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1. Motivation

The renormalisation group (RG) equations of three-dimensional quantum field theories (QFTs)
play arole in several research areas. Infrared (IR) fixed-points of the RG flow describe critical points
in condensed matter physics, at which 2nd order phase transitions occur. At such points, correlation
lengths diverge, and discrete lattice models become equivalent to three-dimensional continuum
field theories. Examples include Ising-like universality classes model by scalar QFTs [1] or Dirac
materials described by IR fixed points in scalar-fermionic theories [2, 3].

Furthermore, the effective field theory approach to thermal QFT in the high-temperature
limit also incorporates three-dimensional theories after integrating out all but the bosonic zero-
modes [4-7]. In this case, renormalisation group equations (RGEs) are a key ingredient for
effective resummations, competitive with lattice methods [8, 9].

However, the overall landscape of RGEs is much less explored than in four dimensions. In
four dimensions, template RGEs are available [10-23] which determine the perturbative RG flow of
any renormalisble QFT to at least three-loop order. In three dimensions, the catalogue of template
RGEs is much less complete though the works [24, 25] and more recently [26] are improving the
situation. One of the reasons for this lack of results is that RGEs only receive corrections at even
loop orders, starting at two-loop and continuing at four loops. Thus, the computation of template
RGE:s is technically more challenging than in e.g. four dimensions.

However, without a complete set of template expressions, a thorough understanding of all
perturbative fixed points is hindered. Such fixed points are not found in dimensional continuation
from above or below the dimension of interest [1], but arise directly in a fixed dimension within a
perturbative regime. Identifying these fixed points can be a tricky business without template RGEs,
as they may only occur in very special theories. Examples include UV gauge-Yukawa fixed points
in four dimensions, first identified in the Litim-Sannino model [27] as well as the three-dimensional
scalar-fermionic fixed point discussed here [26].

In this work, we will first review the state of template RGEs for gaugeless and renormalisable
QFTs in three spacetime dimensions in Sec. 2, and the reflect on perturbative fixed points in Sec. 3.
We will end with a short conclusion.

2. Template RGEs

A generic renormalisable QFT in three dimensions without gauge interactions can be written
as

1  _ 1 . — 1
L= 50upad"$a + %w“aﬂwi - ZY“b”%mwiw,- - an‘”’“’ef babpbcbadeds. (1)

It contains the smallest lorentz-invariant modes of matter fields: ¢ are real scalars and y; are real,
two-component Majorana fermions with suppressed spinor indices. Their marginal interactions
are either of scalar-sextic o ¢°, or quartic-Yukawa type oc ¢?y2, and furnish the coupling tensors
nabcde f

plicities due to gauge or global symmetries, enumerate different species of fields and count over

and Y4PJ respectively. The indices a, b, ¢... and i, j, k... contain all possible mulit-

real and imaginary modes of complex scalars or Dirac fermions. The tensor structure of couplings
allows to embed any renormalisable QFT in (1).
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Structurally, the RGEs can be decomposed into leg and vertex corrections

abij dyahij
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Here y 4, are scalar and fermion field anomalous dimensions and Sy ,, are proper vertex corrections

sabij
Y

contains a sum of all one-particle irreducible tensor contractions of the marginal couplings

to the quartic Yukawa and scalar sextic S-functions, respectively. The tensors ygb , yipj, and

sabcdef

n
Y4Pij and nbedef  The tensor contaction in each term contains the complete model-dependence,
which its coefficient is a model-independent number. Up to these coeflicients, the structure of the
tensors is thus predictable without loop calculation. The coefficient can be determined either by a
direct calculation, or by comparison with literature results where available.

The complete two- and four-loop RGE:s is found in [26] by an explicit loop calculation. Direct
cross-checks have been conducted against the literature [25, 28, 29]. Moreover, a consistency check
is performed by studying the emergence of N = 1 and N = 2 supersymmetry. The former is
implemented with a superpotential

W= LA45CP 0,050 Dp 4)

with real superfields @ 4 containing Majorana fermions i 4, real scalar modes ¢ 4 as well as auxiliary
fields. Integrating out the auxiliaries and superspace coordinates in (4) and comparing to (1) reveals

YABCD — Y(ABCD) — /lABCD ABCDEF _ AABCG/lDEFG

n + 9 perm., 5

where scalar and fermionic indices are both described by the superfield indices A, B, C and so on.
This identification of couplings (5) has to hold at all RG scales, meaning it should be valid for their
respective RGEs. This leads to relations

©
A;;\BCDEF — [/lABCGﬂ)?EFG +19 pCI'I’l’lS.] + [/IABCG,ng/lDEFH +9 perms.

which have to hold after explicit insertion of (5). As the emergence of N' = 1 supersymmetry
is not hindered by an anomaly, the relations (6) can be understood as an internal cross-check of
the non-supersymmetric template RGEs, in particular on tensor coefficients contained in y4 , and
/?y,n. Note that this does not rely on any supersymmetric RGEs being available from the literature.
The same procedure can be repeated for N' = 2 supersymmetry, though the relations obtained are a
subset of the ones from N = 1, see [26] for details.

All template RGEs derived in [26] pass the supersymmetry constraints (6). It is worth noting
that both N = 1 and N = 2 supersymmetry can be continued to four dimensions, where they
correspond to N = % and NV = 1, respectively. While the latter is conserved, N = % supersymmetry
is found to be violated starting at four-loop order, which can be technically attributed to the vanishing
of odd traces of y-matrices in four dimensions [3, 23].
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3. Perturbative Fixed Points

Identifying interacting fixed points of a 8 function that is only known perturbatively is noto-
riously difficult, as zeros found at a fixed loop order may be spoiled at higher orders. Perturbation
theory is nevertheless a common approach to Wilson-Fisher-type fixed points [1], which are pertur-
bative in d = 4 — ¢ dimensions for & < 1. They are then continued to three dimensions viae — 1.
This limit turns the fixed point strongly coupled in d = 3, and is not guaranteed to work in a generic
setting.

In contrast, truly perturbative fixed points live directly in d = 3 or d = 4 dimensions, and are
rare phenomena to encounter. Schematically, for a single couplings «, they require an RG flow of
the shape

Ba =-Ba?+Ca’+0(a*)  which admits a solution a* = B/C + O(B?). @)

In order to identify the coefficients B and C in three dimensions, at least two- and four-loop
RGEs are required. Thus, a thorough search for such phenomena benefits from the template RGEs
of [26]. However, a perturbative fixed point (7) can only emerge when the signs of the two- and
four-loop coefficients align BC > 0. Moreover, the solution is only stable against higher loop
orders if the leading coefficients is numerically small |B| < |C|. This allows to expand fixed
points and critical exponents as a power series in B, and establishes that only a finite amount of
loop orders in the RGEs are required to compute these quantities to a fixed power of B. Known
mechanism for this property are large-N supressions B «« N~! [28, 30-32] or Veneziano-type limits
B « (N1/N;, — const) [33, 34].

In four spacetime dimensions, any weakly coupled fixed point requires a non-abelian gauge
sector [35-37], which may give rise to asymptotic freedom [38, 39], interacting IR fixed points in
the gauge sector [34, 40] or interacting gauge-Yukawa fixed points, which are usually IR but can
also be UV for a few theories [27, 36].

In contrast, three-dimensional QFTs may exhibit an interacting UV fixed point already in purely
scalar theories, such as O(N) symmetric models at large-N [28, 30, 31]. Note that the validity
of this fixed point has been called into question using saddle-point techniques [41, 42] and the
functional renormalisation group [43, 44], which find an entire line of fixed points which terminates
due to the Bardeen-Moshe-Bander phenomenon [41]. However, ref. [32] has shown that these are
unphysical large-N artifacts, and no real obstruction to the UV fixed point is found [32]. The initial
four-loop calculation of the scalar sextic S-function [28] has been extended to six-loops [45], which
has recently received corrections [46, 47] as well as leading-N eight-loop results [47].

Three-dimensional theories with scalars and fermions exhibit a more complicated RGE struc-
ture, which makes the emergence of a perturbative fixed point with n*,Y* # 0 highly non-trivial.
Nevertheless, a family of IR fixed points has been identified in [26]. The simplest example is a
theory with a SU(2) x SU(N) global symmetries featuring complex scalars ¢; transforming as 2 X 1
and Dirac fermions ¢;, in the representation 2 X N. The Lagrangian reads

L=0,8;0"pi + Wialbia =Y ($;0730,) Waroiybar) = 31(¢; 6:)° . (8)
In a large-N limit, the couplings can be rescaled to absorb leading-N contributions
n NY? 1
= = d = — 9
@ (4m)?2 @ (4rm)?2 an Y ©)
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ay - 10?

Figure 1: RG flow for the theory (8) at € = 10~!, featuring the infrared fixed point (10), and the purely scalar
ultraviolet fixed point (@, = 0) [28, 30-32], each connected to the free fixed point by a trajectory marked in
red and violet, respectively.

acts as an expansion parameter that can be made arbitrarily small. The system exhibits an IR fixed
point

12 2N\ 2
+O(d), o = 128+Tm)e

n= W + 0(63) , (10)

YT a2
to which higher loop orders only give contributions to higher powers in € but not the ones printed
here. Both this scalar-fermionic IR fixed point and the purely scalar UV fixed point are depicted
together in the flow diagram of Fig. 1.

4. Conclusion

There has been significant progress in exploring the RGEs and landscape of perturbative
fixed points in three spacetime dimensions. Old phenomena have been revisited and corrected
in [32, 46, 47], and new ones where found in [26]. These perturbative fixed points flourish in
gaugeless theories, which are believed to be barren in four-dimensions [35, 37]. It would be
interesting to explore if these phenomena can be continued from three to four dimensions in future
works. Moreover, an analysis of the perturbative gauge sector in three spacetime dimension is a
natural extension of the studies presented here.
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