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We report on the first 2-loop application of the BMHV scheme of dimensional regularisation with
non-anticommuting 𝛾5 to a non-abelian chiral gauge theory. Two approaches to determine the
breaking of the Slavnov-Taylor identity on the regularised level are explained and issues specific
to the 2-loop level and to the non-abelian nature of the theory are illustrated. The required 2-loop
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all Green functions with physical fields as well as to several Green functions corresponding to
loop-corrected BRST variations.
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2-loop renormalisation of chiral gauge theory with BMHV scheme Dominik Stöckinger

1. Introduction

In the quest for higher-precision calculations in the Standard Model and beyond, it becomes
more and more important to take into account electroweak corrections at the multiloop level. Since
the electroweak Standard Model is a chiral gauge theory, controlling the treatment of 𝛾5 is a crucial
issue.

In dimensional regularisation (DReg), treating 𝛾5 as anticommuting is inconsistent with cyclic
traces and the correct value of traces like Tr(𝛾5𝛾

𝜇𝛾𝜈𝛾𝜌𝛾𝜎) [1]. A procedure that is known to be
fully consistent is the BMHV scheme, originally proposed already by ’t Hooft and Veltman and
later systematically investigated by Breitenlohner and Maison [1, 2].

In the BMHV scheme, the 𝐷 = 4−2𝜖-dimensional space is decomposed into its 4-dimensional
subspace and a (−2𝜖)-dimensional space, and vector quantities can be decomposed as 𝑝𝜇 = 𝑝𝜇+𝑝𝜇,
where bars denote 4-dimensional and hats denote (−2𝜖)-dimensional quantities. Hatted quantities
and other objects that vanish in purely 4 dimensions are also called evanescent. For the 𝛾-algebra,
one can then define 𝛾5 such that

𝛾𝜇 = 𝛾𝜇 + 𝛾̂𝜇, {𝛾𝜇, 𝛾5} = 0, [𝛾̂𝜇, 𝛾5] = 0. (1)

The major advantage of this scheme is its guaranteed internal consistency, i.e. the absence of
ambiguities and contradictions to fundamental quantum field theoretical requirements. The scheme,
however, has two downsides. One is the algebraic complexity resulting from the different behaviour
of “hatted” and “barred” quantities. The second is the breaking of chiral gauge invariance on the
regularised level. In the renormalisation of chiral gauge theories this breaking must be cancelled
by adding appropriate gauge-invariance restoring counterterms at each loop order.

In the literature, the evaluation of such counterterms has been carried out for various renor-
malisable models at the 1-loop level [3–9] and for abelian models at the 2-, 3-, and 4-loop level
[10–12]. In the present proceedings we briefly report on Ref. [13], the first 2-loop computation
of gauge-invariance restoring counterterms for the BMHV scheme in the context of a non-abelian
chiral gauge theory.

2. Approach

The pivotal technical relation that must be valid in quantised gauge theories is the Slavnov-
Taylor identity. It guarantees that the theory admits a meaningful physical interpretation as a theory
with interacting vector bosons where unphysical degrees of freedom decouple and a unitary, Lorentz
invariant and gauge independent S-matrix for physical degrees of freedom can be defined. The
Slavnov-Taylor identity needs to be satisfied after renormalisation. In the context of DReg the
requirement can be written as

LIM
𝐷→4
S𝐷 (ΓDRen) = 0, (2)

where ΓDRen denotes the effective action (the generating functional of 1PI Green functions) com-
puted including counterterms but still in 𝐷 dimensions, and the limit sets 𝐷 → 4 and drops all
evanescent objects.

To be concrete in our investigation we apply the BMHV scheme to an SU(2) gauge theory
with only right-handed fermions. In 4 dimensions the gauge covariant derivative is 𝐷

𝜇

R𝑖 𝑗 =

2
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𝜕
𝜇
𝛿𝑖 𝑗 − 𝑖𝑔𝑇𝑎

R𝑖 𝑗𝐺
𝑎𝜇

with the appropriate SU(2) generators 𝑇𝑎
R and gauge fields 𝐺𝑎𝜇. The extension

of the fermion kinetic and gauge interaction terms is not unique, and a variety of options are
extensively discussed in Ref. [9]. Here we choose the simplest option and define the relevant parts
of the 𝐷-dimensional Lagrangian as

Lfermion
kin+int = 𝑖𝜓𝑖

/𝜕𝜓𝑖 + 𝑔𝑇𝑎
R𝑖 𝑗 𝜓𝑅𝑖 /𝐺

𝑎
𝜓𝑅 𝑗

= 𝑖𝜓𝑅𝑖
/̂𝜕𝜓𝐿𝑖 + 𝑖𝜓𝐿𝑖

/̂𝜕𝜓𝑅𝑖 + 𝑖𝜓𝐿𝑖
/𝜕𝜓𝐿𝑖 + 𝜓𝑅𝑖 /𝐷R𝑖 𝑗𝜓𝑅 𝑗 ,

(3)

where spinors are generally decomposed as 𝜓 = 𝜓𝐿 + 𝜓𝑅 with 𝜓𝐿.𝑅 = 1
2 (1 ∓ 𝛾5)𝜓, and where

the second line contains a decomposition of the kinetic term into its 4- and (−2𝜖)-dimensional
components. The full regularised classical Lagrangian Lcl also contains field strength tensor terms,
gauge fixing and ghost terms, and an external field part where BRST variations of the dynamical
fields {𝐺𝑎𝜇, 𝑐𝑎, 𝜓

𝑗

𝛽
, 𝜓

𝑖

𝛼, 𝑐
𝑎} are coupled to sources {𝜌𝑎𝜇, 𝜁𝑎, 𝑅

𝑖

𝛼, 𝑅
𝑗

𝛽
, 𝜒𝑎}. The 𝐷-dimensional

extension of these terms is straightforward, and we refer to the literature for details.
Because the 𝐷-dimensional kinetic term (3) connects left-handed and right-handed fermions,

it breaks chiral gauge invariance. As a result, also the Slavnov-Taylor identity is not valid at tree
level in 𝐷 dimensions. The breaking can be written as

S𝐷
(∫

𝑑𝐷𝑥 Lcl

)
= Δ̂ ≡

∫
𝑑𝐷𝑥 𝑔𝑇𝑎

R𝑖 𝑗𝑐
𝑎

[
𝜓𝑖

(←
/̂𝜕PR +

→
/̂𝜕PL

)
𝜓 𝑗

]
, (4)

This tree-level breaking Δ̂ is an evanescent operator since it results from the evanescent part of
the kinetic term. However, at the regularised 1-loop level, the evanescent breaking combines with
divergent loop integrals, leading to a violation of the Slavnov-Taylor identity by non-evanescent
terms that would not vanish in the LIM

𝐷→4
of Eq. (2). In order to evaluate this breaking we can use the

quantum action principle [2, 14], that implies the identity

S𝐷 (ΓDReg) = Δ̂ · ΓDReg, (5)

where here ΓDReg is the regularised effective action without counterterms. The breaking, i.e. the
non-vanishing value of S𝐷 (ΓDReg) can thus be evaluated in two ways, either via the l.h.s. or via the
r.h.s. of Eq. (5). The l.h.s. involves Green functions of ordinary fields and Green functions involving
the external sources for BRST variations, corresponding to loop corrections to BRST variations.
The r.h.s. involves Green functions with single insertions of the evanescent operator Δ̂, which make
manifest that the 1-loop non-evanescent breaking is local such that it can be cancelled by adding
local counterterms.

Going beyond the 1-loop level, the general structure of the regularised Lagrangian including
counterterms is

Lcl+ct = Lcl +
∑︁
𝑛≥1
L𝑛

sct + L𝑛
fct, (6)

where sct, fct denote singular (i.e. UV divergent) and finite counterterms, respectively, and where
the upper index denotes the loop order. Accordingly, the symmetry violation by the 𝐷-dimensional
action becomes

Δ = S𝐷
(∫

𝑑𝐷𝑥 Lcl+ct

)
, (7)
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where the operator Δ admits the loop expansion Δ = Δ̂ +∑
𝑛≥1 Δ

𝑛. And using the quantum action
principle again, the symmetry violation of the Slavnov-Taylor identity for the effective action can
be written in two ways as

S𝐷 (ΓDRen) = Δ · ΓDRen. (8)

For the 2-loop computation of Ref. [13], the quantity of interest is the 2-loop counterterm Lagrangian
L2

sct + L2
fct. It enters Eq. (8) via 2-loop counterterm contributions to the effective action and via

2-loop contributions to Δ. It can be determined by evaluating either the l.h.s. or the r.h.s. of Eq. (8)
first without the 2-loop counterterm contributions and then adapting L2

sct + L2
fct such that the LIM

𝐷→4
of Eq. (8) vanishes.

In Ref. [13] it was chosen to determine the 2-loop counterterms via the r.h.s. of Eq. (8), but a
large number of checks were performed by comparing to terms on the l.h.s..

Here we summarise key properties of the required computations.

• Generally, there are four types of 2-loop order contributions to the r.h.s. of Eq. (8), Δ · ΓDRen.
(1) There are genuine 2-loop diagrams with a single insertion of the tree-level operator Δ̂
given in Eq. (4). (2) There are 1-loop diagrams with a single insertion of Δ̂ and a single 1-loop
counterterm. The counterterm may either be singular (cancelling a subdivergence) or finite
(cancelling a symmetry breaking of a subdiagram). (3) There are 1-loop diagrams with a
single insertion of the 1-loop breaking Δ1 resulting from the 1-loop counterterm Lagrangian
and expanding Eq. (7). (4) There are products of 1-loop counterterms arising in Eq. (7)
due to the non-linear structure of the Slavnov-Taylor operator. Example diagrams of types
(1,3) are shown in Fig. 1(left, middle). Adding up all four types of diagrams must result in
a local expression that can be cancelled by adding appropriate 2-loop counterterms. These
properties lead to highly non-trivial internal checks.

• In the evaluation of Δ · Γ Green functions in abelian theories, the power-counting degree of
divergence is often reduced by certain cancellations. Such cancellations do not take place in
the non-abelian case; hence the degree of divergence of Green functions is the one obtained
by naive power counting. This implies that up to 5-point 2-loop diagrams (e.g. of the type
𝑐𝐺𝐺𝐺𝐺 with one Δ̂-insertion illustrated in Fig. 1(right)) need to be evaluated.

• The l.h.s. of Eq. (8) corresponds to Slavnov-Taylor identities between ordinary Green func-
tions. It is well known that these have a significantly more complicated structure than familiar
QED Ward identities. As an example, taking the functional derivative w.r.t. a ghost and two
fermion fields yields the identity

Γ
DReg
𝑐𝑎𝜌𝑏𝜇

ΓDRen
𝜓𝑗𝛽𝜓𝑖𝛼𝐺

𝑏𝜇
+ ΓDRen

𝜓𝑗𝛽𝑐
𝑎𝑅𝑘𝛿

ΓDRen
𝜓𝑘𝛿𝜓𝑖𝛼

− ΓDRen
𝑅𝑘𝛿𝑐

𝑎𝜓𝑖𝛼

ΓDRen
𝜓𝑗𝛽𝜓𝑘𝛿

= (Δ · ΓDRen)𝜓𝑗𝛽𝜓𝑖𝛼𝑐
𝑎 ,

(9)

relating the fermion self energy and the fermion–gluon 3-point interaction. The correspond-
ing identity in QED would involve fixed prefactors, but this non-abelian identity involves
prefactors that are themselves non-trivial Green functions with external sources 𝜌𝑏𝜇 and 𝑅

for the BRST variations of the gluon and the fermion. When using the l.h.s. of Eq. (8) as a
check, such Green functions must be evaluated. Representative 2-loop diagrams are shown
in Fig. 2.
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∆̂

∆̂1
ct

∆

Figure 1: The left and middle diagram are 2-loop contributions to the Green function corresponding to Δ ·Γ
and functional derivatives w.r.t. a ghost and two fermion fields. The right diagram is a sample 5-point with
degree of divergence = 0.

ρµc R

c

ψ

Figure 2: Representative 2-loop diagrams for the Green functions with external fields 𝑐𝑎𝜌𝑏𝜇, 𝜓 𝑗𝛽𝜓𝑖𝛼𝐺
𝑏𝜇,

𝑅𝑘 𝛿𝑐
𝑎𝜓𝑖𝛼 and 𝜓 𝑗𝛽𝜓𝑘 𝛿 appearing in Eq. (9).

For the evaluation, the packages FeynRules, FeynArts, FeynHelpers and FeynCalc [15–
17] were used. In particular, FeynArts model files were implemented that allow the generation of
diagrams of all the mentioned types, with insertions of Δ operators, with gauge-invariance restoring
counterterms, and with external sources for BRST variations. All checks implied by the equality of
the l.h.s. and r.h.s. of Eq. (8) and by the locality and cancellability of the symmetry breaking were
satisfied.

3. Results for the two-loop counterterms

The required 2-loop counterterm Lagrangian that renders the theory finite and symmetric at
the 2-loop level consists of singular terms of the orders 1/𝜖2 and 1/𝜖 that involve both evanescent
and non-evanescent operators, and of finite terms of order 𝜖0 that are non-evanescent. The finite
terms are not unique and could be changed by adding symmetric counterterms (corresponding to
field and parameter renormalisation). Here we provide the result for the simplest choice of the
finite counterterms, suppressing indices and abbreviating group factors (for detailed definitions see

5



P
o

S
(

L
L

2
0

2
6

)
0

7
5

2-loop renormalisation of chiral gauge theory with BMHV scheme Dominik Stöckinger

Ref. [13]). They read

𝑔4
(
−11

48

∑︁
R

(
𝐶2(R)𝑆2(R)

)
+ 7

54

∑︁
R

(
𝑆2(R)

) )
𝐺□𝐺

+ 𝑖𝑔4
(
127
36

(
𝐶2(R)

)2 + 41
108

𝐶2(R)
∑︁
R

(
𝑆2(R)

)
− 25

72

∑︁
R

(
𝑆2(R)

)
− 1181

108
𝐶2(R) +

31
6

)
𝜓 /𝜕PR𝜓

+ 𝑖𝑔5
(

1
18

𝐶2(R) −
35
216

∑︁
R

(
𝑆2(R)

)
+ 1

6

)
𝑅𝑐𝑇RPR𝜓

+ 𝑖𝑔5
(

1
18

𝐶2(R) −
35
216

∑︁
R

(
𝑆2(R)

)
+ 1

6

)
𝜓𝑇RPL𝑐𝑅

+ −𝑔5
(
23
72

∑︁
R

(
𝐶2(R)𝑆2(R)

)
+ 365

1728

∑︁
R

(
𝑆2(R)

) ) ( (
𝜕𝐺

)
𝐺

)
𝐺

+ 𝑔5 35
432

∑︁
R

(
𝑆2(R)

)
𝜁𝑐𝑐

+ 𝑔6
(

3
80

∑︁
R

( (
𝐶2(R)

)2
𝑆2(R)

)
+ 31

720

∑︁
R

(
𝐶2(R)𝑆2(R)

)
+ 137

768

∑︁
R

(
𝑆2(R)

) )
𝐺

4

+ 𝑔6
(

3
40

∑︁
R

( (
𝐶2(R)

)2
𝑆2(R)

)
− 7

180

∑︁
R

(
𝐶2(R)𝑆2(R)

)
− 403

2304

∑︁
R

(
𝑆2(R)

) ) (
𝐺𝐺

) (
𝐺𝐺

)
(10)

The finite 2-loop counterterm LagrangianL2
fct is given by the previous expression times the prefactor

(−1/(256𝜋4)).

4. Conclusion

Here we briefly summarised the computation of Ref. [13], where the BMHV scheme was
applied to a chiral SU(2) gauge theory and for the first time the 2-loop renormalisation procedure
was carried out: the 2-loop breaking of gauge/BRST invariance and the Slavnov-Taylor identity
was evaluated and the required singular and finite 2-loop counterterms were constructed.

The structure of the 2-loop counterterms is illustrated in Eq. (10). It is very similar to the
structure at the 1-loop level. There is just one single field monomial involving the external source
𝜁 whose coefficient vanishes at the 1-loop level but that appears in the 2-loop finite counterterm
Lagrangian. In general, the set of appearing field monomials is restricted by power-counting and
locality and will hence remain finite even at higher loop orders.

Many parts of the computation have been done in two different ways, the counterterms satisfy
multiple internal consistency checks, and the required Feynman rules are implemented in computer
algebra frameworks. Together with related works on the multi-loop renormalisation of abelian
chiral gauge theories [10–12] and on generalisations of the BMHV setup [9], the foundation for
applications of the BMHV scheme to the Standard Model of particle physics ultimately at the
multi-loop level has been developed.
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