝑑Φ𝑛+1

[
M0

𝑛+1 − M0,𝑆
𝑛+1

]
+
∫

𝑑Φ𝑛

[
M1

𝑛 − M1,𝑆
𝑛

]
0 =

∫
𝑑Φ𝑛+1M0,𝑆

𝑛+1 +
∫

𝑑Φ𝑛M1,𝑆
𝑛 (1)

where on the first line the terms in the first square bracket are finite in all single-unresolved limits,
and the terms in the second bracket are pole-free. At next-to-next-to-leading order (NNLO) we
have

𝑑𝜎𝑁𝑁𝐿𝑂 =

∫
𝑑Φ𝑛+2

[
M0

𝑛+2 − M0,𝑆
𝑛+2

]
+
∫

𝑑Φ𝑛+1

[
M1

𝑛+1 − M1,𝑆
𝑛+1

]
+
∫

𝑑Φ𝑛

[
M2

𝑛 − M2,𝑆
𝑛

]
0 =

∫
𝑑Φ𝑛+2M0,𝑆

𝑛+1 +
∫

𝑑Φ𝑛+1M1,𝑆
𝑛+1 +

∫
𝑑Φ𝑛M2,𝑆

𝑛 (2)

where in the first line bracketed terms are finite in both single- and double-unresolved limits for the
first term, finite in single-unresolved limits and pole-free everywhere in the second, and pole-free
everywhere in the third. It is only after treating infrared singularities in an appropriate way that
higher-order calculations can be performed.

For processes at hadron colliders the current state of the art is 2 → 3 processes at NNLO
such as 3-jet [12] and 𝑡𝑡 𝑗 [3] production both achieved in the STRIPPER framework [11], while at
electron positron colliders the 4-jet production process [10] we discuss later in these proceedings
has the highest final state jet multiplicity of any NNLO calculation performed so far. In order to
facilitate the extension to more complicated processes and higher orders, progress must be made
on the side of infrared subtraction and slicing schemes. In particular, an optimal scheme would be
formulated in a process-independent way that guarantees an efficient implementation, mitigating as
best as possible the large computational cost that typically comes with higher order calculations.

2



P
o

S
(

L
L

2
0

2
6

)
0

7
4

Streamline Antenna Subtraction and Applications to 𝑒+𝑒− → 4 jets at NNLO

1.2 Status of Antenna Subtraction

One scheme for infrared subtraction that has proven to be particularly flexible up to NNLO has
been the Antenna Subtraction scheme. First formulated in 2005 [16] for final station radiation and
applied to the process 𝑒+𝑒− → 3 jets [17], it was since extended to include initial-state radiation
paving the way for its application to processes at hadron colliders. Notable examples include di-
photon production in association with a jet [6] and dĳet production [9] at hadron colliders. Many of
these processes have been made public in the release of the NNLOjet Monte Carlo event generator
[19].

One recent development of the scheme is the designer antenna formalism [4, 5], which has
allowed for the construction of antenna functions, the basic building blocks of subtraction terms in
the antenna scheme, directly from a list of target infrared limits. This serves to remove the spurious
limits that exist in antenna functions used in the traditional formulation of the scheme which were
extracted from matrix elements.

A parallel development is the colourful antenna method [15], which seeks to construct subtrac-
tion terms first at the most virtual layer, before "un-integrating" terms to the more real layers. This
inverts the logic of the traditional scheme, which started with the unresolved limits of (double-) real
matrix elements. The predictability of the poles of two-loop amplitudes allows for the definition
of operators in colour space written in terms of integrated antenna functions that guarantee pole
cancellation at the Virtual-Virtual layer at arbitrary multiplicity. From this we can then infer the
form of the Real-Real and Real-Virtual subtraction terms, using a method shown pictorially in Fig.1.

Clearly however this process is non-trivial, and its complexity is driven by a number of factors:
1) some structures are sub-optimal, for example antenna functions only describe radiation between
a pair of hard radiator partons; 2) there are terms which only exist at the Real-Real and Real-Virtual
layers so cannot be generated from knowledge of the Virtual-Virtual layer alone. Point 1) can
be addressed by the inclusion of generalised antenna functions [14], which provide a far simpler
description of unresolved radiation between multiple hard radiators with respect to the traditional
scheme. Point 2) can be addressed by a greater understanding of how terms fit together in the
scheme, even if they are not seen at the Virtual-Virtual layer. This can be achieved by employing
the Streamline Antenna method, which we discuss next.

2. Streamline Antenna Subtraction

In this section we outline the Streamline Antenna subtraction method for the automatic gener-
ation of subtraction terms up to NNLO for final-state radiation.

2.1 Subtraction at NLO

We introduce an operator Û1 which acts upon a matrix element M0
𝑛+1 to extract its divergent

behaviour in single-unresolved limits as

Û1 ⊗ M0
𝑛+1 = R0

1 · M0
𝑛, (3)

where R0
1 is a matrix in colour space that describes the soft and collinear unresolved factors of tree

level amplitudes and M0
𝑛 is a matrix in colour space of tree-level n-parton amplitude interferences.

3
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Figure 1: Map for the automatic generation of subtraction terms in the colourful antenna scheme at NNLO
[15]. Single red arrows indicate terms related at different layers of the subtraction scheme by (un)integration
over a single-unresolved phase space, and double red arrows indicate terms related by the (un)integration
over a double-unresolved phase space.

These divergences can be captured using 𝑋0
3 antenna functions as

R0
1 · M0

𝑛 := M0,𝑆
𝑛+1 ∼

∑︁
𝑋0

3 (𝑖
ℎ, 𝑗 , 𝑘ℎ)𝑀0

𝑛 ({𝑝}𝑛}) (4)

where the 𝑋0
3 are constructed using the designer antenna algorithm [5], and have limits

𝑋0
3 (𝑖

ℎ
𝑎, 𝑗𝑏, 𝑘

ℎ
𝑐 )

𝑗 soft
−−−−→ 𝑆𝑏 (𝑖ℎ, 𝑗 , 𝑘ℎ)

𝑋0
3 (𝑖

ℎ
𝑎, 𝑗𝑏, 𝑘

ℎ
𝑐 )

𝑖 | | 𝑗
−−−→ 𝑃𝑎𝑏 (𝑖ℎ, 𝑗)

𝑋0
3 (𝑖

ℎ
𝑎, 𝑗𝑏, 𝑘

ℎ
𝑐 )

𝑖 | | 𝑗
−−−→ 𝑃𝑏𝑐 (𝑘ℎ, 𝑗). (5)

In general an 𝑋 𝑙
𝑛,ℎ

antenna function has 𝑙 loops and 𝑛 partons with ℎ of them hard meaning 𝑛 − ℎ

can become unresolved. If the subscript ℎ is omitted then it is understood to be equal to 2. We then
have that the combination M0

𝑛+1 − M0,𝑆
𝑛+1 is finite in all single-unresolved limits.

At the Virtual layer, we write the poles of the one-loop matrix element as

𝑃𝑜𝑙𝑒𝑠(M1
𝑛) = −V1 · M0

𝑛 (6)

where V1 is a matrix in colour space which describes the poles of one-loop amplitudes. The
𝑛 + 1 parton phase space factorises into an antenna phase space times an 𝑛-parton phase space as
𝑑Φ𝑛+1 = 𝑑Φ𝑋𝑖 𝑗𝑘

𝑑Φ𝑛, so we can define

X0
3 (𝑠𝑖 𝑗𝑘) =

∫
𝑑Φ𝑋𝑖 𝑗𝑘

𝑋0
3 (𝑖, 𝑗 , 𝑘) (7)

and write the virtual subtraction term as

V1 · M1
𝑛 := M1,𝑆

𝑛 ∼
∑︁

X0
3 (𝑖, 𝑗)𝑀

0
𝑛 ({𝑝}𝑛) (8)

such that the combination M1
𝑛 − M1,𝑆

𝑛 is pole-free, and the conditions in Eq. (1) are satisfied.
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An alternative approach to subtraction at NLO would be to instead start from the Virtual layer,
and infer the Real subtraction term from there. Concretely, we have that the poles of any one-loop
matrix element can be written as

M1,𝑆
𝑛 = 𝑃𝑜𝑙𝑒𝑠(2Re⟨A0

𝑛 |A1
𝑛⟩) = 2⟨A0

𝑛 |J(1) (𝜖) |A0
𝑛⟩ (9)

where

J(1) (𝜖) =
∑︁
𝑖, 𝑗

(
T𝑖 · T 𝑗

)
J (1)

2 (𝑖, 𝑗) (10)

and the colour-stripped dipoles J (1)
2 (𝑖, 𝑗) are written in terms of X0

3 integrated antenna functions.
The Virtual subtraction term can therefore be generated automatically for any particle multiplicity,
and the Real subtraction can be inferred using the correspondence

M1,𝑆
𝑛 ↔ M0,𝑆

𝑛+1

X0
3 (𝑖, 𝑗)𝑀

0
𝑛 ({𝑝}𝑛) ↔ −𝑋0

3 (𝑖
ℎ, 𝑗 , 𝑘ℎ)𝑀0

𝑛 ({𝑝}𝑛).

2.2 Subtraction at NNLO

Moving to NNLO, we can begin at the Real-Real layer and note that we now have both single-
and double-unresolved singularities. The former work just as before

Û1 ⊗ M0
𝑛+2 = R0

1 · M0
𝑛+1

R0
1 · M0

𝑛 ∼
∑︁

𝑋0
3 (𝑖

ℎ, 𝑗 , 𝑘ℎ)𝑀0
𝑛 ({𝑝}𝑛}), (11)

while for the latter the unresolved radiation can be emitted between 2, 3 or 4 hard radiators, each
captured by a different type of antenna function as

Û2 ⊗ M0
𝑛+2 = R0

2 · M0
𝑛 (12)

R0
2 · M0

𝑛+2 ∼
∑︁

𝑋0
4 (𝑖

ℎ, 𝑗 , 𝑘, 𝑙ℎ)𝑀0
𝑛 ({𝑝}𝑛)

+
∑︁

𝑋0
5,3(𝑖

ℎ, 𝑗 , 𝑘ℎ, 𝑙, 𝑚ℎ)𝑀0
𝑛 ({𝑝}𝑛)

+
∑︁

𝑋0
6,4(𝑖

ℎ, 𝑗 , 𝑘ℎ, 𝑙ℎ, 𝑚, 𝑛ℎ)𝑀0
𝑛 ({𝑝}𝑛). (13)

The 𝑋0
4 are as constructed in [5], the 𝑋0

5,3 are as constructed in [14], and

𝑋0
6,4(𝑖

ℎ, 𝑗 , 𝑘ℎ, 𝑙ℎ, 𝑚, 𝑛ℎ) := 𝑋0
3 (𝑖

ℎ, 𝑗 , 𝑘ℎ)𝑋0
3 (𝑙

ℎ, 𝑚, 𝑛ℎ). (14)

Simply adding together the terms that capture the single- and double-unresolved limits as

M0,𝑆
𝑛+2 = R0

1 · M0
𝑛+1 + R0

2 · M0
𝑛 (15)

will not work, as the first term contributes in double-unresolved limits, and the second term in
single-unresolved limits. Both of these cases of limit over-subtraction can be fixed simultaneously
by including compensating terms as

−R1
0 · R1

0 · M0
𝑛 ∼ −

∑︁
𝑋0

3 (𝑖
ℎ, 𝑗 , 𝑘ℎ)𝑋0

3 (𝑖 𝑗
ℎ
, 𝑗̃ 𝑘, 𝑙ℎ)𝑀0

𝑛 ({𝑝}𝑛)

−
∑︁

𝑋0
3 (𝑖

ℎ, 𝑗 , 𝑘ℎ)𝑋0
3 ( 𝑗̃ 𝑘

ℎ
, 𝑙, 𝑚ℎ)𝑀0

𝑛 ({𝑝}𝑛)

−
∑︁

𝑋0
3 (𝑖

ℎ, 𝑗 , 𝑘ℎ)𝑋0
3 (𝑙

ℎ, 𝑚, 𝑛ℎ)𝑀0
𝑛 ({𝑝}𝑛). (16)
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These terms can be assembled either by considering the single-unresolved limits of the antenna
functions in Eq. (12), or by considering the single-unresolved limits of the 𝑛 + 1 parton matrix
element in Eq. (11). This correspondence goes both ways, so with knowledge of Eq. (12) we can
generate Eq. (16), or vice versa.

At the Real-Virtual layer, we must cancel both explicit poles given once again by

𝑃𝑜𝑙𝑒𝑠(M1
𝑛+1) = −V1 · M0

𝑛+1 ∼
∑︁

X0
3 (𝑖, 𝑗)𝑀

0
𝑛+1({𝑝}𝑛+1)}) (17)

and one-loop single unresolved limits, which are given by a sum of tree-level unresolved factors
multiplying one-loop reduced matrix elements and one-loop unresolved factors multiplying tree-
level reduced matrix elements as

Û ⊗ M1
𝑛+1 = R0

1 · M1
𝑛 + R1

1 · M0
𝑛. (18)

In the former case 𝑋0
3 antenna functions are sufficient, while for the latter new 𝑋1

3 antenna functions
constructed from one-loop single-unresolved limits as in [4] must be used, and we find

R0
1 · M1

𝑛 ∼
∑︁

𝑋0
3 (𝑖

ℎ, 𝑗 , 𝑘ℎ)𝑀1
𝑛 ({𝑝}𝑛)

R1
1 · M0

𝑛 ∼
∑︁

𝑋1
3 (𝑖

ℎ, 𝑗 , 𝑘ℎ)𝑀0
𝑛 ({𝑝}𝑛). (19)

Analogously to the Real-Real layer, simply adding the terms capturing the explicit poles and
unresolved limits together to form the subtraction term as

M1,𝑆
𝑛+1 = −V1 · M0

𝑛 + R0
1 · M1

𝑛 + R1
1 · M0

𝑛 (20)

will not work, as the first term contributes in unresolved limits and the second has explicit poles in
𝜖 . This can be partially solved by including the integrated counterparts of the compensating terms
at the Real-Real layer as

V1 · R1
0 · M0

𝑛 ∼
∑︁

X0
3 (𝑖, 𝑗)𝑋

0
3 (𝑖

ℎ, 𝑗 , 𝑙ℎ)𝑀0
𝑛 ({𝑝}𝑛)

+
∑︁

X0
3 (𝑖, 𝑗)𝑋

0
3 ( 𝑗

ℎ, 𝑙, 𝑚ℎ)𝑀0
𝑛 ({𝑝}𝑛)

+
∑︁

X0
3 (𝑖, 𝑗)𝑋

0
3 (𝑙

ℎ, 𝑚, 𝑛ℎ)𝑀0
𝑛 ({𝑝}𝑛). (21)

In this way the subtraction term

M1,𝑆
𝑛+1 = −V1 ·

[
M0

𝑛+1 − R0
1 · M0

𝑛

]
+ R1

1 · M0
𝑛 + R0

1 · M1
𝑛 (22)

is guaranteed to capture the single-unresolved behaviour of the Real-Virtual matrix element in
unresolved limits, but in general will not exhibit the correct 𝜖 poles until we impose

𝑃𝑜𝑙𝑒𝑠(V1 · R1
0 · M0

𝑛 + R1
1 · M0

𝑛 + R0
1 · M1

𝑛) = 0. (23)

This can be solved by including 𝑋1
4,3 antenna functions constructed in [14] as

R1
1 · M0

𝑛 ∼
∑︁

𝑋1
3 (𝑖

ℎ, 𝑗 , 𝑘ℎ)𝑀0
𝑛 ({𝑝}𝑛)

+
∑︁

𝑋1
4,3(𝑖

ℎ, 𝑗 , 𝑘ℎ, 𝑙ℎ)𝑀0
𝑛 ({𝑝}𝑛). (24)
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Figure 2: Map for the automatic generation of subtraction terms in the Streamline Antenna scheme at NNLO.
Here red arrows indicate how terms can be inferred from one another as discussed in Section 2.

The Virtual-Virtual subtraction term is then fully constrained by the terms that exist at the
Real-Real and Real-Virtual layers, and will be a combination of {X1

3 ,X
1
4,3,X

0
4 ,X

0
5,3,X

0
6,4} inte-

grated antenna functions multiplying tree-level 𝑛-parton matrix elements, and X0
3 antenna functions

multiplying one-loop 𝑛-parton matrix elements. In this case each integrated antenna is defined as
the integration of the antenna over its relevant antenna phase space. To demonstrate full control
of the scheme however, much like the scheme at NLO we aim to also have a way to generate the
Virtual-Virtual subtraction term at arbitrary multiplicity without knowledge of the Real-Real and
Real-Virtual layers. Once again, we do this by constructing operators in colour space as

J(2) (𝜖) =
∑︁
(𝑖, 𝑗 )

J (2)
2 (𝑖, 𝑗)T𝑖 · T 𝑗

K(2) (𝜖) =
∑︁
(𝑖, 𝑗 )

J̃ (2)
2 (𝑖, 𝑗) (T𝑖 · T 𝑗)2 +

∑︁
(𝑖, 𝑗 ,𝑘 )

J (2)
3 (𝑖, 𝑗 , 𝑘) (T𝑖 · T 𝑗) (T 𝑗 · T𝑘)

+
∑︁

(𝑖, 𝑗 )≠(𝑘,𝑙)
J (1)

2 (𝑖, 𝑗)J (1)
2 (𝑘, 𝑙) (T𝑖 · T 𝑗) (T𝑘 · T𝑙) (25)

where

J (2)
2 ⊃ X0

4 ,X
1
3 , J̃ (2)

2 ⊃ X̃0
4 , K (2)

3 ⊃ X0
5,3,X

1
4,3 (26)

in such a way that

M2,𝑆
𝑛 = 𝑃𝑜𝑙𝑒𝑠(𝑀2

𝑛) = 2Re(⟨A0
𝑛 |J(1) (𝜖) |A1

𝑛⟩) + ⟨A0
𝑛 |J(2) (𝜖) − 1

2
K(2) (𝜖) |A0

𝑛⟩. (27)

Unlike in Fig. 1, now for each term in Eq. (27) the unintegration procedure is straightforward,
i.e. it is clear whether terms should be included at the Real-Real or Real-Virtual layer. Therefore
using a procedure analogous to Eq. (11), from this input subtraction terms at other layers can be
automatically generated. A pictorial representation of the scheme is given in Fig.2, where the
improved simplicity of the new scheme is clear.

We then applied this method to the 𝑒+𝑒− → 4 jet process, generating subtraction terms for all
colour levels and partonic channels. In the next section we discuss the phenomenological results.

3. The four-jet rate in 𝑒+𝑒− collisions at O(𝛼𝑠)

In this section we briefly report on the results detailed fully in [10]. The study of hadronic final
states has been instrumental in establishing the theory of QCD, especially at 𝑒+𝑒− colliders where

7
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the experimental environment is very clean. Looking to the future, we anticipate an unprecedented
reduction in the experimental uncertainty on measured observables from both renewed analysis
of LEP data using modern techniques [2] and future colliders such as the FCC-ee and CEPC. To
capitalise on this, commensurate progress in the accuracy of theoretical predictions is crucial.

In the following, we consider the Durham (or 𝑘𝑇 ) jet algorithm, which has been extensively
used for jet studies at lepton colliders. The algorithm proceeds as follows: for each pair (𝑖, 𝑗) of
final-state particles, the distance measure

𝑦𝑖 𝑗 =
2 min(𝐸2

𝑖
, 𝐸2

𝑗
) (1 − cos 𝜃𝑖 𝑗)

𝑄2 (28)

is evaluated, where 𝑄 =
∑

𝑘 𝐸𝑘 represents the sum of all final-state particle energies 𝐸𝑘 , and 𝜃𝑖 𝑗 is
the angle within each pair. The particles with the minimum distance 𝑦𝑖 𝑗 are then clustered together
by summing their four momenta. The previous steps are repeated until all pair-wise distances are
larger than a pre-defined jet resolution parameter 𝑦𝑐𝑢𝑡 , and the event is classified as an 𝑛-jet event,
where 𝑛 is the number of remaining final-state clusters. Clearly, the smaller 𝑦𝑐𝑢𝑡 , the more distinct
jets are resolved in an event, and vice versa.

Jet rates as a function of 𝑦𝑐𝑢𝑡 can be computed by normalizing the cross section for the
production of 𝑛-jets in electron-positron annihilation for a given value of 𝑦𝑐𝑢𝑡 , denoted with
𝜎𝑛 (𝑦𝑐𝑢𝑡 ), by the fully-inclusive cross section for hadron production 𝜎inc. The 𝑛-jet rate then reads

𝑅𝑛 (𝑦𝑐𝑢𝑡 ) =
𝜎𝑛 (𝑦𝑐𝑢𝑡 )
𝜎inc.

. (29)

Here we present results for the 4-jet rate up to NNLO from an implementation of the 𝑒+𝑒− → 4
jet process in the NNLOjet Monte Carlo event generator. The relevant tree-level and one-loop
amplitudes were taken from OpenLoops2 [7, 8], while the two loop amplitudes were constructed
by crossing the associated amplitudes for vector boson plus two jet production at hadron colliders
[9] into the decay region [10].

The results are shown in Fig.3. We take𝑚𝑍 = 91.2GeV, 𝛼𝑠 (𝑚𝑧) = 0.118 and consider massless
quarks. The central renormalisation scale is taken to be 𝜇𝑅 =

√
𝑠, and we assess theory uncertainties

from missing higher order corrections by varying 𝜇𝑅 symmetrically between [
√
𝑠/2, 2

√
𝑠]. In Fig.3

we show the results. In the region 10−3 ≤ 𝑦𝑐𝑢𝑡 ≤ 10−1 we see very good perturbative convergence,
indicated by the overlap of uncertainty bands which themselves reduce in size at higher orders.
In this perturbative region we expect our fixed order results to be valid, and indeed we find the
prediction matches experimental data from ALPEH [1, 13] very well. For lower values of 𝑦𝑐𝑢𝑡

this perturbative convergence is lost as well as the agreement with data, with the fixed order
prediction becoming negative and therefore unphysical for sufficiently small 𝑦𝑐𝑢𝑡 . This is due to
large logarithmic corrections which must be resummed to restore predictive power in this region,
and we leave this to future work.
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