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1. Introduction

Precision predictions for scattering processes at hadron colliders require an increasingly accu-
rate description of multi-scale QCD amplitudes. In many phenomenologically relevant processes,
massive quark loops give non-negligible contributions and introduce a rich analytic structure al-
ready at two loops. This is the case for dijet and y+jet production mediated by a heavy-quark
loop [1], where the dependence on the heavy-quark mass leads to Feynman integrals that cannot be
described only in terms of multiple polylogarithms, but naturally involve two elliptic sectors.

In recent years, important progress has been made in the understanding of elliptic Feynman
integrals and in the construction of canonical differential equations [2] beyond the polylogarithmic
case [3-10].

In this contribution we show how the system of differential equations for the full set of master
integrals can be brought into a generalized canonical form using the method developed in [3, 4]. In
this form, an analytic solution is obtained in terms of iterated integrals over both polylogarithmic
and elliptic differential forms. The computation builds on the analytic results previously obtained
for diphoton production [11] and extends them to the additional crossings needed for the partonic
channels considered here. After renormalization, the finite remainders are evaluated numerically in
the physical scattering region using generalized series expansions for the whole amplitudes around
singular points. Suitable changes of variables are introduced to resolve the singularity structure, and
convergence-acceleration techniques are used to improve the numerical performance. This leads to
fast and stable evaluations over a large portion of the physical phase space.

2. Computation of the scattering amplitudes

We focus on two-loop QCD amplitudes in which the final state consists either of a photon and
a jet or of two jets, with the interaction mediated by a massive quark loop. The relevant partonic
subprocesses are the following:

q(p1) +4(p2) — g(=p3) +y(-pa),
g(p1) +g(p2) — g(=p3) +y(-p4),
q(p1) +G(p2) — Q(-p3) +Q(-pa), (1)
q(p1) +G(p2) — g(=p3) +g(-ps),
g(p1) +8(p2) — g(-p3) +g(=p4),

where g and Q represent different quark flavors. The external particles are taken to be on-shell and
the kinematics is described in terms of the Mandelstam invariants for 2 — 2 processes:

s=(p1+p2)?, t=(p1+p3)*, u=(p2+p3)?, 2

with s + r + u = 0. We use m to denote the heavy-quark mass in the loop.

The scattering amplitudes are generated through a multi-step workflow. We first generate the
relevant Feynman diagrams with at least one closed massive-quark loop using QGRAF [12]. The
corresponding bare amplitudes are then computed with FORM [13, 14] and decomposed into a basis
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of Lorentz tensor structures and scalar form factors in the 't Hooft-Veltman scheme [15] using tensor
decomposition [16, 17]. After fixing the gauge of the external bosons, the number of independent
tensor structures is reduced and by fixing the helicities of the external states we define a set of
independent helicity amplitudes.

After these steps, the large number of scalar integrals appearing in the helicity amplitudes is
mapped onto five scalar integral families, shown in Fig. 1. In addition to these integral families, we
also consider their permutations with respect to the exchange of external momenta to map all the
integrals that contribute to the helicity coefficients.

\
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Figure 1: Set of two-loop integral families contributing to dijet and y+jet production with internal heavy-
quark loops. Thin lines represent photons, gluons and massless quarks, thick lines represent massive quarks.

The scalar integrals are reduced to a minimal basis of master integrals by means of integration-
by-parts identities [18, 19] and the Laporta algorithm [20], implemented in Reduze2 [21, 22] and
KIRA2 [23-26]. The reduction leads to a basis of 220 master integrals for the full set of processes
considered in eq. (1). This set contains the 165 master integrals already appearing in diphoton
production [11, 27, 28], together with 55 additional ones. The latter can be chosen as crossings of
the diphoton master integrals.

3. Differential equations and generalized canonical form for elliptic integrals

The master integrals are evaluated through the differential equations method [29, 30]. In this
section, we discuss how the system of differential equations for the full set of master integrals can
be cast into an e-factorized form. We focus in particular on the elliptic sectors, where the resulting
basis realizes a generalized canonical form. This means that, besides the factorization of the e
dependence, the system has only logarithmic singularities at the singular points and is written in
terms of differential forms defining independent cohomology classes. These properties provide the
natural extension of the canonical form familiar from the polylogarithmic case to integral families
involving elliptic sectors.

We can derive a system of first-order differential equations for the basis of 220 master integrals,
J = {J1,- -+, Jao}, of the form:

dJ = dA(z, €)J, 3)

where d is the total differential and z denotes the set of independent scales. It is convenient to cast
the system into a special form where the dependence on the dimensional regulator factorizes:

dl = edB(z)I with [=R(z,€)J, )
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achieved through a sequence of rotations, collected in the rotation matrix R(z, €), applied to the
initial basis. If such a basis is found, it is possible to obtain a solution of the differential equations
system in terms of path-ordered exponential:

I =Pexp (e/dB(g))lo, 5
b4
where 7y is a one-dimensional path and /, is the vector of boundary conditions. Writing:

dB = Z Giwi, (6)

where the G; denote numerical matrices and w; the corresponding differential forms, the solution
can be written order-by-order in € in terms of iterated integrals over these forms. If w; are logarithmic
differential forms, an analytic solution can be found in terms of multiple polylogarithms [31]. In
our case there are two elliptic sectors related to the same non-planar family NPA of Fig. 1, identified
by the corner integrals Inpa(1,1,1,0,0,1,1,1,0) and Inpa(1,1,1,1,0,1,1,1,0). These sectors,
corresponding to the non-planar triangle and non-planar double box (see [1,7, 8, 11,27, 28, 32-35]),
are related to the same elliptic curve [32].

Following the procedure described in [3, 4], we start with a choice of the initial basis, based on
the integrand analysis on the maximal cut. We discuss here the second elliptic sector that contains
four master integrals and therefore a good initial basis is expected to involve one master integral
associated with an Abel differential of first kind, its derivative and two master integrals associated
with Abel differential of the third kind. By analyzing the maximal cut in loop-by-loop Baikov
representation [36—38], we find:

MC (Inpa(1,1,1,1,0,1,1,1,a)) 1/ dzoz;® )
NPA b b b b 2 b b b a ‘x - b

S J o (m* =t = 29)yPa(z9)
where the quartic polynomial defines the elliptic curve, such that Ixpa(1,1,1,1,0,1,1,1,0) is
related to the Abel differential of the third kind. From eq. (7) we construct an initial basis from
linear combinations of integrals, chosen either to cancel the extra residue or to generate a new
residue at infinity. For this sector we find:

I = és ((m2 ) Iepa(1,1,1,1,0,1,1,1,0) — Inpa(1,1,1,1,0,1, 1,1, —1)) ,

I =0,,.1,
3
Iz = €'s ((m2 — ) Inpa(1,1,1,1,0,1,1,1,-1) = Inpa(1,1,1,1,0,1, 1, 1, —2)),

L= €*sVPs(m2 — 1) Inpa(1,1,1,1,0, 1, 1, 1,0).

From the initial basis, we can rotate to a new basis satisfying e-factorized differential equations.
In practice, we perform a rotation by the inverse of the semi-simple Wronskian matrix [35], then
we adjust factors of € and integrate out O (€”)-terms in the homogeneous system. Performing shifts
in the inhomogeneous part we obtain e-factorized differential equations. This procedure introduces
new transcendental functions. Since the master integrals relevant for dijet and y+jet production
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are obtained from the diphoton basis together with additional crossings, the same elliptic curve
appears in the crossed channels. In the diphoton case, the rotation of the elliptic sectors introduces
two new transcendental functions, namely the holomorphic period, denoted by @y(s, m?), and an
additional function related to an extra puncture on the elliptic curve, denoted by G (s, t, m?). For the
full set of 220 master integrals, the crossings generate the corresponding transcendental functions
parametrized by ¢t and u. In the following, the transcendental functions are not written in closed
form in terms of complete elliptic integrals. We instead work with their local series expansions
around the Maximal Unipotent Monodromy points [39] of the elliptic curve.

Obtaining a generalized canonical basis provides analytic control over the iterated integrals
appearing in the amplitudes. The final system involves 118 differential forms: 67 dlog-forms,
of which 16 are purely rational and 51 algebraic, together with 51 differential forms of elliptic
type. Writing the helicity amplitudes order-by-order in € in terms of iterated integrals makes the
cancellation of the pole structure transparent. All iterated integrals with elliptic kernels cancel from
the poles of the bare amplitudes, and the UV-renormalized and IR-subtracted results show further
simplifications. In particular, 18 elliptic differential forms drop out from the finite remainders of
the helicity amplitudes.

4. Numerical evaluation of the amplitudes

In this section we describe the strategy used to evaluate the amplitudes numerically in an
efficient way. The method is based on generalized series expansions constructed directly for the
full amplitudes. These local representations are then combined in order to cover large portions of
the physical phase space. From the singularity structure of the differential equations, one might
expect that many different expansions would be needed. Many of these singularities correspond
to pseudo-thresholds rather than physical singularities of the amplitudes. As a consequence, the
series expansions often provide reliable numerical results beyond their naive radius of convergence,
as observed in different contexts [40—42]. This makes it possible to cover sizeable regions of the
physical region with only a small number of expansions.

A consistent expansion around a singular point requires a set of variables which resolves the
singular lines of the differential equations at that point. In particular, all singular curves meeting
at the expansion point have to be separated until the local singularity structure is given by normal
crossing divisors. In two variables, this means that no more than two singular lines intersect at a
point and that the intersection happens non tangentially. The required variables are obtained by
performing blow-ups and depending on how the singular lines intersect, more than one blow-up
may be necessary. The structure of all the singular lines of the differential equations system is
represented in Fig. 2.

We discuss the numerical evaluation strategy in terms of three series expansions: the large-
mass expansion, the threshold expansion around s = 4m?, and the small-mass expansion. Several
amplitudes have already been successfully studied using series expansion representations of the
amplitude, see [43-50]. In particular, diphoton production was studied in different expansion limits
in [11, 45].
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Figure 2: Singular curves of the differential equations system in the (s, f) plane. The axes are given in units
of m?.

4.1 Large-mass expansion

In the large-mass expansion, the point m?> — oo corresponds to (s,7) = (0,0). The series
expansion representation is obtained from the canonical differential equations. From Fig. 2 it is
clear that at the point (s,#) = (0,0) several singular lines intersect, with most intersections being
tangential. We perform a blow-up to obtain normal crossing divisors defining a good set of variables
that resolves all singularities:

tm s
—, Xy = ——.
4m?

©)

The effect of the blow-up on the singularities in the new variables x; and x, is shown in Fig. 3. We

40 ,.40

expand all the master integrals up to order O (x{", x5").

0.8f

0.6t

0.4+

0.2t

0.0+
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Figure 3: Singular curves of the differential equations system after the blow-up in the new variables x| and
X2 .
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4.2 Threshold expansion

The second expansion is the threshold expansion around the point s = 4m?. This region is phe-
nomenologically relevant because massive-quark loop effects are expected to be most pronounced
close to threshold. Even if s = 4m? is a regular point for the elliptic curve, expanding only in
the variable s would leave a non-trivial dependence on the remaining kinematic variable through
the elliptic kernels and through the transcendental function associated with the extra puncture on
the elliptic curve. We therefore construct a double series expansion of the full helicity amplitudes
around the threshold. In practice, the relevant expansions are taken around (s,7) = (4m?,0) and
(s,u) = (4m?,0). In the following, we discuss the first of these two expansion points. The analysis
for the second one follows directly by crossing symmetry. From Fig. 2 we see that besides the lines
s = 4m? and t = 0, an additional singular line, corresponding to u = —4m?, passes through the
same point. Therefore, we introduce a new set of variables:

v = 4’”2—”, w=_L. (10)
—1 m2

Following the asymmetric definition of the variables, we expand the master integrals up to order
Io) (V3O, W45) .

4.3 Small-mass expansion

The last expansion is the small-mass expansion, around the point m> — 0. No additional
change of variables is required to resolve the singularities, and we use the variables:

N (11

We perform a single variable expansion in y up to O(y*°), keeping the full dependence on x. Since
the elliptic curves degenerate in this limit, the expansion coefficients are expressed in terms of
harmonic polylogarithms [51].

5. Improving numerical results

After constructing the series expansion representations for our amplitudes, we improve their
convergence using acceleration techniques. A first improvement is obtained through Bernoulli-like
variables, which map the singularity to infinity and can enlarge the effective convergence region.

We further apply Shanks transformation [52] to the sequence of partial sums. This transforma-
tion removes the leading transient contribution controlling the slow convergence of the sequence
and can therefore increase the number of stable digits.

In practice, Bernoulli-like variables provide the largest improvement, while the Shanks trans-
formation is useful to further accelerate the convergence in some helicity and colour configurations.
Combining the two techniques substantially enlarges the part of the physical phase space covered
by the expansions.

To illustrate the numerical performance of the method, we show heat plots of the estimated
relative precision in the physical region. At each phase-space point we choose the best-performing
expansion among the available ones. The precision is estimated from the difference A of suitable
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partial sums, normalized to the value Q of the full truncated expansion, and displayed as — log;, |é|
The heat plot therefore indicates the approximate number of reliable digits obtained from the series
expansions. This provides a direct way to assess which parts of the physical phase space are covered
by the expansions and acceleration techniques. In Fig. 4 we show the effect of the Bernoulli-like
variables and Shanks transformation on the real part of a colour-factor coefficient of the finite
remainder of the helicity coefficient £, **(s,f, m?). In this case, the two acceleration techniques

88
can be used together to cover the physical phase space up to s ~ 28m?.

Figure 4: Estimated relative precision for a colour-factor coefficient of the finite remainder of the helicity

coefficient fo, " (s, 1, m?). The three panels compare the original series expansions, the use of Bernoulli-like

variables, and the further improvement obtained by applying the Shanks transformation. The horizontal and
vertical axes correspond to s/m? and t/m?, respectively.

When the available expansions, even after applying the acceleration techniques, do not cover
the full physical phase space with the desired accuracy, there are two natural ways to improve the
numerical representation. In some regions, the loss of precision is mainly due to the truncation
order of an expansion that is already converging and in this case, computing additional orders in
the expansions is expected to be sufficient. In other cases a more efficient strategy is to construct an
additional series expansion around a different singular or regular point, better adapted to that part
of phase space. The heat plots provide a useful diagnostic to decide which of these improvements
is more appropriate.

6. Conclusions

In this contribution, we have discussed the analytic computation of the partonic subchannels
relevant for the two-loop QCD corrections to dijet and y+jet production in hadron collisions, medi-
ated by massive-quark loops. The master integrals are organized in a generalized canonical basis,
allowing the amplitudes to be written in terms of iterated integrals over polylogarithmic and elliptic
differential forms. This representation exposes cancellations in the finite remainders, in particular
among the elliptic differential forms. For the numerical evaluation, we use generalized series ex-
pansion representations of the full amplitudes, supplemented by suitable changes of variables and
convergence-acceleration techniques, leading to fast and reliable evaluations over a large part of the
physical phase space.
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