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We study two-loop electroweak virtual corrections to four-fermion scattering mediated by a 𝑊±

or 𝑍 boson within the pole approximation. The latter organises higher-order corrections into two
separately gauge-invariant categories, factorisable and non-factorisable, respectively. While the
factorisable corrections can be obtained from the corresponding vector-boson form factors, the
non-factorisable effects arise from soft-photon exchange between the production and decay stages.
In this report, we present the results for the two-loop non-factorisable corrections, showing that,
after decoupling the heavy degrees of freedom, they reduce to an iteration of the one-loop result
supplemented by a novel light-fermion contribution.
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1. Introduction

In view of the high-precision physics programs of the HL-LHC and future colliders (FCC-ee),
accurate theoretical predictions for four-fermion scattering processes,

𝑓1(𝑝1) + 𝑓2(𝑝2) → 𝑉 (𝑝𝑉 ) → 𝑓3(𝑝3) + 𝑓4(𝑝4) , (1)

mediated by a single resonance 𝑉 = 𝑊±/𝑍 , are essential. As mediators of weak interactions, the
properties of 𝑊 and 𝑍 bosons significantly impact key electroweak (EW) precision observables.
The increasing precision of current and future measurements requires equally accurate theoretical
predictions; the inclusion of next-to-next-to-leading order (NNLO) EW radiative corrections and
a realistic treatment of the unstable particles become essential to fully exploit the experimental
potential. In the NNLO computation, the double-real and real-virtual contributions can be evaluated
exactly, including off-shell and non-resonant effects. In contrast, the double-virtual contribution
remains the major bottleneck due to the complexity of the required multi-scale two-loop amplitudes.
This is reflected by the fact that only the fermionic subset of the two-loop EW corrections to the
process in Eq. 1 has been computed so far [1, 2].

The double-virtual computation can be made simpler by using a suitable approximation that
exploits the underlying resonant structure. A promising approach is pole approximation (PA), which
isolates the gauge-invariant residues of the resonance poles and uses propagators with complex
masses at those poles (see Ref. [3] and references therein). The approximation is constructed
by asymptotically expanding the resonant parts of the amplitude around the complex propagator
pole, 𝜇2

𝑉
= 𝑚2

𝑉
− 𝑖Γ𝑉𝑚𝑉 , where 𝑚𝑉 and Γ𝑉 denote the mass and decay width of the vector

boson, respectively. Retaining only the leading terms in Γ𝑉
𝑚𝑉

, the corrections naturally separate
into two gauge-invariant classes: factorisable and non-factorisable contributions. The factorisable
corrections to the 𝑛−loop virtual amplitude (M (𝑛)

fact ) contain all resonant contributions that can be
expressed as

M (𝑛)
fact =

1
𝑝2
𝑉
− 𝜇2

𝑉

𝑛∑︁
𝑚=0

∑︁
{ ®ℎ𝐼 }

∑︁
{ ®ℎ𝐹 }

∑︁
𝜆𝑉

M (𝑚)
prod(®ℎ𝐼 , 𝜆𝑉 )M

(𝑛−𝑚)
dec (®ℎ𝐹 , 𝜆𝑉 ) , (2)

where Mprod and Mdec refer to the on-shell polarised amplitudes which can be obtained from
the form factors for the production and decay of the vector boson 𝑉 . The only interplay between
production and decay subprocesses is through kinematics and spin of the intermediate resonance.
To preserve gauge invariance, the corresponding subamplitudes must be evaluated using on-shell
kinematics, which requires a momentum mapping {𝑝𝑛} → {𝑝𝑛} such that 𝑝2

𝑉
= 𝑚2

𝑉
. At leading

order in the EW coupling, only factorisable corrections are present and the corresponding Born
amplitude (M (0)

PA ) can be obtained from Eq. 2 by using tree-level amplitudes. Starting from one-
loop order, additional non-factorisable corrections arise from interferences between the production
and decay subprocesses. They are evaluated by taking the on-shell limit 𝑝2

𝑉
→ 𝑚2

𝑉
, after the loop

integration, whenever it does not lead to a singularity. It should be noted that the distinction between
the two classes of corrections occurs in scattering amplitudes, rather than at the level of individual
Feynman diagrams. Therefore, certain diagrams inherently contribute to both factorisable and
non-factorisable corrections.
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2. Computation

The calculation is carried out according to the following workflow. We generate the Feynman
diagrams for the fully off-shell process in Eq. 1 and employ a systematic analysis based on the
method of regions [4, 5]. In this approach, we expand the off-shell amplitude in a small parameter
𝜆 ∼ Γ𝑉/𝑚𝑉 and retain only the leading terms. The non-vanishing contributions arise exclusively
from loop momenta in the hard

(
𝑘 ∼ O(𝜆0)

)
and soft (𝑘 ∼ O(𝜆)) region. At one loop, the non-

factorisable corrections originate solely from the exchange of a soft photon between the production
and decay subprocesses. According to the photon attachment, the relevant diagrams fall into four
classes: initial–final (𝑖 𝑓 ), initial–resonance (𝑖𝑟), resonance–final (𝑟 𝑓 ), and resonance–resonance
(𝑟𝑟). The 𝑖 𝑓 diagrams receive leading contributions only from the soft region, whereas the
diagrams which involve the resonance propagator both inside the loop and at tree level contribute
to both factorisable and non-factorisable corrections. It should be noted that the hard region
contribution of the 𝑟𝑟−type diagrams is exactly cancelled by the vector-boson mass and wave-
function counterterms in the on-shell (OS) renormalisation scheme and therefore does not contribute
to the UV renormalised amplitude. The one-loop non-factorisable corrections, obtained by summing
over all contributions from the diagram classes discussed above, can be written as

M (1)
non−fact = 𝛿

(1)
nf M (0)

PA , (3)

where 𝛿 (1)nf is a universal kinematics-dependent correction factor. Although individual contri-
butions exhibit double poles in the dimensional regulator 𝜖 , the Laurent expansion of the total
non-factorisable correction starts at O(𝜖−1), confirming the soft-wide angle origin of these effects.
Another important feature of 𝛿 (1)nf is the logarithmic dependence on the off-shell resonance propaga-
tor, which will lead to a log(Γ𝑉 ) term upon integration over the virtuality of the vector boson. Note
that only a single power of log(Γ𝑉 ) can arise per loop order, and its coefficient is fully determined
by the coefficient of the single 1/𝜖 pole.

The two-loop amplitude in the PA can be decomposed into three distinct categories of correc-
tions:

(a) two-loop factorisable corrections (M (2)
fact), which follows from Eq. 2 upon setting 𝑛 = 2.

They include individual corrections to production and decay stages separately (see diagrams
[i], [ii], and [iii] in Figure 1).

(b) one-loop factorisable times one-loop non-factorisable corrections (M (2)
fact⊗nf). They in-

clude one-loop corrections to either on-shell production or decay form factors dressed with a
soft-photon exchange between different subprocesses (see diagrams [iv] and [v] in Figure 1).

(c) genuine two-loop non-factorisable corrections (M (2)
nf ). They receive contributions from

either the exchange of two soft-photons between production and decay subprocesses (see
diagram [vi] in Figure 1) or from a one-loop fermionic or bosonic correction to a single
soft-photon exchange (see diagram [vii] in Figure 1).

Depending on the type of the contribution, the given amplitude for a single diagram may contribute
to all three categories or only to a subset of them in different regions. For the computation of the two-
loop non-factorisable corrections, we organise the diagrams into classes according to the number
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Figure 1: Classification of corrections at two-loop order: [i] two-loop correction to the on-shell production,
[ii] two-loop correction to the on-shell decay, [iii] one-loop correction to both the on-shell production and
the decay, [iv] and [v] products of one-loop factorisable and one-loop non-factorisable corrections, [vi] and
[vii] genuine two-loop non-factorisable corrections.

and type of external legs and/or resonances to which the soft photons are attached. The amplitude
associated with the exchange of two soft photons between different subprocesses factorises into a
universal correction factor, denoted by 𝛿 (2)

𝑎𝑏⊗𝑐𝑑 , multiplying M (0)
PA . The labels 𝑎𝑏 and 𝑐𝑑 specify

the pair of external fermions and/or resonances connected by the first and second soft-photon
loop, respectively. In this configuration, individual diagrams in a given class generate two-loop
eikonal integrals containing propagators that couple the two loop momenta 𝑙1 and 𝑙2. A partial
decoupling becomes possible only after summing over all diagrams in the class. An additional key
step is the symmetrisation of the integrand under the exchange of loop momenta (𝑙1 ↔ 𝑙2), which
allows the resulting integrals to be written as nested one-loop integrals. This leaves only a single
resonance propagator with coupled loop-momentum dependence, (2𝑙1 · 𝑝𝑉 + 2𝑙2 · 𝑝𝑉 +𝐾𝑉 ), where
𝐾𝑉 ≡ 𝑝2

𝑉
− 𝜇2

𝑉
denotes the off-shell resonance propagator. The resulting eikonal integrals can be

evaluated by direct analytic integration via Feynman parametrisation performed iteratively, loop
by loop. Carrying out the 𝑙2 integration by exploiting the results of the one-loop eikonal integrals
leads to a last integral over 𝑙1 with a shifted power in the resonance propagator. Comparing the
result with what we have obtained at one-loop order, we notice that the two-loop non-factorisable
correction can be expressed in the fully factorised form

𝛿
(2)
𝑎𝑏⊗𝑐𝑑 =

(
1 − 1

2
𝛿𝑎𝑐 𝛿

𝑏
𝑑 − 1

2
𝛿𝑎𝑑𝛿

𝑏
𝑐

)
Γ[1 + 4𝜖]
Γ[1 + 2𝜖]2 𝛿

(1)
𝑎𝑏
𝛿
(1)
𝑐𝑑
, (4)

as the product of one-loop non-factorisable corrections weighted by a ratio of Γ[1+4𝜖]/Γ[1+2𝜖]2.
The overall factor of 1/2, if present, comes from the symmetrisation over the loop momenta.

Additional contributions arise from diagrams featuring a fermion-loop insertion in the soft-
photon propagator with momentum 𝑙. We denote them by 𝛿 (2)

𝑎𝑏⊗𝛾𝛾 where 𝑎𝑏 refers to the pair of
edges the soft photon is connected to, while 𝛾𝛾 refers to the one-loop correction to the photon
propagator. It should be noted that a naive power counting at the fully unintegrated level reveals
spurious power-like singularities. However, these singularities cancel once integrated over the
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inner fermion loop and the usual 1/𝜆 scaling is restored. The one-loop self-energy correction to
the photon propagator receives contributions from both massive Π

(1) ,𝐹
𝛾𝛾 (𝑙2) and massless fermions

Π
(1) ,ℓ
𝛾𝛾 (𝑙2). For the first case, we consider the mass of the fermion to be much larger than the

soft scale of the problem (𝑚𝐹 ≫ Γ𝑉 ). In the soft limit (𝑙 → 0), the massive contribution to the
one-loop self-energy correction reduces to

Π
(1) ,𝐹
𝛾𝛾 (0) = 𝑆𝜖 𝑒𝛾𝐸 𝜖 Γ[𝜖]


4
3

∑︁
𝑗∈{ℎ}

𝑁
𝑗
𝑐𝑒

2
𝑗

(
𝑚2

𝑗

𝜇2
0

)−𝜖  , (5)

where {ℎ} is the set of heavy fermions with mass 𝑚 𝑗 , electric charge 𝑒 𝑗 , and 𝑁 𝑗
𝑐 = 1 (3) if 𝑗 is a

lepton (quark). Here 𝑆𝜖 = (4𝜋) 𝜖 𝑒−𝛾𝐸 𝜖 and 𝜇0 denotes the dimensional-regularization scale. This
leads to a complete factorisation of the corresponding two-loop non-factorisable corrections as

𝛿
(2) ,𝐹
𝑎𝑏⊗𝛾𝛾 = −𝛿 (1)

𝑎𝑏
Π

(1) ,𝐹
𝛾𝛾 (0) . (6)

In contrast, for massless fermions the inner loop integration introduces a non-trivial dependence on
the photon momentum 𝑙. The new contributions for this class (𝛿 (2) ,ℓ

𝑎𝑏⊗𝛾𝛾) involve one-loop eikonal
integrals with a shifted power in the photon propagator due to the mass dimension of the fermion
bubble, which can still be integrated to all orders in 𝜖 . Its explicit expression can be found in
Ref. [6].

Finally, we consider the contributions from soft-photon exchanges dressed with bosonic loops.
By organising diagrams according to the soft-photon attachments, one can identify subsets whose
summed contributions, after integration, either vanish or contribute to factorisable times non-
factorisable corrections (see Ref. [6] for a detailed discussion). Consistently combining all con-
tributing terms and following an analogous procedure as in the massive-fermion case reveals that
the leading contribution to the genuine two-loop non-factorisable corrections can be expressed in a
fully factorised form

𝛿
(2) ,𝑊
𝑎𝑏⊗𝛾𝛾 = −𝛿 (1)

𝑎𝑏
A (1) ,𝑊

𝛾𝛾 (0), (7)

where

A (1) ,𝑊
𝛾𝛾 (0) = −𝑆𝜖 𝑒2𝛾𝐸 𝜖 Γ[𝜖]

(
2
3
𝜖 + 7

) (
𝑚2

𝑊

𝜇2
0

)−𝜖

. (8)

3. Results

Following the discussion of individual contributions in the previous section, we now summarise
the relevant results for the two-loop non-factorisable corrections. We obtain the genuine non-
factorisable contributions due to two soft-photon exchanges as

𝛿
(2)
nf⊗nf =

Γ[1 + 4𝜖]
2Γ[1 + 2𝜖]2

(
𝛿
(1)
nf

)2
(9)

after summing Eq. 4 over all possible attachments of photons to external legs and/or resonance
itself. The higher-order poles in 𝜖 present in Eq. 4 cancel due to charge conservation. As a

5
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result, the Laurent expansion of Eq. 9 starts at O(1/𝜖2), confirming the soft wide-angle origin
of the corrections. Then, we consider fermionic and non-abelian corrections to a single soft-
photon exchange between the production and decay stages. After summing over all possible photon
attachments, the total contribution becomes

𝛿
(2)
nf⊗𝛾𝛾 = −𝛿 (1)nf A (1) ,ℎ

𝛾𝛾 (0) + 𝛿 (2) ,ℓnf⊗𝛾𝛾 , (10)

where A (1) ,ℎ
𝛾𝛾 (0) = A (1) ,𝑊

𝛾𝛾 (0) + A (1) ,𝐹
𝛾𝛾 (0).

Having presented all relevant contributions, we now turn to the discussion of the ultraviolet
(UV) renormalisation procedure. The mass and wave-functions of both external particles and
the resonance are renormalised in the OS scheme, while the MS scheme is adopted for the charge
renormalisation with both light and heavy degrees of freedom contributing to the running of the EW
coupling (𝛼[ℎ] (𝜇)). As expected from their soft, wide-angle origin, the one-loop non-factorisable
corrections are not affected by the UV renormalisation. On the other hand, the UV-renormalised
two-loop non-factorisable contribution is given by

M̃ (2)
non−fact = 𝛿

(1)
nf M̃ (1)

fact +
©­«𝛿 (2)nf⊗nf + 𝛿

(2)
nf⊗𝛾𝛾 −

1
𝜖
𝛿
(1)
nf

©­«𝛽0 −
4
3

∑︁
𝑗∈{ℎ}

𝑁
𝑗
𝑐𝑒

2
𝑗 + 7ª®¬ª®¬M (0)

PA , (11)

where 𝛽0 = −4
3
∑

𝑗∈{ℓ } 𝑁
𝑗
𝑐𝑒

2
𝑗

with {ℓ} being the set of light fermions. Here the first term is the
product of the one-loop non-factorisable (𝛿 (1)nf ) and the UV-renormalised factorisable corrections
(M̃ (1)

fact), while the terms in the bracket capture the genuine two-loop non-factorisable corrections,
and a term induced by the one-loop charge renormalisation. Lastly, we use a finite renormalisation
shift [7, 8]

𝛼[ℎ] (𝜇) = 𝜁𝛼𝛼(𝜇) , (12)

where the heavy degrees of freedom are integrated out, and only the light degrees of freedom
contribute to the running of 𝛼(𝜇). At one-loop order, only factorisable corrections are affected by
the decoupling transformation (12)

M̂ (1)
fact = M̃ (1)

fact + 𝜁
(1)
𝛼 M (0)

PA . (13)

At two-loop order, the non-factorisable corrections are affected by the one-loop decoupling constant,
which exactly cancels the contributions from heavy degrees of freedom in Eq. 11. Therefore, the
final expression of the two-loop non-factorisable corrections in the decoupling scheme is

M̂ (2)
non−fact = 𝛿

(1)
nf M̂ (1)

fact +
(
𝛿
(2)
nf⊗nf + 𝛿

(2) ,ℓ
nf⊗𝛾𝛾 −

1
𝜖
𝛿
(1)
nf 𝛽0

)
M (0)

PA . (14)

We now discuss the infrared (IR) singularity structure of the amplitudes in the PA. The IR pole
structure of the full and factorisable amplitudes can be predicted using the subtraction operator in
the MS-scheme [9–12], whose perturbative coefficients are controlled by anomalous dimensions
obtained via abelianisation procedure from their QCD counterparts. It follows that, the singularity
structure of the non-factorisable corrections can be predicted order by order by taking the difference
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between the IR poles of the full amplitude in the PA and those of the factorisable contribution. We
have explicitly verified that the resulting prediction agrees with the IR poles obtained from the direct
computation of the non-factorisable corrections in Eq. 14. Finally, we defined the finite remainder
in the MS-scheme, and proved up to two loops that it satisfies an all-order factorisation formula
discussed in Sec. 4 of Ref. [6].

4. Conclusions

In this report, we have discussed two-loop EW corrections to the four-fermion scattering
processes mediated by a neutral/charged vector boson (𝑉 = 𝑍/𝑊±) within the PA. We have focused
on the non-factorisable corrections and shown that, upon decoupling the heavy degrees of freedom,
the two-loop result can be expressed as an iteration of the one-loop correction plus a genuinely new
contribution from light-fermion loops. Once combined with the factorisable corrections obtained
from the form factors for the on-shell vector-boson production, we can obtain an approximate
prediction for the two-loop EW corrections to the relevant single resonant processes like Drell-Yan
lepton-pair production and 𝑒+𝑒− → 𝜇+𝜇−.
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