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1. Introduction

The High Luminosity LHC (HL-LHC) upgrade will provide experimental data with unprecedented
precision, necessitating equally accurate theoretical predictions to fully exploit the machine’s po-
tential. Consequently, the theoretical physics community has intensified efforts to overcome the
formidable challenges of multi-loop perturbative calculations in Quantum Field Theory. Currently,
the precision frontier for QCD-dominated processes at the LHC has reached Next-to-Next-to-
Leading-Order (NNLO) for 2 — 3 scattering processes [1].

A typical NNLO calculation involves the computation of two-loop amplitudes (VV), the one-
(RV) and two-particle (RR) unresolved contributions,

2
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where M,S? ), M,Sql ) and M,(,lz) are the m—particle tree-order, one-loop and two-loop amplitudes. The

calculation of real-virtual RV and real-real RR contributions is well developed and automated,
based mainly on subtraction schemes [2—6]. The computation of two-loop amplitudes constitutes
the main bottleneck of the NNLO calculations.

The key aspects of a two-loop amplitude computation can be summarized as follows:

1. construction of two-loop integrands. This can be achieved either computing individual
Feynman diagrams or using recursion relations;

2. reduction of two-loop amplitudes in terms of Master Integrals [7-26]. This can be achieved
at integrand level or at integral level;

3. calculation of Master Integrals [27-39] based on analytical or (semi-)numerical methods.

Each of these steps comes with its own challenges, and the developments during the last years
have yielded a number of results for 2 — 3 cross sections at NNLO accuracy [40—46].

In this contribution we present the steps towards the construction of HELAC2LOOP, a framework
for automated two-loop calculations. We focus in particular on items 1 and 2 of the list above. In
Section 2 we illustrate the basic details of the algorithm for the computation of two-loop integrand
functions. In Section 3 we review the approach for the reduction of two-loop amplitudes [47]. In
Section 4 we discuss the numerical reconstruction of loop amplitudes in d = 4 — 2e¢ dimensions.
Finally in Section 5 we sketch the structure of HELAC2LOOP framework.

2. Construction of two-loop integrands

The construction of two-loop integrands is described in reference [48]. For completeness we briefly
present the main steps of the algorithm.

The first step towards the construction of two-loop integrands consists in the generation of loop
topologies. A key observation is that all two-loop topologies describing arbitrary processes in the
Standard Model (SM) fall into one of the three master categories, that we name "Theta", "Infinity"
and "Dumbbell" for brevity.
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The topologies generated at this stage carry no information about flavor and color of the
particles propagating in the loop. This information is generated in the next step, referred as
color-flavor dressing.

In the last step, a set of recursion relations is constructed for each two-loop topology. These
encode the instructions to compute numerators that will be used by HeELac during numerical
evaluations. They can be generated once and stored in a file named skelefon. Skeleton consists of
all amplitude numerators contributing to a given process, grouped by color-flow connections [49].
For illustrative purposes, we provide in Figure 1(a) an example showing how a two-loop numerator
is represented in our framework. The example refers to the 113th numerator out of a total of
580 numerators contributing to a specific color connection (#10) for a four-gluon leading-color
amplitude, g(p1)g(p2)g(p3)g(p4), stored in the skeleton. Each line reports the instructions to
compute a single current involved in the recursive calculation of the numerator. The information
concerning the two-loop topology is stored in the last line. The benefit of using the recursion
relations instead of Feynman graphs [50] can be seen in Figure 1(b), where the 101th numerator
represents the combination of four individual Feynman graphs. Notice that the information stored
in skeleton numerators is purely topological and can be used to both, numerically and analytically,
evaluate the amplitude, in arbitrary space-time dimensions.

INFO NUM 113 of 580 6 10
INFO

INFO 4 80 35 9 1 1 16 35 5 64 35 7 '} '} ] I’} 1 2 ] ']
INFO 4 88 35 10 1 1 8 35 4 80 35 9 '} [’} '} [’} 1 1 ] '}
INFO 4 92 35 11 1 1 4 35 3 88 35 10 '] I’} '] I’} 1 1 ] '}
INFO 4 124 35 12 1 1 32 35 6 92 35 11 '} [’} '} I’} 1 2 ] '}
INFO 4 126 35 13 1 1 2 35 2 124 35 12 '} I’} '] I’} 1 1 ] '}
INFO 4 254 35 14 1 1 128 35 8 126 35 13 '} [’} '} I’} 1 2 ] '}
INFO 7 1 36 1 2 4 8 35 35 35 35 35 35 35 '] I’} ] I’} 6 9
(a)

INFO NUM 101 of 580 8 10

INFO
INFO 4 80 35 9 1 1 16 35 5 64 35 7 '} [’} ] ' 1 1 '} I’}
INFO 4 12 35 10 1 1 4 35 3 8 35 4 [’} ] ] '} 1 1 '] [’}
INFO 4 92 35 11 1 2 12 35 10 80 35 9 I’} '} ] '] 1 2 I’} I’}
INFO 5 92 35 11 2 2 4 35 3 8 35 4 80 35 9 ] 1 1 ] ]
INFO 4 124 35 12 1 1 32 35 6 92 35 11 [’} [’} ] '} 1 1 I’} [’}
INFO 4 252 35 13 1 1 128 35 8 124 35 12 I’} '} ] '] 1 1 '} I’}
INFO 4 254 35 14 1 2 2 35 2 252 35 13 ] ] ] ] 1 1 ) ]
INFO 5 254 35 14 2 2 2 35 2 128 35 8 124 35 12 '} 1 5 I’} [’}
INFO 5 1 6 3 12 35 35 35 35 35 I’} I’} I’} [’} ] ' '} '} 4 9

Figure 1: Internal representation of a two-loop numerator in the HELAC framework.

HELAC2LOOP is an automated framework for arbitrary two-loop amplitude computation. The
construction of the skeleton is an integral part of it. In Table 1 the data regarding the skeleton for
a few representative two-loop processes, up to 2 — 4 particles, are presented'. The program’s
capability at this moment includes all colored particles, gluon, ghosts and quarks (including top
quark) and in addition, as external particles, all electroweak bosons, y, Z, W*, H.

gg — gg {g.9,4,c,c} 74872 gg — 7Zg {g,9,q,t,t,c,C} 7632
gg — qq {g,9,4,c,C} 11336 qq — Zg {g.9,q,t,1,c,C} 2932
gg — Hg {g,9,4,t,t,c,C} 3816 g8 —> 727 {g,9,q,t,t,c,C} 2848
qq — Hg {g,9,q,t,1,c,C} 392 qq — ZZ {g,9,q,t,1,c,¢} 1104

"More data can be found in our forthcoming publication.
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gg > HH | {g,q9.49,t,t,c,C} 1424 gg — ZH {g.9,q,t,t,c,C} 1424
qq > HH | {g,q,4,t,i,c,¢} 152 qq — ZH {g.9,q,t,1,c,¢} 176
gg — 1t {g,9,q,t,f,¢c,C} 13120 ud — gW+ {g,u,ii,d,d,t,f,c,c} 2372
qq — ti {g,9.49,t,1,c,C} 1916 gg > W*W~ | {g,u,ii,d,d,t,i,c,é} 1424
g8 — gy {g,9,4,t,f,c,C} 7632 uii —» W*W~= | {g,u,ii,d,d,t,t,c,¢} 540
qd — gy | {g,9,.4.t,f,c,¢} 2932 ud - HW* | {g,u,i,d,d, t,f c,¢} 24
gg — vy {g,9.4.t.%,¢c,C} 2848 gg — Zy {g,9,4,t,f,¢c,C} 2848
qq — vy {g,9,q,t,1,c,¢} 1104 qq — Zy {g,9,q,t,t,c,C} 1104
gg —> Hy | {g.9,9,t,f,¢c,¢} 1424 ud — yW* | {g,u,ii,d,d,t,f,c,c} 600
qq — Hy {g,9,9,t,%,c,C} 176 ud — ZW+ {g,u,i,d,d,t,fc,c} 600
gg — ggg {g,9,4,c,C} 1617600 gg — ggH {g.9,4,t,f,¢,C} 61192
88 — 448 {8.9.9.¢.¢} 236360 qq — ggH {g.9.9.1.1,c.c} 6504
gg — tig {g.9,q,t,t,c,c} | 270004 gg — ttH {g,9.49,t,1,c,C} 12936
qq — tig {g,9,q,t,t,c,C} 36236 qq — ttH {g,9,q,t,t,c,C} 5772
gg > HHg | {g,q9.4,t,f,¢c,C} 20680 gg > HHH {g.9,q,t,1,c,C} 8348
qq — HHg | {g,q.4,t,1,¢,C} 1996 qq — HHH {g,9,4,t,t,c,C} 748
gg — iz {g,9,4,t,1,c,C} 54652 gg —> ZZ7g {g.9,q,t,1,c,C} 41360
qq — tiZ | {g,q,q,t,t,¢c,C} 11464 qq — ZZ7g {g,9,4,t,f,¢c,C} 17384
qq — vyyy | {g.9,q.t,%,¢,¢} 3316 gg — tiqq {g,9,q,t,1,c,C} 10872
99 — 8888 | {8.9.4.c.¢c} 77616 88 — 8888 {g.9.g.c.c} 667440

Table 1: Summary of skeleton structures for the QCD corrections to SM processes at two loops in full
color. The columns show the process, the particle loop-flavors, and the number of individual contributions
(numerators). The 2 — 4 processes are in the leading-color approximation.

3. Integrand level two-loop amplitude reduction

A generic unrenormalized L-loop scattering amplitude can be written schematically as

G L
N(ki,....kr,{p})
(L) = dk; 1
AD((p)) Z(/]__[[ el I m
g=1 i=1 g
where ki, ..., ky, are loop momenta, [dk;] denotes the integration measure associated to the loop

momentum k;, and {p} represents the set of external kinematics. The amplitude consists generally
of G partial contributions, individually denoted by g. Depending on the considered approach, the
latter may be individual Feynman diagrams or consistently defined sub-amplitudes, corresponding
to the concept of numerators introduced in the previous section. Each contribution is characterized
by a numerator N, which is a function of external momenta and wavefunctions as well as loop

momenta, and by a product of n inverse propagators Dy, . .., D, appearing in its denominator’.
Following reference [47] we seek to solve the following equation:
N N-1 N
N-1 N-2 0
N=PN X PN UDi4 X N PN PDD+. . +PY) DDy Dy, (2)
i=1 i=1 j>i

where N is the size of the integral family for the given process under consideration’. We use

the term level to denote the summands corresponding to N, N — 1,... and the term cut to refer

%Inverse propagators raised in higher integer powers are also considered to accommodate these contributions.
3For E external particles and L loops, N = L(L + 1)/2 + L(E - 1).
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to each individual term within a given level summand. The first term in the right-hand of the
above equation denotes the maximal level cut, the second the next-to-maximal level cuts and so
on. The parametrization of the polynomials P in terms of the so-called irreducible scalar products
(ISP)* is obtained through the program BasisDet [51]. The latter provides a set of monomials, m;
(i =1,..., M), which take the form [] j Z;.j , where Z; denote ISP and r; is an integer ranging from
zero to some upper value calculated from the maximal tensor rank of the polynomial P with respect
to k1, ko and kq, k, combined’.

The algorithm to solve Eq. 2 can be described as follows. For each cut, all the relevant on-shell
conditions (cut equations) are solved, for the eight 4-dimensional components of ki, k, and the
three u; j(’, collected in the eleven-dimensional array X.

Assuming that the set of monomials m; (i = 1,..., M) parametrizing a given polynomial P is
established, P = Zf\f | ¢im;, then an M x M matrix, M, is obtained by evaluating the monomials
m; on the solution to the cut equations, by assigning M random values to the free parameters of the
solution, obtaining thus M instances of X i» J=1,..., M, and then computing the elements of the
matrix M, as follows: M; ; = mi()?j).

The numerator N ()? ,d) can be cast in the form

N=NEX.d)y=No+ Y eND, 3)
i1
by expanding in powers of € = (4 — d) /2, where both Ny = N(f(, d)|q=4 and Ne(i) = Ne(i) ()?), are
accessible numerically and depending on y;; through X.

Eq. 2 is then solved iteratively: first solving for P(N),
M

PN = Z (CEO) + Z e’ cgj)) m; 4)
i=1
using X and M from the top-level cut equations,
cO=mI1BO g0 =m0 )

with

81" =M(X)) 8 =N (X)) (6)
Subsequently, the known polynomial P) from Eq. 2 is subtracted, and the process is repeated to
solve for the remaining coefficients P;N_l) (i =1,...,N) and all subsequent terms [52]. To ensure
the validity of the numerical algebraic reduction, an N = N test [47] is performed at each iteration
by comparing the left- and right-hand sides of Eq. 2. This is done on values of the parameters on
the relevant cut, other than those used in the fitting procedure, at each stage. At the final step of the
recursion, the N = N test is performed at completely random values of X, thus ensuring that the
reduction had been fully completed.

4. Numerical reconstruction of the amplitude in d = 4 — 2¢

As discussed in Section 3, the ability to perform numerical evaluations of numerators in d = 4 — 2¢
dimensions is a crucial component of our reduction method. In the sequel we briefly sketch the

4For the definition of ISP see reference [47]
>Corresponding to RenormalizationCondition in reference [51].
“Ind = 4 — 2e, Hij = kl.(é) . k;.e), with k(€) the components of the loop momenta beyond d = 4 dimensions.
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procedure developed to achieve this’. We work in the 't Hooft-Veltman regularisation scheme
[53]. According to this scheme all external momenta are expressed in d = 4 dimensions, while the
loop momenta g1, g, as well as the Lorentz structures appearing in the loop vertices (either Dirac
matrices or Lorentz metric tensors) live in d = 4 — 2¢ dimensions. Following reference [54], we
adopt a bar to denote explicitly quantities living in d dimensions. We split the 4-dimensional and
(d — 4)-dimensional part of the latter quantities as follows,

Qi =qi+q . 7 =yrayt L g =g gl (7)

The tilde quantities refer to genuine (d — 4)-dimensional contributions, which satisfy the following
relations:

Gi4;=pij. 7 Va=(d-Dls, §Pgap=(d-4).

Gi-q;=0. 7772 =0, {7°.97}=0. g%g4p=0.

The u;; can be identified with the quantities already introduced in Section 3. By making repeated

()

use of the rules of Eqgs. 7-8 in the computation of a generic two-loop numerator, one can cast the
latter in the form:

Imax

N =) € Nidp} a1, a2, ). ©)
i=0
The genuine (d — 4)-dimensional contribution consists of terms which depend on € and/or y; ;. We
will also refer to the latter as evanescent terms in the following,

The method that we are developing aims at reconstructing numerically the (d —4)-dimensional
part of arbitrary one- and two-loop integrand numerators in QCD. Let us start with the one-loop case.
The problem that we are addressing can be formulated as follows: find a method to reconstruct the
(d — 4)-dimensional part of a recursive current: schematically, J(V) — JN) = JIN) L g [ J(N) ],
where &[] is a formal operator which generates all € and u = §> terms associated with an input
d = 4 quantity.

Reconstructing the evanescent terms in the context of an analytic calculation is a trivial task
which can be accomplished by use of the rules:

Elg’X] > uX, &Y (ea-w)X] P (d-4X, E[) (1 @)(wa @)X] - pX.  (10)
A a

where £{ and w denote the polarization vectors of the cut gluon [55]. This is possible on the
condition that the structure of the individual terms entering the expression of a current are known,
which is clearly not the case when fully numeric, recursive computations are performed. Crucially,
there are only few critical Lorentz structures which, upon combination, can generate evanescent
terms at any step of the recursion. For instance, the most general evanescent structure of a vector
current JN) @ at one loop considering only gluons and ghosts in the loop, can be expressed
(dropping the index A in the polarization vectors to make notation lighter) in the following way:

M =cMg+ Ve + 1) & P+ L GE DG+ I+ (@ -4 an
Each critical structure comes along with a coefficient (either scalar or vector) which is a function
of pure d = 4 quantities. Like the currents themselves, these coefficients satisfy a set of recursion

relations which vary upon the vertex. Recursive equations are derived by plugging Eq. 11 into
the equation defining the vertex under consideration (3— or 4—gluon, gluon-ghost, fermion-gluon

"More details can be found in our forthcoming publication.
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vertices). The structure of recursive equations for the one-loop case is rather compact and for the
case of 3-gluon vertex, and the C, coeflicient for example, reads:

Cénwnz) — H(L(nl)) Cz(ln]) Jm) (2p(n|) +p(n2)) _ Q(L(nz)) Cé"Z) gl (p(nl) + 2p(n2))
+ (Q(L(nz)) _ Q(L(nl))) g | () (12)

where L") = 0 if the current does not belong to a loop propagator, L") = 1 if the current belongs
to a loop propagator, and L") = 2 if n; = 2"*! (loop endpoint).

The recursive equations described so far have been implemented in a new version HELAC1LOOP_DDINM.
We have validated the numerical implementation of the recursive equations at one loop against an-
alytic results from FeynCalc [56]. Moreover, we have tested that the results obtained from the new
version, regarding gg — gg and gg — ggg one-loop amplitudes, are in complete agreement with
those provided by the existing HELAC-1LOOP [57] code.

When moving from pure Yang-Mills to full QCD, quark-gluon interactions need to be incorporated.
Thus, our discussion of evanescent terms must be extended to incorporate Lorentz structures pro-
portional to Dirac matrices (¥¢, §, ¥“¢). In this case the most general evanescent structure of a
vector current J () @, at one loop, reads:

sMa=cMgrecN e+l &+ (6D +Cr7 +I N +(d-4)I ). (13)
Similar representation holds for (anti-)fermion currents. Plugging in these expressions in the
fermion-gluon vertex, recursive equations for the coefficients, similar to the one given in Eq. 12,
are obtained.

Moving to the two-loop case the origin of evanescent terms can be tracked down to the following
relations:

E[(qi-qj))X]— uij X, S[Z(Qi’gk,/l)(Q_i'wk,/l)X] = o X,
1

& [;(si,ﬂ-wi,ﬂ) X] =& [AZA (1.0, - w1.0,) (€20, - w2.0,) X] > (d—4) X,
1,142

&l Z (&1,4, " wa0,) (82,0, w1 0) X] =& Z (1,4, €2,2,) (W14, ~w2,0,) X] > (d-4) X
A1,42 41,42

where £ 4, and w? 4, denote the polarization vectors of the cut gluons. As for the one loop case, it

is possibie to list down all the critical Lorentz structures leading to evanescent terms. For example,

for a two-loop numerator computation, considering only gluons and ghosts in the loops, the most

general evanescent structure of a vector current reads:

e =Y Vg Zc““ e ot 3 62 + I @ g
i=1 i,j=1

N z (N N
+ J(S:lg)za/(gl 32) + Jslq),(;zq, (81 Ql)(SZ QJ) + E Ca,q, gk (gi : Qj)q]?
i,j=1 i,j,k=1

2
N ~ 0\ ~
+ Z C-E”lqz &k (& - qJ) + szqz Q@ (@2 - qZ)q2 + Z C81 £2,qi (&1 82)%{1
i,j,k#i i=1
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2

N . N2 =\ N)c N

+ > Chg e (E1-G)(E - Gag + T+ Y (A= 9"y (14)
i,j,k=1 m

J LN) “ contains all x; -dependent terms at O ((d —4)°), while J ((Ziv_) 4‘)’ ,, denotes O((d —4)™)

contributions. Let us note that also the latter contributions may contain u;;-dependent terms. All

where

coefficients in Eq. 14 obey recursive equations similar to the one of Eq. 12. We have validated the
numerical implementation against analytic results obtained through FeynCalc [56], and in-house
codes developed in FORM [58] and in Wolfram Mathematica [59]. The latter consist of a FORM
or Mathematica notebook that reads the information from the generated skeleton in HELAC2LOOP
and provides analytic expressions for each amplitude numerator which then is tested against the
numerical results obtained by HELAC2LOOP.

5. HELAC2LOOP

To handle the challenging task of expressing amplitudes in terms of master integrals (Mls),
HELAC2LOOP employs the following approach:

1. Generating skeleton information from HELAC2LOOP, including color flow, sub-amplitude
and topology information.

2. Construct the integral families depending on the process under consideration.

3. Within an integral family identify the sectors, aka denominator structures, and the mapping
of the integral family inverse propagators for all numerator contributions.

4. For each family, build up through BasisDet, define the monomials basis for all polynomials
in Eq. 2.

5. Solve for cut equations, for each level and cut.

6. Determine the reduction coefficient c}j ) (see Eq. 4).

7. The three last steps above 4, 5, and 6, are universal for all numerator contributions belonging
to the same family, independent of the sector.

8. Using data from monomials basis and sector, identify all integrals F7;,

2
1
Fi=Flanan) = [ [[idkl ga——par. ez, (s)
| |4k par

needed to represent, in conjunction with the determination of the reduction coefficients, the
amplitude A3 = Yici Fi.

9. Using an IBP reducer [60, 61], express all F; in terms of M1, my, k = 1, ..., Npsy, where Ny
is the number of ML

10. The final amplitude ﬂl.(z) is expressed as an expansion in powers of € (from i = —4 to
0). When the master integrals are known and numerically accessible [62], the result is
evaluated directly. Otherwise, it is provided in terms of MI coefficients ﬂ,(j]).’i, defined
such that ﬂl.(z) = 2k,j ?[,(j]).’imk’ j. Here, k labels the master integral, j denotes its e-
expansion component, and i represents the final order in €. Note that each component m_;
(my = Z(J).:_ A Mk, j+5 €) may contribute to multiple orders of € due to the e-dependence of
the IBP reduction coeficients.
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6. Summary

We have presented an approach for computing two-loop integrands for arbitrary processes in a
fully automated way. Furthermore we have sketched the algorithm for the reduction of two-loop
amplitudes to Master Integrals. We also discussed the numerical reconstruction of the amplitude
in d = 4 — 2¢e dimensions. These results are part of the ongoing efforts to develop HELAC2LOOP, a
framework for automated two-loop amplitude calculations.
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