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Gravitational waves encode rich information about the compact astrophysical objects that generate
them. Extracting this information requires high precision theoretical predictions for gravitational
wave observables. The method of Generalized Wilson lines (GWLs), originally developed in the
context of gauge theories and collider precision calculations, extends the concept of the Wilson
line operator to subleading power in the eikonal expansion. Applied to gravity, they additionally
provide efficient building blocks of gravitational scattering amplitudes in the classical limit. We
review the main ideas behind this approach as well as a selection of recent results, with a particular
focus on spin effects in the dynamics of compact binaries through worldline supersymmetry and
its extension beyond minimal coupling.
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1. Introduction

A decade has passed since the first direct detection of gravitational waves by LIGO [1], marking
the beginning of gravitational wave astronomy. Since then, the LIGO/Virgo/KAGRA collaboration
has cataloged approximately three hundred gravitational wave signals. With upcoming gravitational
wave detectors of the third generation [2–5] on the horizon, theorists are tasked with modelling the
dynamics of compact binaries to an unprecedented level of precision in order to provide waveform
templates that can compete with the expected experimental accuracy. A particularly relevant target
for these theoretical efforts is the inclusion of spin effects in the binary dynamics, as the rotation of
compact astrophysical objects significantly influences the emitted gravitational waveform.

A natural framework for tackling the relativistic two-body problem in perturbation theory is the
Post-Minkowskian (PM) expansion, i.e. the expansion around weak gravitational fields in powers
of Newton’s constant 𝐺 [6–9]. The PM expansion is particularly well-suited to a quantum field
theoretic (QFT) treatment of the two-body problem, since for scattering scenarios the compact
objects evolve freely in the asymptotic past and future. Importantly, the same effective two-body
potential governs both the unbound scattering and the bound inspiral dynamics, a connection that is
made precise by the so-called boundary-to-bound (B2B) dictionary [10–12]. As a consequence, a
wealth of recent breakthroughs on the precision frontier of binary dynamics have been obtained by
combining modern QFT techniques with advanced integration methods for Feynman integrals [13–
19].

The organization of PM calculations falls roughly into three categories. Amplitude-based
approaches [9, 20–51] compute scattering amplitudes for the constituents of the binary at fixed
orders in 𝐺, from which classical observables are extracted in the ℏ → 0 limit [22, 24, 25].
Such approaches are well suited to leverage underlying structures of scattering amplitudes such
as the double copy, generalized unitarity and massive spinor-helicity. Worldline effective field
theories [52–54], on the other hand, work directly with classical trajectories and iteratively solve
the equations of motion in the weak field. The third class consists of hybrid approaches that take
elements from both perspectives. The Worldline Quantum Field Theory (WQFT) [20, 29, 55] as
well as the Generalized Wilson line (GWL) approach [56–58] fall in this category and have proven
particularly effective at illuminating the conceptual interplay between the different methods [36, 59].

The GWL approach builds on a structural observation that has been exploited in collider physics
for decades. In the soft limit, in which the momenta 𝑘 of the exchanged gauge bosons become
small compared to the momenta 𝑝𝑖 of the external matter lines, scattering amplitudes factorize into
universal soft functions multiplying the corresponding hard process. This factorization, encoded
in Weinberg’s soft theorem [60] and its subleading extensions [61–64], can be made manifest by
dressing the external matter lines with Wilson line operators that resum the soft emissions to all
orders in the coupling constant. The central observation underlying the GWL approach is that, for
gravitational scattering of compact bodies, the soft power counting also controls the classical limit
ℏ → 0 [56]. The soft expansion thus becomes a direct organizing principle for the PM expansion,
and the resummation of soft emissions translates directly into the exponentiation of the classical
scattering amplitude.

First, in sections 2 we review how the soft/classical correspondence emerges from a worldline
path integral, and how it allows one to compute classical scattering amplitudes as correlators of
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Generalized Wilson lines. Second, in section 3 we discuss the extension of the GWL approach
to spinning compact bodies through worldline supersymmetry, discussing recent results on non-
minimally coupled supersymmetric models [57, 58].

2. Soft emissions, classical scattering and counting of ℏs

A central feature of classical gravitational scattering of compact objects in the PM expansion is
the hierarchy of scales between the typical momentum |𝑝 | of the external states and the momentum
|𝑞 | exchanged between them |𝑝 | ≫ |𝑞 |. In the classical regime the impact parameter 𝑏 is much
larger than the de Broglie wavelength 𝜆 of the constituents, which in turn translates into the scaling

|𝑏 | |𝑝 | ∼ 𝐿 ≫ 1, (1)

where 𝐿 is the angular momentum of the system. For spinning compact objects we demand that their
spin 𝑆 is commensurate with the orbital angular momentum 𝐿 ∼ 𝑆. The leading contributions to
the scattering amplitude therefore arise from the exchange of soft gravitons 𝑘𝜇 → 0. PM scattering
dynamics may thus be expressed as a systematic organization of soft graviton emissions. This
organization is often phrased as a ℏ → 0 limit in the sense that one rescales all radiation momenta
as 𝑘𝜇 = ℏ𝑘̄𝜇 to define a classical wavenumber 𝑘̄𝜇 and then expands in ℏ.

For the emission of a single soft graviton, Weinberg’s soft theorem [60] provides a universal
factorization of the (𝑛 + 1)-particle amplitude

M𝑛+1 =

[∑︁
𝑖

− 𝜅

2
(𝜀 · 𝑝𝑖)2

𝑝𝑖 · 𝑘

]
M𝑛 + O(𝑘0), (2)

for all outgoing momenta 𝑝𝑖 . The leading-power (LP) factor in brackets is the eikonal emission
factor and is independent of the hard process M𝑛. From the classical limit we expect that the
amplitude can be written entirely in terms of these soft factors, and indeed we may write for
a graviton emitted from a hard particle 𝑝 (after reinstating the Feynman 𝑖𝜖 prescription in the
denominators),

− 𝜅

2
(𝑝 · 𝜀)2

[
1

𝑝 · 𝑘 + 𝑖𝜖
− 1

𝑝 · 𝑘 − 𝑖𝜖

]
= − 𝜅

2
(𝑝 · 𝜀)22𝜋𝛿(𝑝 · 𝑘), (3)

which is exactly the classical three-point amplitude. At next-to-leading power (NLP), the Low-
Burnett-Kroll (LBK) theorem [61–64] introduces corrections proportional to the total angular
momentum operator 𝐽𝜇𝜈

𝑖
of each emitting particle acting on the hard amplitude,

M𝑛+1 =

[∑︁
𝑖

− 𝜅

2
(𝜀 · 𝑝𝑖)2

𝑝𝑖 · 𝑘

]
M𝑛 +

[∑︁
𝑖

− 𝜅

2
(𝜀 · 𝑝𝑖)𝜀 · 𝐽𝑖 · 𝑘

𝑝𝑖 · 𝑘

]
M𝑛 + O(𝑘−1). (4)

From this NLP contribution only the intrinsic spin 𝑀𝜇𝜈 is relevant for classical scattering, as the
orbital part has no hard amplitude to act on.

The key question that motivates the GWL approach is whether there exists a language in which
the soft/classical correspondence is manifest at the level of the action, and which organizes soft
emissions to all orders in both the soft momenta and the gravitational coupling. As we will describe
in section 2.1, the LP answer is provided by Wilson line operators along straight semi-infinite
trajectories, while NLP corrections are described by the recoil of the emitting particle against the
soft graviton background.
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2.1 From worldlines to Generalized Wilson lines

The construction of the GWL starts from the observation that the eikonal dressing of an external
scalar leg by a soft graviton is a Wilson line operator along the semi-infinite classical trajectory
𝑧(𝜏) = 𝑥 + 𝑝𝑖𝜏,

𝑊 [𝑝𝑖 , 𝑥] = exp
{
−𝑖 𝜅

2

∫ ∞

0
𝑑𝜏𝑝

𝜇

𝑖
𝑝𝜈𝑖 ℎ𝜇𝜈 (𝑥 + 𝑝𝑖𝜏)

}
. (5)

This expression resums the LP soft emission of (2) from the external leg 𝑝𝑖 to all orders in 𝜅.
The corresponding NLP corrections can be systematically incorporated by promoting the straight
line to a quantum trajectory and integrating over its fluctuations [56, 57, 65, 66]. The result is the
Generalized Wilson line

𝑊 [𝑝, 𝑥] =
¤𝑧 (∞)=𝑝∫

𝑧 (0)=𝑥

D[𝑧] exp
{
𝑖

∫ ∞

0
𝑑𝜏

(
− 1

2𝑔𝜇𝜈 ¤𝑧
𝜇 ¤𝑧𝜈 − 1

8
(
𝑅 + Γ2) )} . (6)

It can be evaluated perturbatively after expanding the metric around a flat background 𝑔𝜇𝜈 =

𝜂𝜇𝜈 + 𝜅ℎ𝜇𝜈 and the trajectory around the straight line 𝑧 = 𝑥+ 𝑝𝜏+ 𝑧(𝜏). The fluctuation 𝑧 generates
the recoil corrections of the matter line against the emitted gravitons and is responsible for all NLP
and higher-order corrections, which are controlled by 𝑝 ≫ 𝑘 , where 𝑘 are the soft momenta of the
Fourier modes of ℎ𝜇𝜈 . The counterterm 𝑅 + Γ2 ≡ 𝑅 + 𝑔𝜇𝜈Γ

𝛽
𝜇𝛼Γ

𝛼
𝜈𝛽

is required by the regularization
procedure (time slicing) and operator order (Weyl ordering) [56, 67]. Counter terms can be shown
not to contribute in the classical limit [56, 57].

The path integral representation of equation (6) makes the exponentiation of soft emissions
manifest, since connected vacuum diagrams of the worldline theory exponentiate by standard
Quantum Field Theory (QFT) arguments. Establishing the same property directly from Feynman
diagrams arising from an action requires a substantially more involved analysis [56, 65, 66, 68]. We
refer to the literature for the technical aspects of the time-slicing construction of the path integral,
in particular the choice of operator ordering (Weyl vs. 𝑝𝑥-ordering), the definition of 𝜃 (0) in the
equal-time propagators and the consistent treatment of counterterms; a thorough discussion can be
found in [56, 57, 67].

2.2 Classical scattering amplitudes from GWLs

The transition from soft factorization to classical scattering proceeds by integrating two semi-
infinite GWLs over the position 𝑥 at which the incoming particle is converted into the outgoing one.
After Fourier transforming with respect to the momentum transfer 𝑞 = 𝑝 𝑓 − 𝑝𝑖 to impact parameter
space, one obtains the classical Wilson line [56, 57]

Φ[𝑝, 𝑏] =
∫
𝑞

𝑒−𝑖𝑞 ·𝑏
∫

𝑑4𝑥𝑊 [𝑥, 𝑝 − 𝑞/2]︸            ︷︷            ︸
incoming

𝑊 [𝑥, 𝑝 + 𝑞/2]︸            ︷︷            ︸
outgoing

. (7)

The natural object encoding the scattering of two compact bodies is then the vacuum expectation
value of two such operators with respect to the gauge-fixed Einstein-Hilbert action

Mclass =

∫
D[ℎ𝜇𝜈]Φ[𝑝1, 𝑏1]Φ[𝑝2, 𝑏2]𝑒𝑖𝑆E.H. = exp

{
𝑖𝑁

}
. (8)
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The fact that the result is naturally exponential is a direct consequence of the exponential structure
of the underlying Wilson lines and parallels the well-known exponentiation of the eikonal phase in
high-energy scattering [26, 27] as well as the exponentiation of the S-matrix proposed in [35]. The
phase 𝑁 admits a Feynman diagrammatic expansion in terms of connected graphs.

By construction the object Mclass is a scattering amplitude with in-out boundary conditions.
This is reflected by the use of Feynman prescription for the worldline and graviton propagators.
Obtaining causal observables, i.e. those that fulfill retarded boundary conditions at 𝜏 → −∞ requires
the use of the Schwinger-Keldysh formalism, also known as the In-In-formalism. We refer to recent
work on relating the eikonal 𝑁 to the closely related, but subtly different, Magnusian 𝑁in-in [69–72].

3. Spinning compact bodies and worldline supersymmetry

Compact astrophysical objects will generically carry intrinsic angular momentum, and the
gravitational waveform is sensitive to the spin. From the perspective of the GWL approach, the
appearance of the angular momentum generator 𝐽𝜇𝜈

𝑖
in the LBK theorem already suggests that the

inclusion of spin should be implemented through Lorentz generators acting along the worldline.
Anticommuting degrees of freedom naturally implement this concept [73, 74]. We review this
approach in two stages: first the minimally coupled N = 1 model [57], which captures linear-in-
spin effects, then the non-minimal extension that overcomes the well-known higher-spin obstruction
[58].

3.1 The N = 1 supersymmetric worldline

The N = 1 supersymmetric worldline carries, in addition to the bosonic coordinate 𝑧𝜇 (𝜏), a
single Grassmann vector 𝜓𝑎 (𝜏) that realizes the Clifford algebra on the worldline. The action reads

𝐿 [𝑧, 𝜓] = − 1
2 ¤𝑧

𝜇 ¤𝑧𝜈𝑔𝜇𝜈 + 𝑖
2𝜓

𝑎 ¤𝜓𝑎 + 𝑖
2 ¤𝑧

𝜇𝜔𝑎𝑏
𝜇 𝜓𝑎𝜓𝑏, (9)

and is invariant under a supersymmetry transformation generated by the charge Q = 𝑖𝜓𝑎𝑒
𝜇
𝑎𝜋𝜇,

where 𝜋𝜇 = 𝑝𝜇 + 𝑖
2𝜔

𝑎𝑏
𝜇 𝜓𝑎𝜓𝑏 is the covariant momentum and 𝑒

𝜇
𝑎 the tetrad. The spin tensor is

constructed as the bilinear
𝑆𝜇𝜈 = 𝑖𝑒

𝜇
𝑎𝑒

𝜈
𝑏𝜓

𝑎𝜓𝑏, (10)

which fulfills the so(1, 3) Lie algebra under Poisson brackets. Gauging the symmetry generated
by Q imposes on the trajectories the constraint 𝑆𝜇𝜈𝜋𝜈 = 0, which is known as the covariant Spin
Supplementary Condition (SSC). Importantly, the supersymmetry of the action makes the covariant
SSC manifest as a consequence of the constraint algebra, rather than imposing it by hand. We have
validated this construction by reproducing the conservative 2PM scattering observables at linear
order in spin in 𝑑 = 4 [57], and have shown that the GWL formulation provides a unified language
in which the relations to WQFT and HEFT become manifest.

3.2 Non-minimal coupling and higher-spin effects

The N = 1 model captures spin effects at linear order in 𝑆𝜇𝜈 only, since 𝜓𝑎𝜓
𝑎 = 0. The

natural generalization to higher orders in spin would be to enlarge the supersymmetry by adding
more Grassmann fields 𝜓𝑎

𝑖
with flavor index 𝑖 ∈ {1, . . . , 2𝑠}, leading to an N = 2𝑠 supersymmetric
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worldline that captures spin to order 𝑆2𝑠. In flat space this construction works for arbitrary 𝑠. In a
generic curved background, however, the constraint algebra fails to close for N > 2, an obstruction
first noted in [75]. For binary dynamics, in which the spacetime is necessarily generic, this no-go
theorem has long been regarded as a fundamental limitation of the supersymmetric approach to
higher-spin effects.

In recent work [58], we proposed a resolution to this obstruction. The key observation is that the
standard no-go theorems apply only to the minimally coupled supersymmetry charge Q𝑖 = 𝑖𝜓𝑎

𝑖
𝑒
𝜇
𝑎𝜋𝜇

leaving open the possibility to deform the charge through the shift

𝜋𝜇 −→ 𝑃𝜇 = 𝜋𝜇 + 𝑞𝜇 (𝜋, 𝑆, 𝑅), (11)

with 𝑞𝜇 a yet-to-be-determined function of the momentum, the spin tensor and curvature tensors.
One can systematically restore the constraint algebra

{Q𝑖 ,Q 𝑗}PB = −2𝑖𝛿𝑖 𝑗H (12)

order by order in spin and/or curvature. The function 𝑞𝜇 thus encodes a tower of higher-dimensional,
non-minimal couplings on the worldline, in close analogy with the higher-derivative operators of
the worldline effective field theory.

Two explicit solutions of this construction have been worked out in [58]. The first is a manifestly
supersymmetric Hamiltonian valid to all orders in spin but linear in the curvature, in 𝑑 = 4 spacetime
dimensions. The second is a cubic-in-spin Hamiltonian valid to all orders in the curvature, in generic
spacetime dimension 𝑑; the corresponding quartic extension is currently under investigation.

A central result of this analysis is the identification of a criterion that uniquely selects the
multipole structure of Kerr black holes within the supersymmetric framework. Requiring that the
coefficients 𝑞𝜇, (𝑛) satisfy a higher-rank generalization of the Bianchi identity and tracelessness
conditions associated with the Weyl tensor selects, among all possible couplings, the unique static
multipole moments of the Kerr geometry. Deviations from this “Kerr limit” parametrize the finite-
size structure of generic compact objects encoded by the standard Wilson coefficients 𝐶𝐸𝑆2 , 𝐶𝐵𝑆3 ,
. . . of the worldline effective theory [76]. In dimensions 𝑑 > 4, two further coefficients 𝐶𝐸𝑆2 and
𝐶𝐵𝑆3 appear, signaling the existence of additional multipole moments absent in the four-dimensional
case [77, 78].

To give a flavor of the resulting interactions, the classical three-point amplitude for Kerr black
holes can be written down in the compact form

A3 = − 𝜅

2
(𝑝 · 𝜀)2 exp

{
𝑖
𝑘𝜇𝑆

𝜇𝜈𝜀𝜈

𝑝 · 𝜀

}
, (13)

in agreement with the on-shell results of [79–81].

4. Conclusions and outlook

We have reviewed the Generalized Wilson line approach to the classical scattering of compact
astrophysical objects, with a particular focus on the inclusion of spin effects. At the conceptual
core of the framework lies the equivalence between the soft expansion of gravitational scattering
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amplitudes and the PM expansion of the two-body problem. Critically, NLP contributions arising
from integration over the fluctuation 𝑧 contributes relevant recoil terms to the classical amplitudes.
Classical 2 → 2 amplitudes are then constructed as VEVs of two Wilson lines and take the
exponential form Mclass = exp{𝑖𝑁}.

Spin effects are accommodated through worldline supersymmetry. The N = 1 model captures
linear-in-spin contributions and makes the covariant SSC manifest at the level of the action, while
the recently introduced non-minimal extension [58] circumvents the higher-spin obstruction and
yields manifestly supersymmetric Hamiltonians at all orders in spin and linear in curvature in 𝑑 = 4,
as well as at cubic order in spin and all orders in curvature in generic 𝑑. Within this framework, the
multipole structure of the Kerr geometry is selected by a symmetry condition on the deformation
coefficients, with deviations from this condition parametrizing the finite-size effects of generic
compact objects.

Several directions remain to be explored. The most immediate is the extension to quartic order
in spin, which probes the dynamical multipole moments that constrain the gravitational Compton
amplitude [82, 83]. A systematic classification of curvature-squared operators in 𝑑 = 4 could in
turn enable a worldline intrinsic derivation of the Kerr Compton amplitude, independent of on-shell
methods used for example in [84]. The interpretation of the classical Wilson line as a PM-corrected
trajectory suggests a natural interface with self-force calculations [71, 85, 86], and the close relation
between the semi-infinite and the infinite Wilson line opens a route to gravitational waveforms via
soft theorems [87, 88]. Finally, since spin enters only at the level of the integrand construction,
higher spin precision calculations are within reach using the techniques discussed here.
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