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1. Introduction

The High Luminosity LHC (HL-LHC) upgrade will provide experimental data with unprecedented
precision, necessitating equally accurate theoretical predictions to fully exploit the machine’s po-
tential. Consequently, the theoretical physics community has intensified efforts to overcome the
formidable challenges of multi-loop perturbative calculations in Quantum Field Theory. Currently,
the precision frontier for QCD-dominated processes at the LHC has reached Next-to-Next-to-
Leading-Order (NNLO) for 2 → 3 scattering processes [1].

A typical NNLO calculation involves the computation of two-loop amplitudes (𝑉𝑉), the one-
(𝑅𝑉) and two-particle (𝑅𝑅) unresolved contributions,

𝜎𝑁𝑁𝐿𝑂 =

∫
𝑚

𝑑Φ𝑚

(
2𝑅𝑒(𝑀 (0)∗

𝑚 𝑀
(2)
𝑚 ) +

���𝑀 (1)
𝑚

���2) 𝐽𝑚(Φ) 𝑉𝑉

+
∫
𝑚+1

𝑑Φ𝑚+1

(
2𝑅𝑒

(
𝑀

(0)∗
𝑚+1𝑀

(1)
𝑚+1

))
𝐽𝑚+1(Φ) 𝑅𝑉

+
∫
𝑚+2

𝑑Φ𝑚+2

���𝑀 (0)
𝑚+2

���2 𝐽𝑚+2(Φ) 𝑅𝑅

where 𝑀
(0)
𝑚 , 𝑀 (1)

𝑚 and 𝑀
(2)
𝑚 are the 𝑚−particle tree-order, one-loop and two-loop amplitudes. The

calculation of real-virtual 𝑅𝑉 and real-real 𝑅𝑅 contributions is well developed and automated,
based mainly on subtraction schemes [2–6]. The computation of two-loop amplitudes constitutes
the main bottleneck of the NNLO calculations.

The key aspects of a two-loop amplitude computation can be summarized as follows:

1. construction of two-loop integrands. This can be achieved either computing individual
Feynman diagrams or using recursion relations;

2. reduction of two-loop amplitudes in terms of Master Integrals [7–26]. This can be achieved
at integrand level or at integral level;

3. calculation of Master Integrals [27–39] based on analytical or (semi-)numerical methods.

Each of these steps comes with its own challenges, and the developments during the last years
have yielded a number of results for 2 → 3 cross sections at NNLO accuracy [40–46].

In this contribution we present the steps towards the construction of HELAC2LOOP, a framework
for automated two-loop calculations. We focus in particular on items 1 and 2 of the list above. In
Section 2 we illustrate the basic details of the algorithm for the computation of two-loop integrand
functions. In Section 3 we review the approach for the reduction of two-loop amplitudes [47]. In
Section 4 we discuss the numerical reconstruction of loop amplitudes in 𝑑 = 4 − 2𝜖 dimensions.
Finally in Section 5 we sketch the structure of HELAC2LOOP framework.

2. Construction of two-loop integrands

The construction of two-loop integrands is described in reference [48]. For completeness we briefly
present the main steps of the algorithm.

The first step towards the construction of two-loop integrands consists in the generation of loop
topologies. A key observation is that all two-loop topologies describing arbitrary processes in the
Standard Model (SM) fall into one of the three master categories, that we name "Theta", "Infinity"
and "Dumbbell" for brevity.
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The topologies generated at this stage carry no information about flavor and color of the
particles propagating in the loop. This information is generated in the next step, referred as
color-flavor dressing.

In the last step, a set of recursion relations is constructed for each two-loop topology. These
encode the instructions to compute numerators that will be used by Helac during numerical
evaluations. They can be generated once and stored in a file named skeleton. Skeleton consists of
all amplitude numerators contributing to a given process, grouped by color-flow connections [49].
For illustrative purposes, we provide in Figure 1(a) an example showing how a two-loop numerator
is represented in our framework. The example refers to the 113th numerator out of a total of
580 numerators contributing to a specific color connection (#10) for a four-gluon leading-color
amplitude, 𝑔(𝑝1)𝑔(𝑝2)𝑔(𝑝3)𝑔(𝑝4), stored in the skeleton. Each line reports the instructions to
compute a single current involved in the recursive calculation of the numerator. The information
concerning the two-loop topology is stored in the last line. The benefit of using the recursion
relations instead of Feynman graphs [50] can be seen in Figure 1(b), where the 101th numerator
represents the combination of four individual Feynman graphs. Notice that the information stored
in skeleton numerators is purely topological and can be used to both, numerically and analytically,
evaluate the amplitude, in arbitrary space-time dimensions.
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Figure 1: Internal representation of a two-loop numerator in the Helac framework.

HELAC2LOOP is an automated framework for arbitrary two-loop amplitude computation. The
construction of the skeleton is an integral part of it. In Table 1 the data regarding the skeleton for
a few representative two-loop processes, up to 2 → 4 particles, are presented1. The program’s
capability at this moment includes all colored particles, gluon, ghosts and quarks (including top
quark) and in addition, as external particles, all electroweak bosons, 𝛾, 𝑍,𝑊±, 𝐻.

Process Flavors Nums Process Flavors Nums
𝑔𝑔 → 𝑔𝑔 {𝑔, 𝑞, 𝑞, 𝑐, 𝑐} 74872 𝑔𝑔 → 𝑍𝑔 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 7632
𝑔𝑔 → 𝑞𝑞 {𝑔, 𝑞, 𝑞, 𝑐, 𝑐} 11336 𝑞𝑞 → 𝑍𝑔 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 2932
𝑔𝑔 → 𝐻𝑔 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 3816 𝑔𝑔 → 𝑍𝑍 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 2848
𝑞𝑞 → 𝐻𝑔 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 392 𝑞𝑞 → 𝑍𝑍 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 1104

1More data can be found in our forthcoming publication.
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Process Flavors Nums Process Flavors Nums
𝑔𝑔 → 𝐻𝐻 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 1424 𝑔𝑔 → 𝑍𝐻 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 1424
𝑞𝑞 → 𝐻𝐻 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 152 𝑞𝑞 → 𝑍𝐻 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 176
𝑔𝑔 → 𝑡𝑡 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 13120 𝑢𝑑 → 𝑔𝑊+ {𝑔, 𝑢, 𝑢̄, 𝑑, 𝑑, 𝑡, 𝑡, 𝑐, 𝑐} 2372
𝑞𝑞 → 𝑡𝑡 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 1916 𝑔𝑔 → 𝑊+𝑊− {𝑔, 𝑢, 𝑢̄, 𝑑, 𝑑, 𝑡, 𝑡, 𝑐, 𝑐} 1424
𝑔𝑔 → 𝑔𝛾 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 7632 𝑢𝑢̄ → 𝑊+𝑊− {𝑔, 𝑢, 𝑢̄, 𝑑, 𝑑, 𝑡, 𝑡, 𝑐, 𝑐} 540
𝑞𝑞 → 𝑔𝛾 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 2932 𝑢𝑑 → 𝐻𝑊+ {𝑔, 𝑢, 𝑢̄, 𝑑, 𝑑, 𝑡, 𝑡, 𝑐, 𝑐} 24
𝑔𝑔 → 𝛾𝛾 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 2848 𝑔𝑔 → 𝑍𝛾 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 2848
𝑞𝑞 → 𝛾𝛾 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 1104 𝑞𝑞 → 𝑍𝛾 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 1104
𝑔𝑔 → 𝐻𝛾 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 1424 𝑢𝑑 → 𝛾𝑊+ {𝑔, 𝑢, 𝑢̄, 𝑑, 𝑑, 𝑡, 𝑡, 𝑐, 𝑐} 600
𝑞𝑞 → 𝐻𝛾 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 176 𝑢𝑑 → 𝑍𝑊+ {𝑔, 𝑢, 𝑢̄, 𝑑, 𝑑, 𝑡, 𝑡, 𝑐, 𝑐} 600
𝑔𝑔 → 𝑔𝑔𝑔 {𝑔, 𝑞, 𝑞, 𝑐, 𝑐} 1617600 𝑔𝑔 → 𝑔𝑔𝐻 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 61192
𝑔𝑔 → 𝑞𝑞𝑔 {𝑔, 𝑞, 𝑞, 𝑐, 𝑐} 236360 𝑞𝑞 → 𝑔𝑔𝐻 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 6504
𝑔𝑔 → 𝑡𝑡𝑔 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 270004 𝑔𝑔 → 𝑡𝑡𝐻 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 12936
𝑞𝑞 → 𝑡𝑡𝑔 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 36236 𝑞𝑞 → 𝑡𝑡𝐻 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 5772
𝑔𝑔 → 𝐻𝐻𝑔 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 20680 𝑔𝑔 → 𝐻𝐻𝐻 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 8348
𝑞𝑞 → 𝐻𝐻𝑔 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 1996 𝑞𝑞 → 𝐻𝐻𝐻 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 748
𝑔𝑔 → 𝑡𝑡𝑍 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 54652 𝑔𝑔 → 𝑍𝑍𝑔 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 41360
𝑞𝑞 → 𝑡𝑡𝑍 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 11464 𝑞𝑞 → 𝑍𝑍𝑔 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 17384
𝑞𝑞 → 𝛾𝛾𝛾𝛾 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 3316 𝑔𝑔 → 𝑡𝑡𝑞𝑞 {𝑔, 𝑞, 𝑞, 𝑡, 𝑡, 𝑐, 𝑐} 10872
𝑞𝑞 → 𝑔𝑔𝑔𝑔 {𝑔, 𝑞, 𝑞, 𝑐, 𝑐} 77616 𝑔𝑔 → 𝑔𝑔𝑔𝑔 {𝑔, 𝑞, 𝑞, 𝑐, 𝑐} 667440

Table 1: Summary of skeleton structures for the QCD corrections to SM processes at two loops in full
color. The columns show the process, the particle loop-flavors, and the number of individual contributions
(numerators). The 2 → 4 processes are in the leading-color approximation.

3. Integrand level two-loop amplitude reduction
A generic unrenormalized 𝐿-loop scattering amplitude can be written schematically as

A (𝐿) ({𝑝}) =
𝐺∑︁
𝑔=1

(∫ 𝐿∏
𝑖=1

[𝑑𝑘𝑖]
N (𝑘1, . . . , 𝑘𝐿 , {𝑝})

𝐷1 𝐷2 · · ·𝐷𝑛

)
𝑔

, (1)

where 𝑘1, . . . , 𝑘𝐿 are loop momenta, [𝑑𝑘𝑖] denotes the integration measure associated to the loop
momentum 𝑘𝑖 , and {𝑝} represents the set of external kinematics. The amplitude consists generally
of 𝐺 partial contributions, individually denoted by 𝑔. Depending on the considered approach, the
latter may be individual Feynman diagrams or consistently defined sub-amplitudes, corresponding
to the concept of numerators introduced in the previous section. Each contribution is characterized
by a numerator N , which is a function of external momenta and wavefunctions as well as loop
momenta, and by a product of 𝑛 inverse propagators 𝐷1, . . . , 𝐷𝑛, appearing in its denominator2.

Following reference [47] we seek to solve the following equation:

N = 𝑃 (𝑁 ) +
𝑁∑︁
𝑖=1

𝑃
(𝑁−1)
𝑖

𝐷𝑖 +
𝑁−1∑︁
𝑖=1

𝑁∑︁
𝑗>𝑖

𝑃
(𝑁−2)
𝑖 𝑗

𝐷𝑖𝐷 𝑗 + . . . + 𝑃
(0)
12...𝑁𝐷1𝐷2 . . . 𝐷𝑁 , (2)

where 𝑁 is the size of the integral family for the given process under consideration3. We use
the term level to denote the summands corresponding to 𝑁, 𝑁 − 1, . . . and the term cut to refer

2Inverse propagators raised in higher integer powers are also considered to accommodate these contributions.
3For 𝐸 external particles and 𝐿 loops, 𝑁 = 𝐿 (𝐿 + 1)/2 + 𝐿 (𝐸 − 1).
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to each individual term within a given level summand. The first term in the right-hand of the
above equation denotes the maximal level cut, the second the next-to-maximal level cuts and so
on. The parametrization of the polynomials 𝑃 in terms of the so-called irreducible scalar products
(ISP)4 is obtained through the program BasisDet [51]. The latter provides a set of monomials, 𝑚𝑖

(𝑖 = 1, . . . , 𝑀), which take the form
∏

𝑗 𝑧
𝑟 𝑗

𝑗
, where 𝑧 𝑗 denote ISP and 𝑟 𝑗 is an integer ranging from

zero to some upper value calculated from the maximal tensor rank of the polynomial 𝑃 with respect
to 𝑘1, 𝑘2 and 𝑘1, 𝑘2 combined5.

The algorithm to solve Eq. 2 can be described as follows. For each cut, all the relevant on-shell
conditions (cut equations) are solved, for the eight 4-dimensional components of 𝑘1, 𝑘2 and the
three 𝜇𝑖 𝑗

6, collected in the eleven-dimensional array ®𝑋 .
Assuming that the set of monomials 𝑚𝑖 (𝑖 = 1, . . . , 𝑀) parametrizing a given polynomial 𝑃 is

established, 𝑃 =
∑𝑀

𝑖=1 𝑐𝑖𝑚𝑖 , then an 𝑀 × 𝑀 matrix, M, is obtained by evaluating the monomials
𝑚𝑖 on the solution to the cut equations, by assigning 𝑀 random values to the free parameters of the
solution, obtaining thus 𝑀 instances of ®𝑋 𝑗 , 𝑗 = 1, . . . , 𝑀 , and then computing the elements of the
matrix M, as follows: M𝑖, 𝑗 ≡ 𝑚𝑖 ( ®𝑋 𝑗).

The numerator N( ®𝑋, 𝑑) can be cast in the form

N ≡ N( ®𝑋, 𝑑) = N0 +
∑︁
𝑖≥1

𝜖 𝑖N (𝑖)
𝜖 , (3)

by expanding in powers of 𝜖 ≡ (4 − 𝑑)/2, where both N0 ≡ N( ®𝑋, 𝑑) |𝑑=4 and N (𝑖)
𝜖 ≡ N (𝑖)

𝜖 ( ®𝑋), are
accessible numerically and depending on 𝜇𝑖 𝑗 through ®𝑋 .

Eq. 2 is then solved iteratively: first solving for 𝑃 (𝑁 ) ,

𝑃 (𝑁 ) =
𝑀∑︁
𝑖=1

(
𝑐
(0)
𝑖

+
∑︁

𝜖 𝑗 𝑐
( 𝑗 )
𝑖

)
𝑚𝑖 (4)

using ®𝑋 and M from the top-level cut equations,

®𝑐 (0)
= M−1B (0) ®𝑐 (𝑖)

= M−1B (𝑖) (5)

with
B (0)

𝑗
= N0( ®𝑋 𝑗) B (𝑖)

𝑗
= N (𝑖)

𝜖 ( ®𝑋 𝑗). (6)

Subsequently, the known polynomial 𝑃 (𝑁 ) from Eq. 2 is subtracted, and the process is repeated to
solve for the remaining coefficients 𝑃 (𝑁−1)

𝑖
(𝑖 = 1, . . . , 𝑁) and all subsequent terms [52]. To ensure

the validity of the numerical algebraic reduction, an 𝑁 = 𝑁 test [47] is performed at each iteration
by comparing the left- and right-hand sides of Eq. 2. This is done on values of the parameters on
the relevant cut, other than those used in the fitting procedure, at each stage. At the final step of the
recursion, the 𝑁 = 𝑁 test is performed at completely random values of ®𝑋 , thus ensuring that the
reduction had been fully completed.

4. Numerical reconstruction of the amplitude in 𝑑 = 4 − 2𝜖

As discussed in Section 3, the ability to perform numerical evaluations of numerators in 𝑑 = 4− 2𝜖
dimensions is a crucial component of our reduction method. In the sequel we briefly sketch the

4For the definition of ISP see reference [47]
5Corresponding to RenormalizationCondition in reference [51].
6In 𝑑 = 4 − 2𝜖 , 𝜇𝑖 𝑗 ≡ 𝑘

(𝜖 )
𝑖

· 𝑘 (𝜖 )
𝑗

, with 𝑘 (𝜖 ) the components of the loop momenta beyond 𝑑 = 4 dimensions.
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procedure developed to achieve this7. We work in the ’t Hooft-Veltman regularisation scheme
[53]. According to this scheme all external momenta are expressed in 𝑑 = 4 dimensions, while the
loop momenta 𝑞1, 𝑞2 as well as the Lorentz structures appearing in the loop vertices (either Dirac
matrices or Lorentz metric tensors) live in 𝑑 = 4 − 2𝜖 dimensions. Following reference [54], we
adopt a bar to denote explicitly quantities living in 𝑑 dimensions. We split the 4-dimensional and
(𝑑 − 4)-dimensional part of the latter quantities as follows,

𝑞𝛼
𝑖 = 𝑞𝑖 + 𝑞𝛼

𝑖 , 𝛾̄𝛼 = 𝛾𝛼 + 𝛾̃𝛼 , 𝑔̄𝛼𝛽 = 𝑔𝛼𝛽 + 𝑔̃𝛼𝛽 . (7)

The tilde quantities refer to genuine (𝑑 − 4)-dimensional contributions, which satisfy the following
relations:

𝑞𝑖 · 𝑞 𝑗 = 𝜇𝑖 𝑗 , 𝛾̃𝛼𝛾̃𝛼 = (𝑑 − 4)𝐼4, 𝑔̃𝛼𝛽 𝑔̃𝛼𝛽 = (𝑑 − 4).
𝑞𝑖 · 𝑞 𝑗 = 0, 𝛾̃𝛼𝛾𝛼 = 0, {𝛾̃𝛼, 𝛾𝛽} = 0, 𝑔̃𝛼𝛽𝑔𝛼𝛽 = 0.

(8)

The 𝜇𝑖 𝑗 can be identified with the quantities already introduced in Section 3. By making repeated
use of the rules of Eqs. 7-8 in the computation of a generic two-loop numerator, one can cast the
latter in the form:

N =

𝑖max∑︁
𝑖=0

𝜖 𝑖 N𝑖 ({𝑝}, 𝑞1, 𝑞2, 𝜇𝑖 𝑗). (9)

The genuine (𝑑 − 4)-dimensional contribution consists of terms which depend on 𝜖 and/or 𝜇𝑖 𝑗 . We
will also refer to the latter as evanescent terms in the following,

The method that we are developing aims at reconstructing numerically the (𝑑−4)-dimensional
part of arbitrary one- and two-loop integrand numerators in QCD. Let us start with the one-loop case.
The problem that we are addressing can be formulated as follows: find a method to reconstruct the
(𝑑 − 4)-dimensional part of a recursive current: schematically, 𝐽 (𝑁 ) → 𝐽 (𝑁 ) = 𝐽 (𝑁 ) + E [ 𝐽 (𝑁 ) ],
where E[·] is a formal operator which generates all 𝜖 and 𝜇 ≡ 𝑞2 terms associated with an input
𝑑 = 4 quantity.

Reconstructing the evanescent terms in the context of an analytic calculation is a trivial task
which can be accomplished by use of the rules:

E[𝑞2𝑋] ↦→ 𝜇𝑋, E[
∑︁
𝜆

(𝜀𝜆 · 𝜔𝜆)𝑋] ↦→ (𝑑 − 4)𝑋, E[
∑︁
𝜆

(𝜀𝜆 · 𝑞) (𝜔𝜆 · 𝑞)𝑋] ↦→ 𝜇𝑋. (10)

where 𝜀𝛼
𝜆

and 𝜔𝛼
𝜆

denote the polarization vectors of the cut gluon [55]. This is possible on the
condition that the structure of the individual terms entering the expression of a current are known,
which is clearly not the case when fully numeric, recursive computations are performed. Crucially,
there are only few critical Lorentz structures which, upon combination, can generate evanescent
terms at any step of the recursion. For instance, the most general evanescent structure of a vector
current 𝐽 (𝑁 ) 𝛼, at one loop considering only gluons and ghosts in the loop, can be expressed
(dropping the index 𝜆 in the polarization vectors to make notation lighter) in the following way:

E[𝐽 (𝑁 )𝛼] ≡ 𝐶
(𝑁 )
𝑞 𝑞𝛼 + 𝐶

(𝑁 )
𝜀 𝜀𝛼 + 𝐽

(𝑁 )𝛼
𝜀𝑞 (𝜀 · 𝑞) + 𝐶

(𝑁 )
𝜀𝑞,𝑞 (𝜀 · 𝑞)𝑞𝛼 + 𝐽

(𝑁 )𝛼
𝜇 + (𝑑 − 4)𝐽 (𝑁 )𝛼

𝑑−4 . (11)

Each critical structure comes along with a coefficient (either scalar or vector) which is a function
of pure 𝑑 = 4 quantities. Like the currents themselves, these coefficients satisfy a set of recursion
relations which vary upon the vertex. Recursive equations are derived by plugging Eq. 11 into
the equation defining the vertex under consideration (3– or 4–gluon, gluon-ghost, fermion-gluon

7More details can be found in our forthcoming publication.
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vertices). The structure of recursive equations for the one-loop case is rather compact and for the
case of 3-gluon vertex, and the 𝐶𝑞 coefficient for example, reads:

𝐶
(𝑛1+𝑛2 )
𝑞 = 𝜃 (𝐿 (𝑛1 ) ) 𝐶 (𝑛1 )

𝑞 𝐽 (𝑛2 ) ·
(
2 𝑝 (𝑛1 ) + 𝑝 (𝑛2 )

)
− 𝜃 (𝐿 (𝑛2 ) ) 𝐶 (𝑛2 )

𝑞 𝐽 (𝑛1 ) ·
(
𝑝 (𝑛1 ) + 2 𝑝 (𝑛2 )

)
+

(
𝜃 (𝐿 (𝑛2 ) ) − 𝜃 (𝐿 (𝑛1 ) )

)
𝐽 (𝑛1 ) · 𝐽 (𝑛2 ) (12)

where 𝐿 (𝑛𝑖 ) = 0 if the current does not belong to a loop propagator, 𝐿 (𝑛𝑖 ) = 1 if the current belongs
to a loop propagator, and 𝐿 (𝑛𝑖 ) = 2 if 𝑛𝑖 = 2𝑛+1 (loop endpoint).
The recursive equations described so far have been implemented in a new versionHELAC1LOOP_DDIM.
We have validated the numerical implementation of the recursive equations at one loop against an-
alytic results from FeynCalc [56]. Moreover, we have tested that the results obtained from the new
version, regarding 𝑔𝑔 → 𝑔𝑔 and 𝑔𝑔 → 𝑔𝑔𝑔 one-loop amplitudes, are in complete agreement with
those provided by the existing HELAC-1LOOP [57] code.
When moving from pure Yang-Mills to full QCD, quark-gluon interactions need to be incorporated.
Thus, our discussion of evanescent terms must be extended to incorporate Lorentz structures pro-
portional to Dirac matrices (𝛾̃𝛼, /̃𝑞, 𝛾̃𝛼 /̃𝑞). In this case the most general evanescent structure of a
vector current 𝐽 (𝑁 ) 𝛼, at one loop, reads:

E[𝐽 (𝑁 )𝛼] ≡ 𝐶
(𝑁 )
𝑞 𝑞𝛼+𝐶 (𝑁 )

𝜀 𝜀𝛼+𝐽 (𝑁 )𝛼
𝜀𝑞 (𝜀 ·𝑞)+𝐶 (𝑁 )

𝜀𝑞,𝑞 (𝜀 ·𝑞)𝑞𝛼+𝐶𝛾̃ 𝛾̃
𝛼+𝐽 (𝑁 )𝛼

𝜇 +(𝑑−4)𝐽 (𝑁 )𝛼
𝑑−4 . (13)

Similar representation holds for (anti-)fermion currents. Plugging in these expressions in the
fermion-gluon vertex, recursive equations for the coefficients, similar to the one given in Eq. 12,
are obtained.
Moving to the two-loop case the origin of evanescent terms can be tracked down to the following
relations:

E [ (𝑞𝑖 · 𝑞 𝑗) 𝑋 ] ↦→ 𝜇𝑖 𝑗 𝑋 , E [
∑︁
𝜆

(𝑞𝑖 · 𝜀𝑘, 𝜆) (𝑞 𝑗 · 𝜔𝑘, 𝜆) 𝑋 ] ↦→ 𝜇𝑖 𝑗 𝑋 ,

E [
∑︁
𝜆

(𝜀𝑖, 𝜆 · 𝜔𝑖, 𝜆) 𝑋 ] = E [
∑︁
𝜆1,𝜆2

(𝜀1,𝜆1 · 𝜔1,𝜆1) (𝜀2,𝜆2 · 𝜔2,𝜆2) 𝑋 ] ↦→ (𝑑 − 4) 𝑋 ,

E [
∑︁
𝜆1,𝜆2

(𝜀1,𝜆1 · 𝜔2,𝜆2) (𝜀2,𝜆2 · 𝜔1,𝜆1) 𝑋 ] = E [
∑︁
𝜆1,𝜆2

(𝜀1,𝜆1 · 𝜀2,𝜆2) (𝜔1,𝜆1 · 𝜔2,𝜆2) 𝑋 ] ↦→ (𝑑 − 4) 𝑋

where 𝜀𝛼
𝑖, 𝜆𝑖

and 𝜔𝛼
𝑖, 𝜆𝑖

denote the polarization vectors of the cut gluons. As for the one loop case, it
is possible to list down all the critical Lorentz structures leading to evanescent terms. For example,
for a two-loop numerator computation, considering only gluons and ghosts in the loops, the most
general evanescent structure of a vector current reads:

E[𝐽 (𝑁 )𝛼] ≡
2∑︁
𝑖=1

𝐶
(𝑁 )
𝑞𝑖 𝑞𝛼

𝑖 +
2∑︁
𝑖=1

𝐶
(𝑁 )
𝜀𝑖 𝜀𝛼𝑖 + 𝐶

(𝑁 )
𝜔2 𝜔̃𝛼

2 +
2∑︁

𝑖, 𝑗=1
𝐽
(𝑁 )𝛼
𝜀𝑖𝑞 𝑗

(𝜀𝑖 · 𝑞 𝑗) + 𝐽
(𝑁 )𝛼
𝜔2𝑞2 (𝜔̃2 · 𝑞2)

+ 𝐽
(𝑁 )𝛼
𝜀1𝜀2 (𝜀1 · 𝜀2) +

2∑︁
𝑖, 𝑗=1

𝐽
(𝑁 )𝛼
𝜀1𝑞𝑖 𝜀2𝑞 𝑗

(𝜀1 · 𝑞𝑖) (𝜀2 · 𝑞 𝑗) +
2∑︁

𝑖, 𝑗 ,𝑘=1
𝐶

(𝑁 )
𝜀𝑖𝑞 𝑗 ,𝑞𝑘 (𝜀𝑖 · 𝑞 𝑗)𝑞𝛼

𝑘

+
2∑︁

𝑖, 𝑗 ,𝑘≠𝑖

𝐶
(𝑁 )
𝜀𝑖𝑞 𝑗 , 𝜀𝑘 (𝜀𝑖 · 𝑞 𝑗)𝜀𝛼𝑘 + 𝐶

(𝑁 )
𝜔2𝑞2,𝑞2 (𝜔̃2 · 𝑞2)𝑞𝛼

2 +
2∑︁
𝑖=1

𝐶
(𝑁 )
𝜀1𝜀2,𝑞𝑖 (𝜀1 · 𝜀2)𝑞𝛼

𝑖
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+
2∑︁

𝑖, 𝑗 ,𝑘=1
𝐶

(𝑁 )
𝜀𝑖𝑞 𝑗 , 𝜀𝑘 (𝜀1 · 𝑞𝑖) (𝜀2 · 𝑞 𝑗)𝑞𝛼

𝑘 + 𝐽
(𝑁 )𝛼
𝜇 +

∑︁
𝑚

(𝑑 − 4)𝑚𝐽 (𝑁 )𝛼
(𝑑−4) ,𝑚 (14)

where 𝐽 (𝑁 ) 𝛼
𝜇 contains all 𝜇𝑖 𝑗-dependent terms at O((𝑑 −4)0), while 𝐽 (𝑁 ) 𝛼

(𝑑−4) ,𝑚 denotes O((𝑑 −4)𝑚)
contributions. Let us note that also the latter contributions may contain 𝜇𝑖 𝑗-dependent terms. All
coefficients in Eq. 14 obey recursive equations similar to the one of Eq. 12. We have validated the
numerical implementation against analytic results obtained through FeynCalc [56], and in-house
codes developed in FORM [58] and in Wolfram Mathematica [59]. The latter consist of a FORM
or Mathematica notebook that reads the information from the generated skeleton in HELAC2LOOP
and provides analytic expressions for each amplitude numerator which then is tested against the
numerical results obtained by HELAC2LOOP.

5. HELAC2LOOP
To handle the challenging task of expressing amplitudes in terms of master integrals (MIs),
HELAC2LOOP employs the following approach:

1. Generating skeleton information from HELAC2LOOP, including color flow, sub-amplitude
and topology information.

2. Construct the integral families depending on the process under consideration.

3. Within an integral family identify the sectors, aka denominator structures, and the mapping
of the integral family inverse propagators for all numerator contributions.

4. For each family, build up through BasisDet, define the monomials basis for all polynomials
in Eq. 2.

5. Solve for cut equations, for each level and cut.

6. Determine the reduction coefficient 𝑐 ( 𝑗 )
𝑖

(see Eq. 4).

7. The three last steps above 4, 5, and 6, are universal for all numerator contributions belonging
to the same family, independent of the sector.

8. Using data from monomials basis and sector, identify all integrals 𝐹𝑖 ,

𝐹𝑖 ≡ 𝐹 (𝑎1, . . . , 𝑎𝑁 ) =
∫ 2∏

𝑙=1
[𝑑𝑘𝑙]

1
𝐷

𝑎1
1 . . . 𝐷

𝑎𝑁

𝑁

, 𝑎 𝑗 ∈ Z . (15)

needed to represent, in conjunction with the determination of the reduction coefficients, the
amplitude A (2) =

∑
𝑖 𝑐𝑖 𝐹𝑖 .

9. Using an IBP reducer [60, 61], express all 𝐹𝑖 in terms of MI, 𝑚𝑘 , 𝑘 = 1, ..., 𝑁𝑀𝐼 , where 𝑁𝑀𝐼

is the number of MI.

10. The final amplitude A (2)
𝑖

is expressed as an expansion in powers of 𝜖 (from 𝑖 = −4 to
0). When the master integrals are known and numerically accessible [62], the result is
evaluated directly. Otherwise, it is provided in terms of MI coefficients A (2)

𝑘, 𝑗,𝑖
, defined

such that A (2)
𝑖

=
∑

𝑘, 𝑗 A
(2)
𝑘, 𝑗,𝑖

𝑚𝑘, 𝑗 . Here, 𝑘 labels the master integral, 𝑗 denotes its 𝜖-
expansion component, and 𝑖 represents the final order in 𝜖 . Note that each component 𝑚𝑘, 𝑗

( 𝑚𝑘 =
∑0

𝑗=−4 𝑚𝑘, 𝑗+5𝜖
𝑗) may contribute to multiple orders of 𝜖 due to the 𝜖-dependence of

the IBP reduction coefficients.
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6. Summary

We have presented an approach for computing two-loop integrands for arbitrary processes in a
fully automated way. Furthermore we have sketched the algorithm for the reduction of two-loop
amplitudes to Master Integrals. We also discussed the numerical reconstruction of the amplitude
in 𝑑 = 4 − 2𝜖 dimensions. These results are part of the ongoing efforts to develop HELAC2LOOP, a
framework for automated two-loop amplitude calculations.

7. Acknowledgment

The work of G.B, C.G.P, and A.S is supported by the Hellenic Foundation for Research and
Innovation (H.F.R.I.), Project Number: 02674, HOCTools-II. The work of D.C is supported by the
European Research Council (ERC) grant agreement 101040760, ERC Starting Grant, FFHiggsTop.

References
[1] A. Huss, J. Huston, S. Jones, M. Pellen and R. Röntsch, Les Houches 2023 – physics at TeV colliders:

Report on the Standard Model precision wishlist, 2504.06689.
[2] A. Gehrmann-De Ridder, T. Gehrmann and M. Ritzmann, Antenna subtraction at NNLO with

hadronic initial states: double real initial-initial configurations, JHEP 10 (2012) 047 [1207.5779].
[3] P. Bolzoni, G. Somogyi and Z. Trocsanyi, A subtraction scheme for computing QCD jet cross sections

at NNLO: integrating the iterated singly-unresolved subtraction terms, JHEP 01 (2011) 059
[1011.1909].

[4] M. Czakon and D. Heymes, Four-dimensional formulation of the sector-improved residue subtraction
scheme, Nucl. Phys. B 890 (2014) 152 [1408.2500].

[5] S. Catani and M. Grazzini, An NNLO subtraction formalism in hadron collisions and its application to
Higgs boson production at the LHC, Phys. Rev. Lett. 98 (2007) 222002 [hep-ph/0703012].

[6] R. Boughezal, C. Focke, X. Liu and F. Petriello, 𝑊-boson production in association with a jet at
next-to-next-to-leading order in perturbative QCD, Phys. Rev. Lett. 115 (2015) 062002 [1504.02131].

[7] H. Ita, Two-loop Integrand Decomposition into Master Integrals and Surface Terms, Phys. Rev. D 94
(2016) 116015 [1510.05626].

[8] P. Mastrolia, T. Peraro and A. Primo, Adaptive Integrand Decomposition in parallel and orthogonal
space, JHEP 08 (2016) 164 [1605.03157].

[9] T. Peraro, Scattering amplitudes over finite fields and multivariate functional reconstruction, JHEP 12
(2016) 030 [1608.01902].

[10] S. Abreu, J. Dormans, F. Febres Cordero, H. Ita and B. Page, Analytic Form of Planar Two-Loop
Five-Gluon Scattering Amplitudes in QCD, Phys. Rev. Lett. 122 (2019) 082002 [1812.04586].

[11] S. Abreu, J. Dormans, F. Febres Cordero, H. Ita, B. Page and V. Sotnikov, Analytic Form of the Planar
Two-Loop Five-Parton Scattering Amplitudes in QCD, JHEP 05 (2019) 084 [1904.00945].

[12] H.B. Hartanto, S. Badger, C. Brønnum-Hansen and T. Peraro, A numerical evaluation of planar
two-loop helicity amplitudes for a W-boson plus four partons, JHEP 09 (2019) 119 [1906.11862].

[13] S. Abreu, B. Page, E. Pascual and V. Sotnikov, Leading-Color Two-Loop QCD Corrections for
Three-Photon Production at Hadron Colliders, JHEP 01 (2021) 078 [2010.15834].

[14] S. Abreu, J. Dormans, F. Febres Cordero, H. Ita, M. Kraus, B. Page et al., Caravel: A C++ framework
for the computation of multi-loop amplitudes with numerical unitarity, Comput. Phys. Commun. 267
(2021) 108069 [2009.11957].

[15] H.A. Chawdhry, M. Czakon, A. Mitov and R. Poncelet, Two-loop leading-color helicity amplitudes for
three-photon production at the LHC, JHEP 06 (2021) 150 [2012.13553].

[16] S. Abreu, F.F. Cordero, H. Ita, M. Klinkert, B. Page and V. Sotnikov, Leading-Color Two-Loop

9

https://arxiv.org/abs/2504.06689
https://doi.org/10.1007/JHEP10(2012)047
https://arxiv.org/abs/1207.5779
https://doi.org/10.1007/JHEP01(2011)059
https://arxiv.org/abs/1011.1909
https://doi.org/10.1016/j.nuclphysb.2014.11.006
https://arxiv.org/abs/1408.2500
https://doi.org/10.1103/PhysRevLett.98.222002
https://arxiv.org/abs/hep-ph/0703012
https://doi.org/10.1103/PhysRevLett.115.062002
https://arxiv.org/abs/1504.02131
https://doi.org/10.1103/PhysRevD.94.116015
https://doi.org/10.1103/PhysRevD.94.116015
https://arxiv.org/abs/1510.05626
https://doi.org/10.1007/JHEP08(2016)164
https://arxiv.org/abs/1605.03157
https://doi.org/10.1007/JHEP12(2016)030
https://doi.org/10.1007/JHEP12(2016)030
https://arxiv.org/abs/1608.01902
https://doi.org/10.1103/PhysRevLett.122.082002
https://arxiv.org/abs/1812.04586
https://doi.org/10.1007/JHEP05(2019)084
https://arxiv.org/abs/1904.00945
https://doi.org/10.1007/JHEP09(2019)119
https://arxiv.org/abs/1906.11862
https://doi.org/10.1007/JHEP01(2021)078
https://arxiv.org/abs/2010.15834
https://doi.org/10.1016/j.cpc.2021.108069
https://doi.org/10.1016/j.cpc.2021.108069
https://arxiv.org/abs/2009.11957
https://doi.org/10.1007/JHEP06(2021)150
https://arxiv.org/abs/2012.13553


P
o

S
(

L
L

2
0

2
6

)
0

8
2

Towards numerical two-loop integrand reduction Costas G. Papadopoulos

Amplitudes for Four Partons and a W Boson in QCD, 2110.07541.
[17] S. Abreu, F. Febres Cordero, H. Ita, B. Page and V. Sotnikov, Leading-color two-loop QCD

corrections for three-jet production at hadron colliders, JHEP 07 (2021) 095 [2102.13609].
[18] B. Agarwal, F. Buccioni, A. von Manteuffel and L. Tancredi, Two-loop leading colour QCD

corrections to 𝑞𝑞 → 𝛾𝛾𝑔 and 𝑞𝑔 → 𝛾𝛾𝑞, JHEP 04 (2021) 201 [2102.01820].
[19] B. Agarwal, F. Buccioni, A. von Manteuffel and L. Tancredi, Two-Loop Helicity Amplitudes for

Diphoton Plus Jet Production in Full Color, Phys. Rev. Lett. 127 (2021) 262001 [2105.04585].
[20] S. Badger, H.B. Hartanto, J. Kryś and S. Zoia, Two-loop leading-colour QCD helicity amplitudes for

Higgs boson production in association with a bottom-quark pair at the LHC, JHEP 11 (2021) 012
[2107.14733].

[21] S. Badger, C. Brønnum-Hansen, D. Chicherin, T. Gehrmann, H.B. Hartanto, J. Henn et al., Virtual
QCD corrections to gluon-initiated diphoton plus jet production at hadron colliders, JHEP 11 (2021)
083 [2106.08664].

[22] S. Badger, H.B. Hartanto and S. Zoia, Two-Loop QCD Corrections to Wbb¯ Production at Hadron
Colliders, Phys. Rev. Lett. 127 (2021) 012001 [2102.02516].

[23] H.A. Chawdhry, M. Czakon, A. Mitov and R. Poncelet, Two-loop leading-colour QCD helicity
amplitudes for two-photon plus jet production at the LHC, JHEP 07 (2021) 164 [2103.04319].

[24] S. Badger, H.B. Hartanto, J. Kryś and S. Zoia, Two-loop leading colour helicity amplitudes for W𝛾 + j
production at the LHC, JHEP 05 (2022) 035 [2201.04075].

[25] S. Abreu, G. De Laurentis, H. Ita, M. Klinkert, B. Page and V. Sotnikov, Two-loop QCD corrections
for three-photon production at hadron colliders, SciPost Phys. 15 (2023) 157 [2305.17056].

[26] S. Badger, H.B. Hartanto, R. Poncelet, Z. Wu, Y. Zhang and S. Zoia, Full-colour double-virtual
amplitudes for associated production of a Higgs boson with a bottom-quark pair at the LHC, JHEP 03
(2025) 066 [2412.06519].

[27] T. Gehrmann and E. Remiddi, Differential equations for two loop four point functions, Nucl. Phys. B
580 (2000) 485 [hep-ph/9912329].

[28] J.M. Henn, Multiloop integrals in dimensional regularization made simple, Phys. Rev. Lett. 110
(2013) 251601 [1304.1806].

[29] C.G. Papadopoulos, Simplified differential equations approach for Master Integrals, JHEP 07 (2014)
088 [1401.6057].

[30] C.G. Papadopoulos, D. Tommasini and C. Wever, The Pentabox Master Integrals with the Simplified
Differential Equations approach, JHEP 04 (2016) 078 [1511.09404].

[31] X. Liu, Y.-Q. Ma and C.-Y. Wang, A Systematic and Efficient Method to Compute Multi-loop Master
Integrals, Phys. Lett. B 779 (2018) 353 [1711.09572].

[32] T. Gehrmann, J.M. Henn and N.A. Lo Presti, Pentagon functions for massless planar scattering
amplitudes, JHEP 10 (2018) 103 [1807.09812].

[33] S. Abreu, H. Ita, F. Moriello, B. Page, W. Tschernow and M. Zeng, Two-Loop Integrals for Planar
Five-Point One-Mass Processes, JHEP 11 (2020) 117 [2005.04195].

[34] D. Chicherin and V. Sotnikov, Pentagon Functions for Scattering of Five Massless Particles, JHEP 20
(2020) 167 [2009.07803].

[35] D.D. Canko, C.G. Papadopoulos and N. Syrrakos, Analytic representation of all planar two-loop
five-point Master Integrals with one off-shell leg, JHEP 01 (2021) 199 [2009.13917].

[36] S. Abreu, H. Ita, B. Page and W. Tschernow, Two-Loop Hexa-Box Integrals for Non-Planar Five-Point
One-Mass Processes, 2107.14180.

[37] D. Chicherin, V. Sotnikov and S. Zoia, Pentagon Functions for One-Mass Planar Scattering
Amplitudes, 2110.10111.

[38] A. Kardos, C.G. Papadopoulos, A.V. Smirnov, N. Syrrakos and C. Wever, Two-loop non-planar
hexa-box integrals with one massive leg, JHEP 05 (2022) 033 [2201.07509].

10

https://arxiv.org/abs/2110.07541
https://doi.org/10.1007/JHEP07(2021)095
https://arxiv.org/abs/2102.13609
https://doi.org/10.1007/JHEP04(2021)201
https://arxiv.org/abs/2102.01820
https://doi.org/10.1103/PhysRevLett.127.262001
https://arxiv.org/abs/2105.04585
https://doi.org/10.1007/JHEP11(2021)012
https://arxiv.org/abs/2107.14733
https://doi.org/10.1007/JHEP11(2021)083
https://doi.org/10.1007/JHEP11(2021)083
https://arxiv.org/abs/2106.08664
https://doi.org/10.1103/PhysRevLett.127.012001
https://arxiv.org/abs/2102.02516
https://doi.org/10.1007/JHEP07(2021)164
https://arxiv.org/abs/2103.04319
https://doi.org/10.1007/JHEP05(2022)035
https://arxiv.org/abs/2201.04075
https://doi.org/10.21468/SciPostPhys.15.4.157
https://arxiv.org/abs/2305.17056
https://doi.org/10.1007/JHEP03(2025)066
https://doi.org/10.1007/JHEP03(2025)066
https://arxiv.org/abs/2412.06519
https://doi.org/10.1016/S0550-3213(00)00223-6
https://doi.org/10.1016/S0550-3213(00)00223-6
https://arxiv.org/abs/hep-ph/9912329
https://doi.org/10.1103/PhysRevLett.110.251601
https://doi.org/10.1103/PhysRevLett.110.251601
https://arxiv.org/abs/1304.1806
https://doi.org/10.1007/JHEP07(2014)088
https://doi.org/10.1007/JHEP07(2014)088
https://arxiv.org/abs/1401.6057
https://doi.org/10.1007/JHEP04(2016)078
https://arxiv.org/abs/1511.09404
https://doi.org/10.1016/j.physletb.2018.02.026
https://arxiv.org/abs/1711.09572
https://doi.org/10.1007/JHEP10(2018)103
https://arxiv.org/abs/1807.09812
https://doi.org/10.1007/JHEP11(2020)117
https://arxiv.org/abs/2005.04195
https://doi.org/10.1007/JHEP12(2020)167
https://doi.org/10.1007/JHEP12(2020)167
https://arxiv.org/abs/2009.07803
https://doi.org/10.1007/JHEP01(2021)199
https://arxiv.org/abs/2009.13917
https://arxiv.org/abs/2107.14180
https://arxiv.org/abs/2110.10111
https://doi.org/10.1007/JHEP05(2022)033
https://arxiv.org/abs/2201.07509


P
o

S
(

L
L

2
0

2
6

)
0

8
2

Towards numerical two-loop integrand reduction Costas G. Papadopoulos

[39] S. Abreu, D. Chicherin, H. Ita, B. Page, V. Sotnikov, W. Tschernow et al., All Two-Loop Feynman
Integrals for Five-Point One-Mass Scattering, Phys. Rev. Lett. 132 (2024) 141601 [2306.15431].

[40] S. Kallweit, V. Sotnikov and M. Wiesemann, Triphoton production at hadron colliders in NNLO
QCD, Phys. Lett. B 812 (2021) 136013 [2010.04681].

[41] H.A. Chawdhry, M. Czakon, A. Mitov and R. Poncelet, NNLO QCD corrections to diphoton
production with an additional jet at the LHC, JHEP 09 (2021) 093 [2105.06940].

[42] M. Czakon, A. Mitov and R. Poncelet, Next-to-Next-to-Leading Order Study of Three-Jet Production
at the LHC, Phys. Rev. Lett. 127 (2021) 152001 [2106.05331].

[43] H.B. Hartanto, R. Poncelet, A. Popescu and S. Zoia, Next-to-next-to-leading order QCD corrections
to Wbb¯ production at the LHC, Phys. Rev. D 106 (2022) 074016 [2205.01687].

[44] S. Badger, M. Czakon, H.B. Hartanto, R. Moodie, T. Peraro, R. Poncelet et al., Isolated photon
production in association with a jet pair through next-to-next-to-leading order in QCD, JHEP 10
(2023) 071 [2304.06682].

[45] S. Badger, M. Becchetti, C. Brancaccio, M. Czakon, H.B. Hartanto, R. Poncelet et al., Double virtual
QCD corrections to 𝑡𝑡+jet production at the LHC, JHEP 05 (2026) 044 [2511.11424].

[46] X. Chen, D. Chicherin, E. Fox, N. Glover, M. Marcoli, V. Sotnikov et al., Four-Jet Rate in
Electron-Positron Annihilation at Order 𝛼s4, Phys. Rev. Lett. 136 (2026) 251901 [2602.18185].

[47] G. Bevilacqua, D. Canko, C.G. Papadopoulos and A. Spourdalakis, Towards numerical two-loop
integrand reduction, JHEP 11 (2025) 069 [2506.07231].

[48] D. Canko, G. Bevilacqua and C. Papadopoulos, Two-Loop Amplitude Reduction with HELAC, PoS
RADCOR2023 (2024) 081 [2309.14886].

[49] A. Cafarella, C.G. Papadopoulos and M. Worek, Helac-Phegas: A Generator for all parton level
processes, Comput. Phys. Commun. 180 (2009) 1941 [0710.2427].

[50] P. Nogueira, Automatic Feynman Graph Generation, J. Comput. Phys. 105 (1993) 279.
[51] Y.-J. Zhang, BasisDet: A Mathematica program for the calculation of the basis of irreducible scalar

products, Comput. Phys. Commun. (2012) [1201.2568].
[52] G. Ossola, C.G. Papadopoulos and R. Pittau, Reducing full one-loop amplitudes to scalar integrals at

the integrand level, Nucl. Phys. B 763 (2007) 147 [hep-ph/0609007].
[53] G. ’t Hooft and M.J.G. Veltman, Regularization and Renormalization of Gauge Fields, Nucl. Phys. B

(1972) .
[54] G. Ossola, C.G. Papadopoulos and R. Pittau, On the Rational Terms of the one-loop amplitudes, JHEP

05 (2008) 004 [0802.1876].
[55] A. van Hameren, C.G. Papadopoulos and R. Pittau, Automated one-loop calculations: A Proof of

concept, JHEP 09 (2009) 106 [0903.4665].
[56] V. Shtabovenko, FeynCalc 10: New features and improvements, Comput. Phys. Commun. (2023)

[2301.04432].
[57] G. Bevilacqua, M. Czakon, M.V. Garzelli, A. van Hameren, A. Kardos, C.G. Papadopoulos et al.,

HELAC-NLO, Comput. Phys. Commun. 184 (2013) 986 [1110.1499].
[58] B. Ruijl, J. Ueda and J. Vermaseren, FORM version 4.2, 1707.06453.
[59] Wolfram Research, Inc., Mathematica, Version 14.3, 2025.
[60] A.V. Smirnov and M. Zeng, FIRE 6.5: Feynman integral reduction with new simplification library,

Comput. Phys. Commun. 302 (2024) 109261 [2311.02370].
[61] T. Peraro, FiniteFlow: multivariate functional reconstruction using finite fields and dataflow graphs,

JHEP 07 (2019) 031 [1905.08019].
[62] L. Naterop, A. Signer and Y. Ulrich, handyG —Rapid numerical evaluation of generalised

polylogarithms in Fortran, Comput. Phys. Commun. 253 (2020) 107165 [1909.01656].

11

https://doi.org/10.1103/PhysRevLett.132.141601
https://arxiv.org/abs/2306.15431
https://doi.org/10.1016/j.physletb.2020.136013
https://arxiv.org/abs/2010.04681
https://doi.org/10.1007/JHEP09(2021)093
https://arxiv.org/abs/2105.06940
https://doi.org/10.1103/PhysRevLett.127.152001
https://arxiv.org/abs/2106.05331
https://doi.org/10.1103/PhysRevD.106.074016
https://arxiv.org/abs/2205.01687
https://doi.org/10.1007/JHEP10(2023)071
https://doi.org/10.1007/JHEP10(2023)071
https://arxiv.org/abs/2304.06682
https://doi.org/10.1007/JHEP05(2026)044
https://arxiv.org/abs/2511.11424
https://doi.org/10.1103/xxg6-yd47
https://arxiv.org/abs/2602.18185
https://doi.org/10.1007/JHEP11(2025)069
https://arxiv.org/abs/2506.07231
https://doi.org/10.22323/1.432.0081
https://doi.org/10.22323/1.432.0081
https://arxiv.org/abs/2309.14886
https://doi.org/10.1016/j.cpc.2009.04.023
https://arxiv.org/abs/0710.2427
https://doi.org/10.1006/jcph.1993.1074
https://doi.org/10.1016/j.cpc.2012.03.016
https://arxiv.org/abs/1201.2568
https://doi.org/10.1016/j.nuclphysb.2006.11.012
https://arxiv.org/abs/hep-ph/0609007
https://doi.org/10.1016/0550-3213(72)90279-9
https://doi.org/10.1016/0550-3213(72)90279-9
https://doi.org/10.1088/1126-6708/2008/05/004
https://doi.org/10.1088/1126-6708/2008/05/004
https://arxiv.org/abs/0802.1876
https://doi.org/10.1088/1126-6708/2009/09/106
https://arxiv.org/abs/0903.4665
https://doi.org/10.1016/j.cpc.2023.108848
https://arxiv.org/abs/2301.04432
https://doi.org/10.1016/j.cpc.2012.10.033
https://arxiv.org/abs/1110.1499
https://arxiv.org/abs/1707.06453
https://doi.org/10.1016/j.cpc.2024.109261
https://arxiv.org/abs/2311.02370
https://doi.org/10.1007/JHEP07(2019)031
https://arxiv.org/abs/1905.08019
https://doi.org/10.1016/j.cpc.2020.107165
https://arxiv.org/abs/1909.01656

	Introduction
	Construction of two-loop integrands
	Integrand level two-loop amplitude reduction
	Numerical reconstruction of the amplitude in d=4-2 
	HELAC2LOOP 
	Summary 
	Acknowledgment 

