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1. Introduction

In these proceedings we discuss in brief the formalism of generalised Lagrangians developed
in ref. [1] that unify supersymmetric and non-supersymmetric theories, allowing supersymmetry
(SUSY) to be used as a computational tool in phenomenologically relevant theories such as Quantum
Chromodynamics (QCD) and the Standard Model.

There exist applications of SUSY in phenomenological computations in the literature, for low
loop amplitudes, e.g., inrefs. [2, 3], for quartic colour factors in QCD splitting functions [4] etc. Our
formalism provides a systematic method for such SUSY to non-SUSY theory mappings, revealing
the underlying structure and extending the scope to general applications.

In section 2 we introduce the formalism of generalised Lagrangians, and in section 3 we discuss
how SUSY Ward identities emerge among non-SUSY theories from this formalism. We show a
sketch of how this can be used to optimise phenomenologically relevant computations. Finally in
section 4 we summarise how this formalism was applied to the resolution of SUSY breaking via
dimensional reduction in Super Yang-Mills (SYM) theories.

2. Mapping non-SUSY theories to SUSY theories

We introduce the generalised Lagrangian formalism, which is an abstraction of multiple theories
into one minimal algebraic structure, from which those theories emerge as specific representations.
This formalism reveals that the conventional approach to computing theories is akin to computing
colour (or Dirac traces) by using explicit form of the matrices instead of using Lie Algebra (or
Clifford) relations. By our method, results for multiple theories can be obtained from just one
computation followed by a straightforward substitution of parameters.

This minimal algebraic structure is defined with the following conditions that constrain the
classical and quantum behaviour of the theories it corresponds to:

* Condition 1 (classical) The Lagrangian is real-valued and a singlet under some given sym-
metries.

¢ Condition 2 (quantum) No evanescent terms emerge in the renormalised Lagrangian from
loop corrrections.

For example, the generalised Lagrangian for a Yukawa-¢* theory with global SO (1) and SU (n f)
flavour symmetries for scalars and fermions, respectively, reads:

1 - - —A - A
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€]
where ¢; are real scalars and i 4 are Weyl fermions transforming in the fundamental representations

of their respective flavour symmetries.
Another such generalised Lagrangian, applicable for gauge theories, is given by:
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The trace is over colour generators in the representation R of the gauge group SU(N) under which
the fermion fields transform, while the scalars transform under the adjoint representation, along
with the global SO (ny) and SU(n ) flavour symmetries.

The algebraic abstractness enters through the flavour elements (Z')AB, (Z")sp, and M/KL,
All indices in the Lagrangians are fully contracted, ensuring they are singlets. For the Lagrangian
to be real-valued, the flavour elements Z/, Z are symmetric and Hermitian (see ref. [1] for details).

Imposing the condition 2 for non-evanscence gives us the following theorem, proved in [1],
which lies at the heart of our approach:

Theorem 1. There are no evanescent flavour terms in the generalised Lagrangian L8°" if and only
if the Z, Z satisfy the following relation:

277 + 777" = 26", 3)

i.e. the same relation satisfied by the Pauli matrices o, c*.
Each linear representation of the algebra (3) gives us the various models represented by the
generalised Lagrangian. Indeed, by substituting the matrix representations for Z!, Z! corresponding

to each value of (n,,ns) in the two generalised Lagrangians, we obtain the classical Lagrangians
for the models shown in Table 1.

L= Lo
(ng,ny) ‘ Model (ng,ng, CR) ‘ Model
(1,ny) Gross-Neveu-Yukawa (0,nf,Cr) | Quantum Chromodynamics
(2,ny) | Nambu—Jona-Lasinio—Yukawa (0,1,Cqn) N =1 Super Yang-Mills
2,1) 4D N = 1 Wess-Zumino (2,2,Cqp) N =2 Super Yang-Mills
(1,1)3p 3D N =1 Wess-Zumino (6,4,Cr) N = 4 Super Yang-Mills

Table 1: Models corresponding to specific representations of eq. (3) for the generalised Lagrangians £
and Lgﬂge. R = F, A respectively stand for the fundamental and adjoint representations of the gauge group
SU(N). The subscript 3D denotes that we consider the Lagrangian in three spacetime dimensions instead of
four.

Instead of computing each of the theories separately from separate Lagrangians, the results
- Just
the relation (3) completely determines the 1PI correlators as functions of ng, ny, Cg. Then we can

of all these models can now be obtained from a single computation each of £&" and ng

obtain the results of all the individual models by simply substituting the corresponding values for
those parameters.
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Figure 1: Left: The curves at every loop order for the Ward identity ys = y, between the anomalous
dimensions up to 4 loops with a = A. All the curves intersect at the same two points (2, 1) and (1, % s
signifying the theory as a whole becomes supersymmetric at those points. Right: The curves for the non-
renormalisation condition (5). The circular dot corresponds to the (2, 1) emergent SUSY point, the cross
corresponds to the (1, %) SUSY point. The fact that the latter does not satisfy eq. (5) indicates it is a 3D
supersymmetry.

3. Using SUSY Ward identities in non-SUSY theories

The unification of SUSY and non-SUSY theories into the same generalised Lagrangian makes
the Ward identities and non-renormalisation theorems of SUSY accessible to non-SUSY theories,
which can be applied to optimising computations.

First let us see how SUSY emerges from the generalised Lagrangians. This was investigated
in great detail for the Lagrangian £&" in ref. [1]. We will summarise the results here.
For supersymmetric theories, we expect the following Ward identities to hold:

Yf=7s> Ba=Pa- 4

For the four-dimensional N/ = 1 chiral multiplet, we expect the following non-renormalisation
theorem to also hold, but not for the three-dimensional N' = 1 chiral multiplet:

Ba = _37f = —3ys. (5

Figure 1 shows how the SUSY relations emerge through various loop orders at the same values
of (ng,ny) of L£8" as shown in Table 1. The (1, %) point corresponds to the (1, 1)3p in Table 1, as
ny = 1/2 comes from using 4D fermions instead of 3D fermions.

Very similarly, in the case of L5, the SUSY relation between the Yukawa and gauge -
functions emerges at the values (2¢, 1), (2+2¢,2) and (6 +2¢,4), corresponding to N = 1,2 and 4
SYM. This mimics the g-scalars of Siegel’s dimensional reduction (DR) [5].

However, we refer to our scheme as dimensional regularisation (DREG) instead of DR. In
conventional DR, used in the results of refs. [6-8], the Lorentz algebra of the Dirac matrices are

kept four-dimensional. By contrast, in our approach using the formalism of ref. [1], the Dirac
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matrices are treated in D-dimensions, which is precisely the conventional DREG setup. In fact,
SUSY does not emerge at four-loops in our formalism if we keep the Dirac matrices in 4 dimensions.

These emergent SUSY points can be used for optimising computations in the Gross-Neveu-
Yukawa model. For instance, the two-loop one-particle irreducible correlators for the fermion and
scalar propagators from £&" are given as:

2
Ff//) = a(z)ns(ns -2)

The diagrams displayed above are evaluated with the appropriate Born projections, such that the

(6)

corresponding tree-level contributions are normalised to unity. For the two emergent SUSY points,
Fl(;) = F((bz) holds, giving us two equations among the integrals:

@)

which can be used to eliminate two integrals in eq. (6), and then substituting n; = 1 ends up giving
us an optimised computation for the GN'Y model. For higher loops, some diagrams satisfy the Ward
identity independently, giving us more equations among integrals, e.g. nonplanar diagrams at three
loops.

This technique of SUSY Ward identities was used to optimise the computation of three-loop
singlet operator matrix elements in the non-SUSY Gross-Neveu-Yukawa model, where days of
computational time were saved. The corresponding results will soon be published.

We intend to apply this trick to the case of QCD singlet operator matrix elements which are
phenomenologically relevant. We have already adapted the technique up to three loops in QCD,
and are currently working on the extension to the four-loop level.

4. Restoring SUSY in Super Yang-Mills theories

The field content in supersymmetry is often strictly dependent on the spacetime dimensions, hence
the validity of DREG in SUSY has always been an issue in computing SUSY theories. DR was
proposed as a scheme of SUSY regularisation in ref. [5] but inconsistencies were pointed out in
that formalism by the same author in ref. [9]. Since then explicit implementations of DR have been
carried out, the earliest ones in the early 1980’s where it was shown that the Yukawa and gauge
B-functions did not run identically at three loops for N' = 1,2,4 SYM theories.
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N = :Bccg(a) ,Bffs(a)
1 —(6a*Ca +12a°C3 +424*C3) — (6a*Ca + 12a°C3 +424*C3)
2 —4a2CA —4612CA - 8614 (Cg(“- - 3{3) + d44(12 + 72{3))
+ 0 0

Table 2: Results for the gauge and Yukawa vertices of [8]. Here, ccg refers to the ghost(c)-gauge(g) vertex
and f fs refers to the fermion(f)-scalar(s) Yukawa vertex. C4 and ds4 denote the adjoint quadratic and
quartic Casimir invariants of the SU(N) gauge group. The N = 2 gauge B.., and Yukawa s functions
are unequal. However, 8., is one-loop exact as expected by holomorphy, see [10]. Thus only the N' = 2
Yukawa S rs function violates SUSY.

This violation of SUSY under regularisation had been unsolved for more than 40 years. More
recent computations showed that the N’ = 1,4 SYM theories were consistent with SUSY at three
loops, but not N' = 2 SYM, as shown in the Table 2. The inconsistency was blamed on the
incompatibility of SUSY and DREG, but that raised more questions than answers. Why did DR
fail only for N = 2 SYM, but not for N' = 1,4 ? The situation was paradoxical, the minimal N = 1
theory and the maximally extended N = 4 theory were protected from these inconsistencies, while
the intermediate V = 2 case was not. Moreover, no explanation was given for why all other vertices
and propagators remained supersymmetrically consistent, or why the mismatch appeared only at
three loops.

Our formalism of generalised Lagrangians resolves this issue and shows that SUSY is in fact
not violated in the cases examined [11]. We also explain the paradox of why the N = 1,4 SYM
theories were not inconsistent at three loops.

The key to resolving the issue were the traces of the flavour elements Z/, Z/ . The traces
contain Levi-Civita tensors that sequentially unlock with values of ng (for more details, see [1]):

(2121 Tr[Z17](6" +ie'’) forng =2
r = N
Tr[Z,]6"/ forng > 2
Tr[Zz] (676K — .. ) +i(e!/6KE — elKs/L 4+ ..)) forng =2
Tr[Z'Z7Z%Z5] = S Te[ 1] ((6776KE — . .) — €!KE) forng =4 .
Tr[Iz] (8" 6K — . .) forng > 4

Based on the above equations, we can say that, N' = 1 SYM with ny; = 0 has no Levi-Civita tensors,
while N = 4 SYM with n; = 6 needs a trace of six or more Z!’s for a Levi-Civita tensor, which
unlocks only from five loops onwards (see [11]). However, N = 2 SYM with ny = 2 unlocks flavour
Levi-Civita tensors at three loops.

As we have Weyl fermions, the fermion traces are taken over Pauli matrices which have a
Levi-Civita tensor for a trace with more than four matrices. It can be shown (see [11]) that the Levi-
Civita tensors from the fermion traces can survive only if they are multiplied with a corresponding
flavour trace. Hence, we call the Levi-Civita tensor dependent part as the chiral part of the trace as
it corresponds to a ys.
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It turns out that the erroneous results of Table 2 can be replicated by not including the flavour
Levi-Civita tensors in the computations. By redoing the computations, properly accounting of all
Levi-Civita tensors, we see that the error term in the N' = 2 B¢ ¢ vanishes, restoring SUSY. There is
an in-depth diagrammatic analysis in ref. [11] to show how the error cancelling term comes about.
Since N = 1,4 SYM do not have flavour Levi-Civita tensors at three loops, it explains why the
previously published results showed no SUSY violation in those cases in spite of the error.

We also extended this analysis to the four-loop level. As predicted by our formalism, at four
loops N = 1,4 SYM should also be free from Levi-Civita tensors, which we confirmed by doing the
computations by both implementing and not implementing Levi-Civita tensors, and found the same
SUSY consistent results in both cases. This also explains why [12] obtained consistent four-loop
results for N =4 SYM.

e = ﬂ%fsl = —(6a*Ca + 12a°CA + 42a*C3 +204a°C}) + O(a)

e = BN =0 . BNT =-4d’Ca+0(a%)

®)

Our 4-loop expression for the N' = 1 S-function matches the gauge S function computed in [13],
whereas the 4-loop Yukawa § function is a novel result by us, and constitutes the first explicit
verification of DREG-SUSY compatibility for N = 1 SYM.

For the four-loop N = 2 SYM, we encounter the ys problem which requires non-trivial

N=2
ccg

handling. Fortunately, for 3 there exists the Weyl Consistency Conditions approach [14] which

was used to solve the ys problem in the four-loop gauge S function of the Standard Model [15].

N=2
ccg

Applying the same approach here gives us that the is one-loop exact up to four loops, exactly
as expected from SUSY. Since the Weyl Consistency Conditions (at least in their current form)
cannot be used to solve the 5 problem for the four-loop Yukawa g function, the B}szsz will be

computed in a future work.

5. Conclusions and Future Outlooks

In these proceedings we have discussed the technique of the generalised Lagrangian that can unify
SUSY theories with useful (and possibly phenomenological) non-SUSY models. This allows us
to "import" SUSY Ward identities into non-SUSY models, thereby allowing us to use optimisation
tricks hitherto not available for non-SUSY theories. Our ultimate objective for developing this
method is to apply emergent SUSY to QCD operator matrix elements, where it could lead to saving
months of computation.

We also showed how our generalised Lagrangian formalism led to the resolution of the decades-
long standing problem of SUSY violation in DREG, and provided proper theoretical control over
it. It led us to the conjecture that the only possible obstacle to SUSY regularisation is the presence
of s which is not a SUSY specific issue. In fact, using the one-loop exactness of N = 2 SYM
B-function and our formalism of mapping SUSY theories to non-SUSY theories, we can potentially
solve the ys5 problem for the S-functions in the Standard Model.
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