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The worldline approach to quantum electrodynamics allows one to construct integral represen-
tations combining large numbers of Feynman diagrams. Here I review the state-of-the-art of a
long-term effort to make this fact useful for actual multiloop calculations, such as of the scalar
and spinor QED vacuum polarization functions and the electron anomalous magnetic moment.
After a short historical introduction, and a discussion of the non-standard mathematical challenges
involved, I focus on a recent calculation of the two-loop vacuum polarisation in scalar QED and
some master integral formulas obtained in this context.
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Worldline representation of multiloop amplitudes in quantum electrodynamics C. Schubert

1. QED perturbation theory in the worldline formalism

At around the same time when Feynman developed the modern approach to perturbation theory
in quantum field theory, he also invented the “worldline” representation of the QED S-matrix [1, 2].
In diagrammatic language, in this approach electron lines and loops are represented by relativistic
particle path integrals, and interconnected by free photon propagators in all possible ways. Although
completely equivalent to the standard Feynman diagram approach, this representation has the
potential to drastically curb the usual proliferation of terms in higher orders of perturbation theory,
since a priori it does not require fixing an ordering for the photon legs along a line or loop, allowing
one to combine large classes of Feynman diagrams.

Figure 1: Photon-ordered vs. photon-unordered diagrams in QED.

For example, the diagram shown in Fig. 1 usually would be read as a single Feynman diagram,
but in the worldline path-integral approach naturally appears combined with several thousand others,
that differ only in the ordering of some photon legs along one of the electron lines or loops.

The worldline representation is usually derived in terms of its natural building blocks, the
one-loop 𝑁-photon amplitudes and the fermion propagator dressed with 𝑁 photons (for details, see
[3]). In scalar QED, the former can be obtained from Feynman’s worldline representation of the
one-loop effective action,

Γ[𝐴] = −Tr ln
[
−(𝜕 + 𝑖𝑒𝐴)2 + 𝑚2

]
=

∫ ∞

0

𝑑𝑇

𝑇
Tr exp

[
−𝑇 (−(𝜕 + 𝑖𝑒𝐴)2 + 𝑚2)

]
=

∫ ∞

0

𝑑𝑇

𝑇
e−𝑚

2𝑇

∫
𝑥 (0)=𝑥 (𝑇 )

D𝑥(𝜏) 𝑒−
∫ 𝑇

0 𝑑𝜏
(

1
4 ¤𝑥2+𝑖𝑒 ¤𝑥 ·𝐴(𝑥 (𝜏 ) )

)
. (1)

Expanding the field in 𝑁 plane waves,

𝐴𝜇 (𝑥(𝜏)) =
𝑁∑︁
𝑖=1

𝜀
𝜇
𝑖 e𝑖𝑘𝑖 ·𝑥 (𝜏 ) (2)

and collecting all terms involving each photon polarization 𝜀1, . . . , 𝜀𝑁 linearly, one gets the one-loop
𝑁ff-photon amplitudes, already summed over all permutations. In Feynman’s original formalism,
the transition to spinor QED is then made by inserting, under the path integral, the spin factor
Spin[𝑥, 𝐴],

Spin[𝑥, 𝐴] = trΓP exp

[
𝑖

4
𝑒 [𝛾𝜇, 𝛾𝜈]

∫ 𝑇

0
𝑑𝜏𝐹𝜇𝜈 (𝑥(𝜏))

]
(3)

where trΓ denotes the Dirac trace, and P the path-ordering operator (a global factor of − 1
2 needs

also to be supplied to account for the change in statistics and degrees of freedom). In this form
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it is still used today for numerical purposes, while for analytical calculations one usually prefers
Fradkin’s more sophisticated representation of the spin factor in terms of an auxiliary Grassmann
path integral [4],

Spin[𝑥, 𝐴] =
∫

D𝜓(𝜏) exp

[
−

∫ 𝑇

0
𝑑𝜏

(
1
2
𝜓 · ¤𝜓 − 𝑖𝑒𝜓𝜇𝐹𝜇𝜈𝜓

𝜈

)]
. (4)

Here 𝜓𝜇 (𝜏) is an anticommuting Lorentz vector obeying antiperiodic boundary conditions,

𝜓(𝜏1)𝜓(𝜏2) = −𝜓(𝜏2)𝜓(𝜏1) , 𝜓(𝑇) = −𝜓(0) . (5)

The main point of Fradkin’s approach is to replace the path-ordered exponential by an ordinary one.

2. String-inspired treatment of the worldline path integral

As was first observed by Polyakov [5], for the plane-wave background (2) the worldline path
integral (1) becomes gaussian, and therefore can, like the analogous Polyakov path integral of string
theory, be performed by a standard completing-the-square procedure using worldline correlators
adapted to the boundary conditions. The basic two-point correlators are

⟨𝑥𝜇 (𝜏1)𝑥𝜈 (𝜏2)⟩ = −𝐺 (𝜏1, 𝜏2) 𝛿𝜇𝜈 , 𝐺 (𝜏1, 𝜏2) = |𝜏1 − 𝜏2 | −
1
𝑇

(
𝜏1 − 𝜏2

)2
,

⟨𝜓𝜇 (𝜏1)𝜓𝜈 (𝜏2)⟩ =
1
2
𝐺𝐹 (𝜏1, 𝜏2) 𝛿𝜇𝜈 , 𝐺𝐹 (𝜏1, 𝜏2) = sgn(𝜏1 − 𝜏2) . (6)

This leads to compact master formulas for the one-loop 𝑁-photon amplitudes in scalar and spinor
QED. For the scalar loop one finds [5–7],

Γscal [𝑘1, 𝜀1; . . . ; 𝑘𝑁 , 𝜀𝑁 ] = (−𝑖𝑒)𝑁
∫ ∞

0

𝑑𝑇

𝑇
(4𝜋𝑇)−

𝐷
2 𝑒−𝑚

2𝑇
𝑁∏
𝑖=1

∫ 𝑇

0
𝑑𝜏𝑖 (7)

× exp
{ 𝑁∑︁
𝑖, 𝑗=1

[1
2
𝐺𝑖 𝑗 𝑘𝑖 · 𝑘 𝑗 + 𝑖 ¤𝐺𝑖 𝑗 𝑘𝑖 · 𝜀 𝑗 +

1
2
¥𝐺𝑖 𝑗𝜀𝑖 · 𝜀 𝑗

]}
|lin(𝜀1,..., 𝜀𝑁 )

where 𝜏𝑖 parametrizes the position of photon 𝑖 along the scalar loop, and |lin(𝜀1,..., 𝜀𝑁 ) denotes the
projection on the terms linear in each photon polarization vector. Besides the worldline Green’s
function 𝐺 also its first and second derivatives appear,

¤𝐺 (𝜏1, 𝜏2) = sgn(𝜏1 − 𝜏2) − 2
(𝜏1 − 𝜏2)

𝑇
, ¥𝐺 (𝜏1, 𝜏2) = 2𝛿(𝜏1 − 𝜏2) −

2
𝑇
. (8)

Introducing further the worldline superfield 𝑋𝜇 ≡ 𝑥𝜇 +
√

2 𝜃𝜓𝜇, a similar master formula can be
written for the spinor loop [5]:

Γspin [𝑘1, 𝜀1; . . . ; 𝑘𝑁 , 𝜀𝑁 ] = −2(−𝑖𝑒)𝑁
∫ ∞

0

𝑑𝑇

𝑇
(4𝜋𝑇)−

𝐷
2 𝑒−𝑚

2𝑇 (9)

×
𝑁∏
𝑖=1

∫ 𝑇

0
𝑑𝜏𝑖

∫
𝑑𝜃𝑖 exp

{ 𝑁∑︁
𝑖, 𝑗=1

[
1
2
𝐺̂𝑖 𝑗 𝑘𝑖 · 𝑘 𝑗 + 𝑖𝐷𝑖𝐺̂𝑖 𝑗𝜀𝑖 · 𝑘 𝑗 +

1
2
𝐷𝑖𝐷 𝑗𝐺̂𝑖 𝑗𝜀𝑖 · 𝜀 𝑗

]}
|lin(𝜀1,..., 𝜀𝑁 )

where the 𝜃𝑖 are Grassmann variables and

𝐷𝑖 =
𝜕

𝜕𝜃 𝑖
− 𝜃𝑖

𝜕

𝜕𝜏𝑖
, 𝐺̂12 = 𝐺12 + 𝜃1𝜃2𝐺𝐹12 . (10)
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3. Comparison with Feynman diagrams

The integral representations following from the scalar QED master formula (7) can, after the
restriction to any fixed ordering of the 𝑁 photon legs, be identified with the ones obtained in the
standard formalism using Feynman-Schwinger parameters [13] (the seagull vertex is hidden in
the delta function contained in ¥𝐺 (𝜏1, 𝜏2)). To the contrary, the spinor QED master formula (9)
gives parameter integrals corresponding not to the usual first-order Dirac formalism, but to the
second-order one [14, 15] based on the identity

(𝑝/ + 𝑒𝐴/)2 = −(𝜕 + 𝑖𝑒𝐴)2 − 𝑖

2
𝑒 𝜎𝜇𝜈𝐹𝜇𝜈 . (11)

Its Feynman rules are (up to global factors) the ones of scalar QED with a third vertex due to the
spin factor, shown in Fig. 2.

p

(p2 + m2)−1

−e(2p + k)µ

νµ

α β e(σµν)αβk
ν

k

−2e2ηµν

k

µ

µ

p

p

p

Figure 2: Spin-induced vertex of the second-order formalism (𝜎𝜇𝜈 = 1
2 [𝛾

𝜇, 𝛾𝜈]).

Despite of this principal equivalence, the worldline representation has two advantages over the
Feynman diagrammatic one:

1. It avoids the break-up of scalar/fermion lines or loops into individual propagators. This
is important for external-field problems, where usually these propagators have already a
complicated structure.

2. It yields the complete 𝑁-photon amplitudes, with no need to sum over photon permutations.

The latter fact may not seem very relevant at the one-loop level, but becomes interesting
when the master formulas (7), (9), which are valid off-shell, are used as building blocks for the
construction of multi-loop amplitudes. For example, from the four-photon amplitude we can
construct the two-loop photon propagator (Fig. 3).

Figure 3: Two-loop photon propagator in spinor QED.

The summation over all permutations of all photon legs in the master formula now has the
effect of generating a sum of diagrams that involve two different topologies.

Similarly, from the one-loop six-photon amplitude we can, by sewing two pairs of photon legs,
get the three-loop quenched propagator (Fig. 4).

4
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The summation over all permutations of all photon legs in the master formula now has the
effect of generating a sum of diagrams that involve two different topologies.

Similarly, from the one-loop six-photon amplitude we can, by sewing two pairs of photon legs,
get the three-loop quenched propagator (Fig. 4).

+ + +   ...

Figure 4: Three-loop quenched photon propagator in spinor QED.

Thus we get, in one single integral, Feynman diagrams of several different topologies, and
appearing with the correct multiplicities. And, as will be familiar to many in this audience, this
type of QED amplitudes are well-known for particularly extensive cancellations between Feynman
diagrams (see [16] and refs. therein).

4. Incorporation of background fields

The master formulas (6), (8) can straightforwardly be generalized to the inclusion of an external
constant field �`a [8, 9]. This requires

5

Figure 4: Three-loop quenched photon propagator in spinor QED.

Thus we get, in one single integral, Feynman diagrams of several different topologies, and
appearing with the correct multiplicities. And, as will be familiar to many in this audience, this
type of QED amplitudes are well-known for particularly extensive cancellations between Feynman
diagrams (see [16] and refs. therein).

4. Incorporation of background fields

The master formulas (7), (9) can straightforwardly be generalized to the inclusion of an external
constant field 𝐹𝜇𝜈 [8, 9]. This requires

1. Changing the worldline Green’s functions 𝐺,𝐺𝐹 to field-dependent ones G𝐵,G𝐹 ,

𝐺 (𝜏1, 𝜏2) → G𝐵 (𝜏1, 𝜏2) =
𝑇

2Z2

(
Z

sinZ e−𝑖Z ¤𝐺12 + 𝑖Z ¤𝐺12 − 1
)
,

𝐺𝐹 (𝜏1, 𝜏2) → G𝐹 (𝜏1, 𝜏2) = 𝐺𝐹12
e−𝑖Z ¤𝐺12

cosZ ,

(12)

where Z𝜇𝜈 ≡ 𝑒𝐹𝜇𝜈𝑇 .

2. Adding global determinant factors

det
1
2

[
Z

sinZ

]
(Scalar QED) , det

1
2

[
Z

tanZ

]
(Spinor QED) . (13)

Similar generalizations exist to plane-wave backgrounds [10, 11] and mixed constant-field/plane-
wave backgrounds [12].

5. Worldline integration

Comparing the parameter integrals generated by the worldline representation with the ones
following from the standard Feynman-Schwinger parameter approach, it becomes immediately ap-
parent that the ability of the worldline formalism to combine into single integrals many Feynman
diagrams of different topologies, and often even different numbers of independent parameter inte-
grations, is due to the appearance of absolute value, sign and delta functions in 𝐺, ¤𝐺, ¥𝐺 and 𝐺𝐹 .

5
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However, for this property of the worldline integrals to become truly useful we have to learn how
to perform them “in one go”, that is, without splitting them into sectors with a fixed ordering of
the photon legs (which would bring us back to individual Feynman diagrams). In a numerical
integration this is usually not a serious complication, but for analytical purposes one has to confront
here a non-standard integration problem for which existing mathematics seems of little help.

Returning to the one-loop photon amplitudes, using that 𝐺𝐹𝑖 𝑗’s can always be eliminated by

𝐺𝐹𝑖 𝑗𝐺𝐹 𝑗𝑘𝐺𝐹𝑘𝑖 = −( ¤𝐺𝑖 𝑗 + ¤𝐺 𝑗𝑘 + ¤𝐺𝑘𝑖) (14)

the most general integral that one encounters in their calculation in the worldline formalism is of
the form ∫ 1

0
𝑑𝑢1𝑑𝑢2 · · · 𝑑𝑢𝑁 Pol( ¤𝐺𝑖 𝑗) e

∑𝑁
𝑖< 𝑗=1 𝜆

2
𝑖 𝑗
𝐺𝑖 𝑗

with arbitrary 𝑁 and polynomial Pol( ¤𝐺𝑖 𝑗), where (after a rescaling to the unit circle)

𝐺𝑖 𝑗 = |𝑢𝑖 − 𝑢 𝑗 | − (𝑢𝑖 − 𝑢 𝑗)2 , ¤𝐺𝑖 𝑗 = sgn(𝑢𝑖 − 𝑢 𝑗) − 2(𝑢𝑖 − 𝑢 𝑗) . (15)

Over the years, much effort [3, 17–21] has gone into building tables of integrals that allow one to do
such “circular integrals” without decomposing the integrand into ordered sectors. A nice example
are the “chain integrals”∫ 1

0
𝑑𝑢2 . . . 𝑑𝑢𝑛 ¤𝐺12 ¤𝐺23 . . . ¤𝐺𝑛(𝑛+1) = −2𝑛

𝑛!
𝐵𝑛 ( |𝑢1 − 𝑢𝑛+1 |)sign𝑛 (𝑢1 − 𝑢𝑛+1) ,∫ 1

0
𝑑𝑢2 . . . 𝑑𝑢𝑛𝐺𝐹12𝐺𝐹23 . . . 𝐺𝐹𝑛(𝑛+1) =

2𝑛−1

(𝑛 − 1)!𝐸𝑛−1( |𝑢1 − 𝑢𝑛+1 |)sign𝑛 (𝑢1 − 𝑢𝑛+1) ,

(16)

where 𝐵𝑛 (𝑥) and 𝐸𝑛 (𝑥) are the Bernoulli and Euler polynomials. These are the only integrals
needed for the calculation of the low-energy limit of the QED 𝑁-photon amplitudes [22].

A much more general formula was obtained in [17]. For any number of variables 𝑛, and integer
coefficients 𝑘1, . . . , 𝑘𝑛,∫ 1

0
𝑑𝑢 ¤𝐺 (𝑢, 𝑢1)𝑘1 ¤𝐺 (𝑢, 𝑢2)𝑘2 · · · ¤𝐺 (𝑢, 𝑢𝑛)𝑘𝑛 =

1
2𝑛

𝑛∑︁
𝑖=1

∏
𝑗≠𝑖

𝑘 𝑗∑︁
𝑙 𝑗=0

(
𝑘 𝑗
𝑙 𝑗

)
¤𝐺𝑘 𝑗−𝑙 𝑗
𝑖 𝑗

𝑘𝑖∑︁
𝑙𝑖=0

(
𝑘𝑖
𝑙𝑖

)
× (−1)

∑𝑛
𝑗=1 𝑙 𝑗

(1 + ∑𝑛
𝑗=1 𝑙 𝑗)𝑛

∑𝑛
𝑗=1 𝑙 𝑗

{(∑︁
𝑗≠𝑖

¤𝐺𝑖 𝑗 + 1
)1+∑𝑛

𝑗=1 𝑙 𝑗 − (−1)𝑘𝑖−𝑙𝑖
(∑︁
𝑗≠𝑖

¤𝐺𝑖 𝑗 − 1
)1+∑𝑛

𝑗=1 𝑙 𝑗
}
.

(17)

By recursion, this formula allows one to calculate any integral polynomial in ¤𝐺 and 𝐺𝐹 . This
suffices already, for example, for the computation of the full heat-kernel expansion in scalar and
spinor QED.
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6. Multi-loop worldline Green’s functions

The construction of higher-loop integrals by sewing of pairs of external legs is done most
directly at the parameter integral level (see, e.g., [23, 24]). A more elegant alternative is to perform
the sewing already at the path-integral level, and to absorb the resulting internal popagators into
the worldline Green’s functions [25]. For a single insertion, this produces an effective two-loop
Green’s function

𝐺 (1)
𝐵 (𝜏1, 𝜏2) = 𝐺 (𝜏1, 𝜏2) +

1
2
[𝐺 (𝜏1, 𝜏𝑎) − 𝐺 (𝜏1, 𝜏𝑏)] [𝐺 (𝜏𝑎, 𝜏2) − 𝐺 (𝜏𝑏, 𝜏2)]

𝑇 + 𝐺 (𝜏𝑎, 𝜏𝑏)
(18)

where 𝑇 is the proper-time length of the inserted propagator, and 𝜏𝑎, 𝜏𝑏 the points on the loop
between which the propagator is inserted, see Fig. 5.

T

    τ τ 1 2

T

    τ τ 1 2

_

τ

τ

a

Τ

b

Figure 5: Worldline Green’s function modified by a propagator insertion.

Independently of how the sewing is done, for the quenched 𝑙-loop photon propagator it produces
parameter integrals naturally written in the variables

𝐺𝑎1𝑏1 , 𝐺𝑎2𝑏2 , . . . , 𝐺𝑎𝑙𝑏𝑙 , 𝐶𝑎1𝑏1𝑎2𝑏2 , . . . , 𝐶𝑎𝑙−1𝑏𝑙−1𝑎𝑙𝑏𝑙

where the 𝐺𝑎𝑖𝑏𝑖 depend only on a single propagator, and the

𝐶𝑎𝑖𝑏𝑖𝑎 𝑗𝑏 𝑗
≡ 𝐺𝑎𝑖𝑎 𝑗

− 𝐺𝑎𝑖𝑏 𝑗
− 𝐺𝑏𝑖𝑎 𝑗

+ 𝐺𝑏𝑖𝑏 𝑗
(19)

on all possible pairs of propagators.
All this generalizes to the inclusion of constant external fields, and was used for the calculation

of two-loop Euler-Heisenberg Lagrangians in scalar as well as in spinor QED, and in various types
of fields [9, 22].

x0 x

2

Figure 6: Irreducible contribution to the 2-loop Euler-Heisenberg Lagrangian in scalar or spinor QED. The
double line represents the scalar or fermion propagator in a constant field.

7



P
o

S
(

L
L

2
0

2
6

)
0

8
8

Worldline representation of multiloop amplitudes in quantum electrodynamics C. Schubert

In particular, in [22] simple explicit formulas were found for the irreducible contributions to
these Lagrangians, depicted in Fig. 6, for the case of a (euclidean) self-dual field:

L (2)
scal(𝜅) = 𝛼

𝑚4

(4𝜋)3
1
𝜅2

[
3
2
𝜉2(𝜅) − 𝜉′(𝜅)

]
, (20)

L (2)
spin(𝜅) = −2𝛼

𝑚4

(4𝜋)3
1
𝜅2

[
3𝜉2(𝜅) − 𝜉′(𝜅)

]
. (21)

Here 𝜅 ≡ 𝑚2

2𝑒 𝑓 , where 𝑓 is defined by 𝐹𝜇𝜈𝐹𝜈𝜆 = − 𝑓 2𝛿𝜆𝜇. 𝜉 (𝑥) ≡ −𝑥
(
Γ′(𝑥)/Γ(𝑥) − ln(𝑥) + 1

2𝑥

)
.

Combined with the standard spinor-helicity technique, this allowed [22] to obtain explicit formulas
also for the corresponding two-loop "all +" helicity 𝑁-photon amplitudes in the low-energy limit.

7. Three worldline master integrals involving two propagators

In a systematic effort to extend worldline integration to the level of full two-loop two-point
functions, we (VMB, UM and CS) have recently analyzed the following three families of integrals:

1. Integrating out two internal propagators (simple):

𝐼𝑚𝑘𝑙 ≡
∫ 1

0
𝑑𝑢1𝑑𝑢2𝑑𝑢3𝑑𝑢4

𝐶2𝑚

𝐺𝑙
12𝐺

𝑘
34

(𝑘, 𝑙 ≤ 𝑚) , (22)

𝐼𝑚𝑘𝑙 = 4𝑚+1 (Γ(2𝑚 − 𝑘 − 𝑙 + 3))2

Γ(4𝑚 − 2𝑘 − 2𝑙 + 5)
1

(2𝑚 − 𝑙 + 1) (2𝑚 − 𝑙 + 2)

×
{

2𝑚 − 2𝑙 + 3
2𝑚 − 𝑘 + 1 3𝐹2(1, 𝑘, 𝑙 − 1; 2𝑚 − 𝑘 + 2, 2𝑚 − 𝑙 + 3; 1)

− 2𝑚(2𝑚 − 2𝑙 + 1)
(2𝑚 + 1) (2𝑚 − 𝑘 + 2) 3𝐹2(1, 𝑘, 𝑙; 2𝑚 − 𝑘 + 3, 2𝑚 − 𝑙 + 3; 1)

]
, (23)

where𝐶 = 𝐺13−𝐺14−𝐺23+𝐺24. The 3𝐹2 function values are of a type that can be expressed
as a finite sum of values of the digamma function 𝜓.

2. Integrating out the two external legs, and writing the result in terms of the Green’s function
between the internal variables ("semi-simple"):

𝐼𝑘𝑚 ≡
∫

12
𝐺𝑘

12𝐶
2𝑚 (𝑚, 𝑘 ∈ N, 𝑚 ≥ 1) , (24)

𝐼𝑘𝑚 = 𝑚(2𝑚 − 1) Γ(2𝑚 + 2𝑘 − 1)
Γ(2𝑚 + 2𝑘 + 3)

𝑘∑︁
𝑛=0

(𝑛 + 1) 4𝑚+1−𝑛
(𝑘+2𝑚

𝑛

) (𝑘
𝑛

)(𝑘+𝑚−3/2
𝑛

) (𝑘+𝑚−1
𝑛

)𝐺𝑘+2𝑚−𝑛
34 .

(25)
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3. Integrating out an internal propagator and writing the result in terms of the Green’s function
between the external variables (difficult):

𝐼𝑚𝑘 ≡
∫ 1

0
𝑑𝑢3

∫ 1

0
𝑑𝑢4

𝐶2𝑚

𝐺𝑘
34

(𝑘 ≤ 𝑚) , (26)

𝐼𝑚𝑘 = 𝛾𝑚𝑘

{
ln(𝐺12)

(1 − ¤𝐺12)2𝑚

4𝑚
[
𝑏+(𝑘, 𝑚) (1 − ¤𝐺12) + 𝑏− (𝑘, 𝑚) (1 + ¤𝐺12)

]
+2

𝑚∑︁
𝑗=0

(
𝑏+(𝑘, 𝑚)𝑑𝑚𝑗 + 𝑏− (𝑘, 𝑚)𝑑𝑚−1

𝑗−1

) [
¤𝐺12 ln

(1 + ¤𝐺12
2

)
−

2𝑚−𝑘− 𝑗∑︁
𝑛=1

𝛼𝑛𝐺
𝑛
12

]
𝐺

𝑗
12

}
, (27)

𝛾𝑚𝑘 =
(−1)𝑘4𝑚

(𝑘 − 1)!(𝑚 + 1
2 )

(2𝑚 − 𝑘)!
(2𝑚 − 2𝑘 + 2)! , (28)

𝛼𝑛 = 𝐶𝑛−1
(
𝜓(𝑛 − 1/2) − 𝜓(𝑛 + 1) + ln 4

)
, (29)

𝑏+(𝑘, 𝑚) = −(2𝑚 + 1 − 𝑘) (𝑚 − 1/2) , (30)
𝑏− (𝑘, 𝑚) = −(𝑘 − 1) (𝑚 + 1/2) , (31)

𝑐𝑚𝑗 =

(
2𝑚 − 𝑗 + 1

𝑗

)
, 𝑑𝑚𝑗 = (−1) 𝑗 (𝑐𝑚𝑗 − 𝑐𝑚−1

𝑗−1 ) (32)

(𝐶𝑛 = 1
𝑛+1

(2𝑛
𝑛

)
is the 𝑛th Catalan number).

8. Two-loop vacuum polarisation in scalar QED

Pbos = γ
D
2

{
D(D − 1)γĠ2

BabĠ
2
B12 + 8DγĠBabĠB12ĠB1aĠB2b

+8γĠB1aĠBabĠB12[ĠB2a − ĠB2b]

−4γĠB1aĠB2b[ĠB1a − ĠB1b][ĠB2a − ĠB2b]

+(D + 2)(D − 1)γ2Ġ2
BabĠB12[ĠB1a − ĠB1b][GB2a − GB2b]

}

(9.20)

In writing this polynomial, we have used the symmetry with regard to interchange of τ1 and
τ2 to combine some terms, and omitted some terms which are total derivatives with respect to∫

dτ1 or
∫

dτ2 (those terms are easy to identify at an early stage of the calculation).

Figure 26: Definition of the six integration parameters.

It is convenient to begin with the integrations over τ1, τ2. Those are polynomial, and easily
performed using a set of relations of the type

∫ 1

0
du2ĠB12ĠB23 = 2GB13 − 1

3∫ 1

0
du2GB12GB23 = −1

6
G2

B13 +
1

30
...

...

(9.21)

All those relations may be derived from the following master identities proven in appendix B,

∫ 1

0
du2 . . . dunĠB12ĠB23 . . . ĠBn(n+1) = −2n

n!
Bn(|u1 − un+1|)signn(u1 − un+1)

∫ 1

0
du2 . . . dunGF12GF23 . . . GFn(n+1) =

2n−1

(n − 1)!
En−1(|u1 − un+1|)signn(u1 − un+1)

(9.22)

In writing these identities, we have scaled down to the unit circle again. Bn denotes the nth

Bernoulli-polynomial, and En the nth Euler-polynomial. Due to the fact that those polynomials
can be rewritten as

128

Figure 7: Worldline parametrization of the two-loop vacuum polarization function.

Two of the authors (VMB and CS) have used the two-loop Green’s function (18) to obtain the
following compact integral representation for the two-loop photon polarization function in scalar
QED, parametrized according to Fig. 7:

Π
(2)
scal(𝑘

2) =
𝑒4

2(4𝜋)𝐷

∫ ∞

0

𝑑𝑇

𝑇1+𝐷
2
𝑒−𝑚

2𝑇

∫ ∞

0
𝑑𝑇

∫ 𝑇

0
𝑑𝜏𝑎

∫ 𝑇

0
𝑑𝜏𝑏𝛾

𝐷/2
𝑎𝑏

×
∫ 𝑇

0
𝑑𝜏1

∫ 𝑇

0
𝑑𝜏2 e−Δ𝑘

2
𝐼 , (33)

9
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𝐼 = 𝐷
(
− ¥𝐺𝑎𝑏 +

𝛾𝑎𝑏
2

¤𝐺2
𝑎𝑏

)
𝜕1Δ𝜕2Δ − 4

𝛾2
𝑎𝑏𝐶

2
𝜕𝑎Δ𝜕𝑏Δ𝜕1𝜕2Δ + 𝜕2

[ 4
𝛾2
𝑎𝑏𝐶

2
𝜕𝑎Δ𝜕𝑏Δ

]
𝜕1Δ

(34)

(𝐶 = 𝐺1𝑎 − 𝐺1𝑏 − 𝐺2𝑎 + 𝐺2𝑏, 𝛾𝑎𝑏 = (𝑇 + 𝐺𝑎𝑏)−1, Δ = 𝐺12 − 𝛾𝑎𝑏
4 𝐶2).

Once more the challenge is to calculate this six-parameter integral without splitting it into
sectors with a fixed photon ordering.

Expanding in 𝑠 = − 𝑘2

𝑚2 , rescaling to the unit circle (𝜏𝑖 = 𝑇𝑢𝑖 , 𝑇 = 𝑇𝑇) and eliminating the now
trivial 𝑇-integral, gives

Π
(2)
scal(𝑘

2) =
𝑒4

(4𝜋)𝐷 (𝑚2)4−𝐷

∞∑︁
𝑛=0

𝑐𝑛 (𝐷)𝑠𝑛 (35)

with dimensionless coefficients

𝑐𝑛 (𝐷) =
1
2
Γ(𝑛 + 4 − 𝐷)

𝑛!

∫ ∞

0
𝑑𝑇

∫ 1

0
𝑑𝑢𝑎𝑑𝑢𝑏𝑑𝑢1𝑑𝑢2 𝛾

𝐷/2
𝑎𝑏 𝐼Δ𝑛 . (36)

Using the binomial formula for Δ𝑛, we can write this as

𝑐𝑛 (𝐷) =
1
2
Γ(𝑛 + 4 − 𝐷)

𝑛!

𝑛∑︁
𝑘=0

(
𝑛

𝑘

) (
−1

4

)𝑛−𝑘 ∫
𝑎𝑏

∫ ∞

0
𝑑𝑇𝛾𝐷/2+𝑛−𝑘

𝑎𝑏

∫
12
𝐺𝑘

12𝐶
2𝑛−2𝑘 𝐼 (37)

after which (25) can be used. Explicit calculation of the first few coefficients gives (𝜖 = 4−𝐷
2 )

𝑐0 =
4
3
− 1
𝜖

𝑐1 = − 41
162

+ 1
10𝜖

𝑐2 =
41

18900
+ 1

70𝜖

𝑐3 =
24287

7938000
+ 1

420𝜖

𝑐4 =
1341383

1571724000
+ 1

2310𝜖
(38)

(the 1/𝜖 poles are still to be removed by mass renormalization). All these coefficients have been
confirmed by an independent calculation by L. Tancredi and F. Forner (curiously, we could not find
a result in the literature for the full two-loop vacuum polarisation function in scalar QED).

9. Three-loop 𝛽-function coefficients

The above integral formulas are also useful for the calculation of three-loop vacuum integrals.
Since those are of little physical interest in QED, let us now switch to 𝜙4-theory, where the diagrams
shown in Fig. 8, taken at zero momentum for all the external legs, contribute to the 𝛽-function.

10
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Fig. 24. 3-loop !4 vertex diagrams.

to the second integral, and

y2 =
c(1− a)
a(1− c)

(8.44)

to the third integral, those are transformed into known standard integrals, tabulated for instance
in [240]. The result is

∫

NP
f=12"(3)− 8"(2) : (8.45)

The calculation in the planar sector is elementary, and we just give the result,
∫

P
f=4"(2)− 4 : (8.46)

Putting the pieces together, we have, up to terms of order O(j0),

#(3)vac(D) = m3D−12(4$)−(3=2)D#
(
6− 3

2
D
)

×
{[
2B(2− (D=2); 2− (D=2))

D − 2

]2
+ 12"(3)− 4"(2)− 4

}
: (8.47)

This calculation method generalizes in an obvious way to the tensor integrals which appear in
worldline calculations of three-loop renormalization group functions in other abelian theories
such as QED or the Yukawa model. The basic scalar integral considered here appears in the
calculation of the 3-loop %-function for !4-theory. This permits an easy check of the above
calculation against a Feynman diagram calculation. In diagrammatic terms, the integral #(3)vac(D)
corresponds to a weighted sum of the two scalar 3-loop vertex diagrams depicted in Fig. 24,
calculated at zero external momentum, with massive propagators along the loop, and massless
propagator insertions.
It is not di!cult to verify that, with an appropriate normalization, the relation

#(3)vac(D)=16DP + 8DNP (8.48)

indeed holds true for the singular parts of the 1=j-expansions.

Figure 8: Diagrams contributing to the 𝛽-function in 𝜙4-theory.

In [3] it had already been shown that, in the worldline formalism, the calculation of the sum of
the 1/𝜖 poles of these diagrams can be reduced to the calculation of the single integral

𝐼reg =

∫
1234

[
− 4
𝐶2 ln

(
1 − 𝐶2

4𝐺12𝐺34

)
− 1
𝐺12𝐺34

]
. (39)

However, the actual calculation of this integral was done by decomposing it into its planar
(non-crossing propagators) and non-planar (crossing propagators) sectors 𝐼𝑃reg and 𝐼𝑁𝑃

reg , resulting
in

𝐼𝑃reg = 4𝜁 (2) − 4 , 𝐼𝑁𝑃
reg = 12𝜁 (3) − 8𝜁 (2) . (40)

Using the above formulas, this can now be avoided. Expanding the logarithm in (39) we get

𝐼reg =

∞∑︁
𝑛=2

𝐼𝑛−1
𝑛𝑛

𝑛 4𝑛−1 . (41)

From the formula (23) for 𝐼𝑚𝑘𝑙 one finds the special case

𝐼𝑛−1
𝑛𝑛 = 4𝑛

[ 1
(𝑛 − 1)2 + 𝜓

′(𝑛)
𝑛 − 1

2

]
(42)

which reduces this more “principled” recalculation of 𝐼reg to two easy summation problems,

∞∑︁
𝑛=1

1
𝑛2(𝑛 + 1)

= 𝜁 (2) − 1 ,
∞∑︁
𝑛=1

𝜓′(𝑛 + 1)
(𝑛 + 1

2 ) (𝑛 + 1)
= 3𝜁 (3) − 2𝜁 (2) . (43)

10. Worldline representation of dressed electron propagator

While the worldline formalism has been applied to amplitudes and effective actions involving
closed fermion loops for several decades, only during the last few years a suitable generalization
was developed for problems involving open fermion lines [26, 27].

Here the starting point is the second-order representation of the 𝑥-space Dirac propagator
𝑆𝑥𝑥

′ [𝐴] in a Maxwell background:

11
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𝑆𝑥𝑥
′ [𝐴] =

[
𝑚 + 𝑖𝐷/′

]
𝐾 𝑥𝑥′ [𝐴] ,

𝐾 𝑥𝑥′ [𝐴] =

〈
𝑥′

��� [𝑚2 − 𝐷𝜇𝐷
𝜇 + 𝑖

2
𝑒𝛾𝜇𝛾𝜈𝐹𝜇𝜈

]−1���𝑥〉
=

∫ ∞

0
𝑑𝑇 e−𝑚

2𝑇 e−
1
4
(𝑥−𝑥′ )2

𝑇

∫ 𝑞 (𝑇 )=0

𝑞 (0)=0
𝐷𝑞 e−

∫ 𝑇

0 𝑑𝜏
(

1
4 ¤𝑞2+𝑖𝑒 ¤𝑞 ·𝐴+𝑖𝑒 𝑥′−𝑥

𝑇
·𝐴

)
× 2−𝐷

2 symb−1
∫
𝜓 (0)+𝜓 (𝑇 )=0

𝐷𝜓 e−
∫ 𝑇

0 𝑑𝜏
[

1
2 𝜓𝜇

¤𝜓𝜇−𝑖𝑒𝐹𝜇𝜈 (𝜓+𝜂)𝜇 (𝜓+𝜂)𝜈
]
. (44)

Here 𝜂𝜇 is an external Grassmann Lorentz vector, and the “symbol map” symb converts products
of 𝜂’s into fully antisymmetrised products of Dirac matrices [4, 28]

symb
(
𝛾𝛼1𝛼2 · · ·𝛼𝑛

)
≡ (−𝑖

√
2)𝑛𝜂𝛼1𝜂𝛼2 . . . 𝜂𝛼𝑛 (45)

where 𝛾𝛼𝛽 · · ·𝜌 denotes the totally antisymmetrised product of gamma matrices. The dressed propa-
gator in momentum space 𝐾 𝑝𝑝′

𝑁 can be written as

𝐾 𝑝𝑝′

𝑁 = (−𝑖𝑒)𝑁
K

𝑝𝑝′

𝑁(
𝑝′2 + 𝑚2) (

𝑝2 + 𝑚2) , K
𝑝𝑝′

𝑁 = 𝐴𝑁1l + 𝐵𝑁𝛼𝛽𝜎
𝛼𝛽 − 𝑖𝐶𝑁𝛾5 , (46)

that is, directly in terms of the Clifford basis with only three coefficient functions 𝐴𝑁 , 𝐵𝑁𝛼𝛽 , 𝐶𝑁 .
Moreover, for on-shell fermions those become algebraically dependent, and only 𝐵𝑁𝛼𝛽 needs to be
really calculated. From [26, 27] two master formulas can be derived for this quantity, one using
worldline supersymmetry as in (9), and a very different one based on a spin-orbit decomposition. We
(CNJ, CS and CJST) are presently programming both master formulas with a view on applications
to nonlinear Compton scattering and multiloop 𝑔 − 2.

11. Outlook

We have summarized recent progress in a long-term effort to develop methods in the worldline
formalism that effectively allow one to integrate, in one go, whole classes of Feynman diagrams
differing only in the ordering of photon legs. The master integration formulas presented here solve
this problem for the two-loop QED vacuum polarization, and can also be used for certain three-
loop calculations involving external legs though only at zero-momentum. We also expect them to
become useful in a future calculation of the much-needed weak-field expansion coefficients of the
three-loop Euler-Heisenberg Lagrangians in scalar and spinor QED.
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