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1. Introduction: XYZ states

QCD allows for more color singlet combinations of quarks and gluons than conventional
hadrons, i.e. mesons and baryons [1]. These exotic combinations have remained for a long time
elusive until, at the beginning of the century, B-factories started to detect non-conventional states in
the charmonium and bottomonium spectrum generically dubbed XYZ states (for a review see [2]).
Some of them contain hidden charm or bottom but are charged, 7..(4050), ..., T;’E ' (10650), ... .
These and other properties allow to identify some of the non-conventional states as tetraquarks
made of two heavy and two light quarks. Other states, with much less certainty, could be quarko-
nium hybrid candidates, i.e. a heavy quark-antiquark pair in a color octet configuration bound
with gluons. More recently pentaquark states made of two heavy and three light quarks have
also been detected. Since the discovery of the y.;(3872) in 2003 by Belle, 45 possibly non-
conventional hadrons have been discovered in the charmonium and bottomonium spectrum (see
https://qwg.ph.nat.tum.de/exoticshub).

2. BOEFT

Quarkonia and quarkonium exotica are bound states made of pairs of heavy quarks (we denote
with Q the heavy quark and with Q the heavy antiquark). Their heavy masses guarantee that the
hierarchy of non-relativistic energy scales mgo > p ~ 1/r ~ mgv > E ~ va2 is, at least
parametrically, fulfilled; mg is the heavy quark mass, p the relative momentum, r the relative
distance, E the binding energy and v the heavy quark relative velocity. The hierarchy of energy
scales calls for a hierarchy of effective field theories (EFTs) [3]. The ultimate EFT whose excitations
are characterized by the energy scale va2 is the Born—Oppenheimer EFT (BOEFT) [4-8] that
reduces to potential NRQCD for heavy quarkonia [9]. At first order, BOEFT reproduces the Born—
Oppenheimer approximation: the heavy quarks move adiabatically in the presence of the light
degrees of freedom, whose effect is encoded in a suitable set of potentials that depend on the
distance r of the heavy quarks.
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Table 1: QQ (left) and QQ (right) Aj multiplets and their corresponding kP€ and k” multiplets.

Q0 (QQ) states are classified according to the symmetry group D..j,, whose representations
are labeled A7 if k is the angular momentum of the light degrees of freedom, |r - k| = A may
assume the values 0 = %,1/2,1 =11,3/2,2 = A, ..., n is the P(C) eigenvalue (g = 1 and u = 1),
and o is the reflection eigenvalue (only for X states). The numbers A, o and n are called Born—
Oppenheimer (BO) quantum numbers. Higher states for a given irreducible representation are
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Figure 1: Isospin / = 0 X7, TI, and X potentials at short distance r of the static sources. Energy gaps
between states are also displayed.

labeled by primes, e.g. X¢, X5, ... . For r — 0, the symmetry group becomes O(3) (XC); hence
several Aj7 representations reduce to one single kP(C) representation [10], see table 1 for the case
of integer A.

At leading order in the expansion in v the BOEFT Lagrangian can be written as

LBOEFT =/ d°R / &r ZTT{‘PZA(", R, 1) liat o = Vv (r)
v

V2
+ PT(0.0) m; P, (0. ¢) }‘Pml(r, R, z)} )
a

where k = {kP(©) flavor} are the light degrees of freedom quantum numbers, A = +A, and the
fields W, identify the states, with Py, suitable projectors. The potentials V, a1 (r) can be expanded

inl/mg:
(1
Vo (r)
_y© ad
VK,uf(r)—VK/M,(l")+ KmQ +...,
with Vlf?lzl,(r) the static potential (in the following written as Vs (r)) and V’E/llzl,(r) including the

leading spin term.

The potentials appearing in the BOEFT Lagrangian include the contributions to the dynamics
from the non-perturbative soft degrees of freedom. Their form can be determined by lattice QCD
computations. In general, potentials with the same BOEFT quantum numbers mix.

Mixing at short distance. Because of the degeneracy pattern shown in table 1, at short
distance also BOEFT potentials with different Born—Oppenheimer quantum numbers, but with the
same O(3) quantum numbers, mix. The situation is schematically illustrated for the isospin I = 0
Z;, I, and X, potentials in figure 1. If we consider potentials between a heavy Q and Q, Vs
is the quarkonium potential. The excited potentials support quarkonium hybrids or isospin / = 0
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tetraquarks. The gap of order Agcp between the Z; potential and the excited potentials guarantees
that there is no significant mixing between quarkonia and excited states at short distance, so that
in fact quarkonia below threshold are well described by a Cornell-like potential [11]. At very
short distance, excited potentials between Q and Q pairs behave like a repulsive Coulomb potential
between color octet sources. At a bit larger distance, they group into degenerate multiplets with the
same gluelump mass in the case of hybrids or adjoint meson mass in the case of QQqg tetraquarks,
reflecting the restored O(3) symmetry of table 1. Similarly they group into degenerate multiplets
with the same triplet meson mass in the case of low-lying QQgq tetraquarks and adjoint baryon
mass in the case of QQqqgq pentaquarks.

The equations of motion that follow from (1) are coupled Schrodinger equations reflecting the
mixing pattern [4, 8]. The short-distance mixing/degeneracy of the II,, and X, potentials leads
to the coupled radial Schrodinger equations for the states (hybrids, tetraquarks) supported by the
potentials I1,, and X

1 1 HN+2 -2 1
B 25rr23r+ . I(1+1)+ I(I+1)
mor mor® \=24/I(1 +1) (l+1)
(N) (N)
L[V 0 Vson| _ g0 [YEian @)
0 Vi (r) (N) NL (N |
Hu wH,O—P '701_[,0'})

for k = 1 and parity op (I(I + 1) is the eigenvalue of L? = (k + Lg)?, L is the orbital angular
momentum of the heavy quark pair), and to the Schrodinger equation

1 +1)
mor?

vV =enulY 3)

! 0,10, +

2 r + VH” (r)
mor

for the opposite parity —op. Notice the parity doubling phenomenon, i.e. the lifting of the parity
degeneracy in the spectrum. The solutions of the Schrodinger equations provide the radial parts of
the state wavefunctions and the binding energies En .

kL @kl kPc BO quantum # Kk @kl 38 BO quantum #
/2 e (/2" | 0~ h /2" (/2| o >
1=~ Zg, I, 1t Zg_, IT,

Table 2: The k”C quantum numbers of the light quark-antiquark (ggq) pair (left) and k¥ quantum numbers
of the light antiquark-antiquark (gg) pair (right) for the lightest light quark states contributing to S-wave
plus S-wave thresholds of static heavy mesons-antimeson and static heavy meson-meson pairs, respectively.
The light quark states have quantum numbers k5 and kg , kg (kz) being the angular momentum of the light
(anti)quark. The Born-Oppenheimer quantum numbers corresponding to the k() quantum numbers are
shown in the third columns.

Mixing at long distance. Due to the string breaking mechanism, at long distance the potentials
go into open flavor hadronic states whose light degrees of freedom have the same Born—Oppenheimer
quantum numbers, see table 2. Depending on how the Born—Oppenheimer potentials approach the
open flavor threshold they may or may not support bound states, which may provide a dynamical
explanation of why not all possible tetraquark or pentaquark multiplets are seen in experiments [12].
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Figure 2: Possible behaviours towards the open flavor thresholds of the isospin 7 = 1 X%, Tl, and X
potentials [8].

In figure 2, we show some possible behaviours of the isospin I = 1 X}, I, and X, potentials. In the
first sketch the potential Il supports a bound state, in the second one it does not. In this example,
the potentials X and X, support bound states in all sketches.

If mixing between Born—Oppenheimer potentials with the same quantum numbers is accounted
for, then the eigenvalues of the potential matrix are called adiabatic potentials. These are the
physical energies of the static sources at different distances r. In the case of a 2 X 2 potential matrix
with E;(r) and E,(r) as diagonal entries and V), (r) as off-diagonal mixing potential, the physical
energies E.(r) read

Ei(r)+Ex(r) 1

Ei(r) = — 5 %3
If the energy difference |E|(r) — E>(r)] is at any distance much larger than |V},(r)|, then the effect
of the mixing on the spectrum is small and E,(-)(r) = Ej(2)(r). If the energy levels E(r) and
E>(r) cross at some distance, typically at the string breaking distance of about 1.2 fm, then the
phenomenon of avoided level crossing happens, where the lower adiabatic energy assumes at large
distance the flat threshold behaviour encoded in one of £ (r) and E»(r), while the higher adiabatic
energy keeps growing. This is illustrated for the adiabatic isospin / = O potentials in figure 3.
At short distance, the adiabatic potential 12; has the attractive behavior of the quarkonium 2;
Born—-Oppenheimer potential, while the adiabatic potentials {22;, IHg} and {32*, 2Hg} have the
repulsive behavior of the tetraquark Born—Oppenheimer potentials {Z*’, Hg} and {Zg”, I } that

g
form degenerate multiplets corresponding to the 17~ and 2** adjoint mesons. At about 1.2 fm, the

V(E1(r) = E2(r))? +4Via(r)2. 4)

12; adiabatic potential and the 22; tetraquark potential are the result of avoided level crossing. The
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22; potential assumes a linearly rising confining behavior up to the next avoided level crossing. The
12; potential goes into the S-wave + S-wave static heavy-light meson-antimeson threshold. The
avoided crossing does not affect the Born—Oppenheimer potentials IT, = 1I1; and the IT, = 2I1,.

2++ ®

Isospin=0
(Adiabatic)

1--

wave+ P-wave

S-wave+ S-wave

Figure 3: Avoided level crossing between the quarkonium potential with BO quantum number X7 and the
first two tetraquark potentials with BO quantum numbers X3’, X% in the isospin-singlet / = 0 case [8]. The
adiabatic static energies are labeled 1X?, 22;:, 32;:, 1T, and 2I1,.

We observe that, although a small mixing in the absence of avoided level crossing has a small
impact on the spectrum, it may be the main responsible for the decay of the state to open flavor
hadrons. This has been exploited in [13-16].

Accounting for both the mixing/degeneracy at short distance of the potentials X, and I, and
the mixing/avoided level crossing of the potentials g and X, at large distance leads to the coupled
Schrodinger equations relevant to describe isospin I = 0 quarkonia and tetraquarks:

. I(I+1) 0 0
-—— 00 +—| 0 I(I+1)+2 =2:/I(I+1)
mor MO\ 0 I+ D 1+ 1)
(N) (N)
Ver (1) Veggsy(r) 0 9% ‘/’%V)
+ Vzg_zg/(l") VEZ’,(F) 0 wz(/q :8N wzg’, ’ (5)
(N) (N)
0 0 Vi, (0w Uiy,

where Vs s+ (r) is the Zg-Z;’ mixing potential. In particular, for [ = 1 these equations describe
the spin averaged multiplet of the y.(3872) and the spin averaged 1 P charmonium states.

3. Tetraquarks: y.;(3872) and 7/.(3875)

The y.1(3872) state. The state y.;(3872) has been the first observed XYZ state [17-20].
Its quantum numbers are J¥C = 1** (I = 0). The state is very close to the D**D° threshold:
M/\/C

tetraquark: ccqq, where g = u, d. We identify y.;(3872) with the 1** (isospin I = 0) state of the
lowest k€ =1-- multiplet, the one with / = 1, in table 3.

13872) = (Mp«+Mpo) = —0.07+£0.12 MeV. Its most likely quark content is that of a charmonium
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00 Light spin Jre .
BO quantum # | [ Multiplet
color state kPc quantim {S0=0,80 =1} HHPIER

0 {0**, 1%} T)

0+ i 1 {177,(0,1,2)7%} Ty

Octet 2 {2+, (1,2,3)""} 7y

8 =Y, 1| {1",(0,1,2)*} T

’ -+ 1-- 1

- = 0 {0,177} T21

I, 1 {17,(0,1,2)""} T}

T, 2| {27%(1,2,3)77} T,

Table 3: JPC multiplets for the lowest QQqg tetraquarks. S is the spin of the heavy quark pair. The
third column shows the BO quantum numbers of the potentials appearing in the Schrodinger equations of the
respective multiplet.
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Figure 4: Mass spectrum of states in the spin multiplet of y.;(3872) (red lines) vs thresholds (black
lines) [23].

According to table 3, y.1(3872) is the solution of the coupled Schrédinger equations (5) for X7,
Xy and I with [ = 1. The adiabatic potentials V 3 (r), Vas: (r) and Vi, (r), sketched in figure 3,
and the mixing potential Vy: s+ (r) may be extracted from lattice QCD data [21, 22] supplemented
by symmetry constraints at short and long distances, where lattice data are not available.

After using all constraints, the potentials depend on only one free parameter: the adjoint meson
mass A{__. In [23], for the critical value A{__ ~ 914 MeV (in a scheme that may be taken as the
pole mass scheme, see [24, 25]), we find a 1** state with mass 3872 MeV that can be identified
with the y.1(3872). In the absence of more direct information, spin splittings are taken from lattice
hybrid spin splittings (similar results are obtained in [25] by adding to the coupled Schrodinger
equations the spin-splitting potential of the threshold). Other members of the multiplet are a 1*~
state with mass 3957(11) MeV, a 0** state with mass 3846(11) MeV, and a 2** state with mass
4004(14) MeV, see figure 4. The 17~ state could be a candidate for X(3940) seen by Belle (not
confirmed). In the spin-averaged case we find a deeper bound state with mass 3537 MeV that we
identify with the spin-averaged y. (1P) state.

In [23], we find that the scattering length of y.1(3872) is about 15 fm and that its quarkonium
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component, |Wzg |2, is about 8%, its Z;’ tetraquark component, |lﬂz§'|2, is about 38%, and its I,
tetraquark component, [, |2, is about 54%. From this, it follows (assuming radiative decays via
quarkonium component)

Ly (3872) 5y (25)

=2.99 +2.36, (6)
Dy (3872) >y 10

which is consistent with the LHCb measurement 1.67 + 0.25 [26].

The production cross-sections of the y.;(3872) in proton-proton collisions in the BOEFT
framework have been computed recently at leading order in the velocity expansion in [24, 27].
What matters in the production of quarkonium and quarkonium-like states is the configuration of
the heavy quark-antiquark pair at short distance. At short distance, the heavy quark-antiquark pair
in the y.1(3872) is in a color octet configuration, as we argued above, and in an S-wave. Hence,
the relevant long-distance matrix element in the production cross-section involves an S-wave color-
octet four-fermion operator. The BOEFT allows to factorize the long-distance matrix element into
the S-wave BOEFT wavefunction of the y.;(3872) at the origin, which follows from the coupled
Schrodinger equations (5), and an universal matrix element independent of the state. This last one
may be constrained on data and on general theoretical considerations to be eventually used also
for production cross-sections of states with different quantum numbers and/or flavor. The results
from [24] compared with CMS, ATLAS and LHCb data are shown in figure 5. Hence, in the
BOEFT framework, an efficient production mechanism consistent with LHC data is compatible
with the y.1(3872) being a very broad bound state.

Similar analyses can be done in the bottomonium sector. There, using the same potential
tuned in the charmonium sector, we find that the lowest spin multiplet states 1™, 1*~, 0™+ and
2** get masses about 10595 MeV, 10612 MeV, 10586 MeV and 10627 MeV, respectively [23] (see
also [25]). Note that the yp; 1** state that we find, differently from the corresponding y.;(3872)
state in the charmonium sector, is not on a meson-antimeson threshold. The prediction for the
production of the y51(10595) 1** state from [24] at a center-of-mass energy of 7 TeV is shown
in figure 6. The prediction relies on the wavefunction computed from the coupled Schrodinger
equations (5) in the bottom case and the universal matrix element fixed on the y.;(3872) case.

The T}.(3875) state. The state 7..(3875) has been the first observed doubly charmed
tetraquark at LHCb [31, 32]. Its quantum numbers are J¥ = 17 (I = 0). This state is so far the longest
living exotic particle: I' ~ 50 keV. It lies below the D** D threshold: Mg+ (3875) — (Mp++Mpo) =
—0.27 + 0.06 MeV. Its most likely quark content is that of a charmonium tetraquark: cciid. We
identify T*.(3875) with the 1* (I = 0) state of the lowest k¥ = 0" multiplet, the one with [ = 0 and
So =1, in table 4. The 17 state of X3 is the lowest state if Vs (r) lies below Vx_ (r) and Vi, (r).
We consider only QQ pairs in a color antitriplet configuration because the sextet is repulsive and
therefore presumably associated with higher states.

According to table 4, T}.(3875) is the solution of a single radial Schrodinger equation with the
Born—Oppenheimer potential Zg that approaches a 0% triplet meson at short and a meson-meson
I = 0 pair at large distance (for / = 0) [8]:

I(1+1) (N)

N
mQr2arr2(9r+W+V2§(r) lﬁzz‘ =8Nlﬂé§) (7)

The potential Vy: (r) can be extracted from lattice QCD [33, 34].



Born—-Oppenheimer effective field theory Antonio Vairo

T T T T T T T T T T T T T T T
10 - CMS data 4 10 ATLAS data 1
BOEFT prediction ) [ BOEFT prediction
oL VE=7TeV, lyl<12 | 10% VS =8TeV, |y| <0.753
10 me=1.4 GeV me=1.4 GeV
— — 1 \
> > 10' g E
S 10! 3 >i4»—I—c
=] =]
:‘h 1001 }_}1—1—4 E| ‘b_‘h 107 3
3 % 3 % —F
»—f——c 1072¢ 4
1071F E
) — T
1073 E
10—2 L L L L L L L L L L L L L L L
5 10 15 20 25 30 35 40 10 20 30 40 50 60 70
pr [GeV] pr [GeV]
T T T T
LHCb data
103 BOEFT prediction
V§=13TeV,2<y<4.5
me=1.4 GeV
% 102 . —— |
(@] i
~
e ’_H}—-—{
£ ol . ]
) ~
° % ——t
——
100% E
—_—
10—1 L L L

10 15 20
pr [GeV]

Figure 5: Theoretical predictions for the prompt inclusive hadroproduction differential cross section of the
Xc1(3872) state as a function of py compared with CMS data [28] (upper-left panel), ATLAS data [29]
(upper-right panel) and LHCb data [30] (lower panel). Plots taken from [24].

Light spi Isospi JP
o0 = Pspln BO quantum # Sospin l
color state k 1 So=01] Sp=1

0 — 1*

0+ =t 0
Antitriplet & 1 1- —
3 0 0~ —

1* >, 10 1

g8 1 1- 0,1,2)*

Table 4: J¥ multiplets for the lowest 0Q§q tetraquarks.

In the analysis of [23], we get a T, state 323 keV below the DD* threshold that we identify
with T*.(3875) by fixing the 0" triplet meson mass A/, to be 664 MeV. The scattering length turns

C
out to be about 8 fm.

Also in this case, a similar analysis can be done in the bottomonium and in the bc sectors.
Results are consistent with independent calculations in lattice NRQCD and QCD [23].
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Figure 6: Prediction for the prompt inclusive hadroproduction differential cross section of the y;;(10595)
1** state as a function of pr using the CMS kinematics from the y.;(3872) production and the value
mp, = 4.74 GeV for the bottom mass [24].

4. Pentaquarks

Four states with isospin 1/2 and unknown J¥, P.z(4312)*, P.:(4380)*, P.:(4440)* and
P.:(4457)*, have been observed at LHCb [35]. Also 2 states with isospin 0 were found,
P.cs(4338)0, P.s5(4459)°, but we limit our present discussion to the isospin 1/2 states.

There are two thresholds relevant for the lowest lying pentaquarks. These are the A.D (A, B in
the bottomonium case) threshold, where the light quark pair in the baryon has spin 0, and the X.D
(X, B) threshold, where the light quark pair in the baryon has spin 1. The threshold A.D (A, B)
may be the long range tail of a (1/2), Born-Oppenheimer potential joining at short range with
an adjoint baryon (1/2)* mass. The threshold £.D (X, B) may be the long range tail of a (1/2),
Born-Oppenheimer potential joining at short range with an adjoint baryon (1/2)* mass or the long
range tail of the two {(1/ 2);, ,(3/2) g} Born—Oppenheimer potentials becoming degenerate at short
range with an adjoint baryon (3/2)* mass. In order to describe the lowest lying pentaquarks in
the BOEFT framework, we need information about the above four Born—Oppenheimer potentials.
None of these potentials has been computed in lattice QCD. Hence, all conclusions that we can
draw at this point are based on assumptions.

00 Light spin JP
color state k* BO quantum # ! {Sp=0,80 =1}
Octet (1/2)* (1/2), 12 {1/27,(1/2,3/2)7)
8 (3/2)" (1/2)5, (3/2)g | 3/2 | {3/27,(1/2,3/2,5/2)"}

Table 5: JP multiplets for the lowest pentaquark states QQgqq. The QQ pair is in a color octet configuration.
The BO quantum numbers are written in the third column as (A),,, where 17 = g denotes positive parity.

If all four potentials would support bound states, i.e. connecting to the thresholds from below
(at short distance all the potentials behave as repulsive octet potentials), then there would be ten
low-lying pentaquark states as predicted in compact pentaquark models, e.g. in [36].

10



Born—-Oppenheimer effective field theory Antonio Vairo

The fact that there is no experimental evidence for states near the A.D threshold could be
explained by the Born—Oppenheimer potential connecting to that threshold falling off monotonically
from above and therefore not supporting bound states. In such a scenario, bound states are supported
only by the three Born—-Oppenheimer potentials connecting to the X.D (and in the bottomonium
sector X5, B) threshold. These are the seven states grouped in the spin multiplets listed in table 5.
This scenario has been analyzed in [16]. Clearly, in such a scenario three of the seven expected
low-lying pentaquarks still need to be observed.

0.37 . . . . ,
| 1
024 1

E(r) [GevV]
”\’ )
|

[ F[l 2)
-03F ]
[ bvl 3/
_0_4f I I I I il
0.0 0.5 1.0 1.5 2.0 25

r [fm]

Figure 7: Born—Oppenheimer potentials for the lowest-lying pentaquarks in the scenario of [16].

According to table 5, pentaquarks with k¥ = (1/2)* are solutions of a single radial Schrodinger
equation involving the Born—Oppenheimer potential (1/2), (for [ = 1/2):

(N)  _ (N)
¢(1/2)+ - 8N '71’(1/2)“ (8)

[_ 1 8r26r+(1_1/2)(l+1/2)+V(1/2)g(r)

A
mor? mor?

whereas pentaquarks with k¥ = (3/2)* are solutions of coupled radial Schrodinger equations
involving the Born—Oppenheimer potentials (1/2), and (3/2), (for I = 3/2):

Ll g0, ] I(1-1)+9/4  —BI(I+1)-9/4
—mQr2 T mor2 \=\BI(I+1)-9/4  1(1+1)-3/4
(N) (N)
N Vay, (r) 0 Y1y _g Vi) 9)
0 Vi, @) \e@) U2
(3/2)¢ V(32 Y30

Parameterizing the three Born—Oppenheimer potentials to overlap with the threshold from below
at large distance and with the octet potential at short distance reduces their uncertainties to just
two unknown parameters, the adjoint baryon masses A’(’l 12+ and A% 2+ There are two possible
choices of the adjoint baryon masses able to reproduce the observed pentaquark states. The
preferable choice assigns A’(’l )y = 1125 MeV and A[(’3 X 1152 MeV (in the RS scheme [37]).
This choice is preferable because it leads, in particular, to a decay width for P.z(4312)* — J/y+X
that is consistent with the total width of the state measured by LHCb; the other choice does not.

11
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The relevant Born—Oppenheimer potentials in this scenario are shown in figure 7. Note that all the
potentials approach (from below) the . D threshold at large distances and that the {( 1/2),,(3/2) g}
potentials are degenerate at short distance. The resulting charmonium pentaquark spectrum is
shown in figure 8. To the pentaquark states are assigned specific J¥ quantum numbers, in particular
JP = (3/2) to P.:(4440)* and J¥ = (1/2)~ to P.:(4457)*. Seven low lying pentaquark states
are also predicted by molecular models [38—41]. Using the same Born—-Oppenheimer potentials
tuned on the charmonium pentaquark spectrum, see figure 7, for the lowest lying multiplets in the
bottomonium pentaquark spectrum close to the X5 B threshold, we can predict the lowest lying
bottomonium pentaquark states. These are shown in figure 9.

GeV | . ) L
ncluding spin corrections:
xiD*
4.527 [ m-mppemer = === === mm sl s
P (4525)* _ + *
cc (4525) P (4521) P, (4513)*
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462 | ~sagus == === mmmmeeeeemeeeeeeeececeeea i ClL
P (4457)* P, (4440)*
oD
4386 =========s-mssmsessecsseeeeesessseseeemnn
P (4380)*
XD
4321 p===c==ececccececccccceecescesceseene e
P (4312)*
(1/2)” (3/2)” (5/2)

Figure 8: Lowest lying charmonium pentaquark multiplets supported by the potentials in figure 7, from [16].
Experimentally detected states are marked in red.
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Figure 9: Lowest lying bottomonium pentaquark multiplets supported by the potentials in figure 7 ap-
proaching now the >, B threshold, from [16].

A final scenario consists in assuming that only the potentials with BO quantum numbers
{(1/ 2);, »(3/2),} cross the Y.D (Z,B) threshold and then approach it from below, supporting
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bound states, while the potential with BO quantum number (1/2),, joins the >.D (Z;B) threshold
from above, like the (1/2), Born—-Oppenheimer potential is assumed to do with the A.D (ApB)
threshold. This scenario implies that the lowest pentaquark states are only four in agreement with
current observations. This case has been studied in [42].

Predictions of the pentaquark inclusive production cross sections in the BOEFT framework for
different scenarios can be found in [24]. The derivation is similar to the one of the production cross
section of the y.1(3872) state, whose results have been shown in section 3. Also in the case of
pentaquarks, the heavy quark-antiquark pair is produced at short distance in a color octet S-wave
configuration.

5. Quarkonium hybrids

The description of quarkonium hybrids in the framework of the BOEFT is much more con-
strained than the description of tetraquarks and pentaquarks. The reason is that there is an extended
literature dealing with the computation of quarkonium hybrid Born—Oppenheimer potentials on
the lattice, mostly in the SU(3) gauge theory [37, 43, 44], but recently also with 3 + 1 dynamical
fermions [45]. This has allowed to develop the BOEFT for quarkonium hybrids much earlier than
for tetraquarks, doubly heavy baryons or pentaquarks [4].

The lowest lying quarkonium hybrid Born—Oppenheimer potentials have BO quantum numbers
I1, and ;. They become degenerate with the k€ = 1~ gluelump mass in the short distance limit.
The lowest lying quarkonium hybrid multiplets associated with the %, and II,, Born—-Oppenheimer
potentials are listed in table 6.

BO quantum # ‘ l ‘ JPC{Sp =0,50 =1} ‘ Multiplets
DI U 1 {177,(0,1,2)"*} H,
I, 1 {1**,(0,1,2)*"} H,
z, 0 {0**, 177} H;
%, 10, 2 {2**,(1,2,3)*"} Hy
IT, 2 {277,(1,2,3)7*} H;s

Table 6: Lowest J*C quarkonium hybrid multiplets associated with the X and IT, Born-Oppenheimer
potentials.

Based on the II,, and %, Born—Oppenheimer potentials computed on the lattice, the mass
spectrum of the lowest lying charmonium and bottomonium hybrid states listed in table 6 has
been computed by solving the coupled Schrodinger equations (2) and (3) in [4, 46]. Since lattice
SU(3) gauge theory results have been used, the potentials and the ensuing Schrodinger equations
do not account for mixings with the open flavor thresholds. The fine and hyperfine structure of the
charmonium and bottomonium hybrid spectrum has been computed in [47-49] as it is possible to
infer the behaviour of the spin-dependent potentials at short distance from the multipole expansion
and at large distance from the effective string theory. For quarkonium hybrids the spin dependent
potentials are only 1/m¢ suppressed [5]. The description of the fine and hyperfine structure one
gets in this way matches remarkably well direct lattice QCD determinations [50, 51].
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Nevertheless, computing the spectrum is not enough to identify unambiguously quarkonium
hybrids among the XYZ states. Strong constraints are provided by quarkonium hybrid to quarkonium
transitions, whose widths have to be smaller than the measured widths of the states. A similar
constraint has been used to favor one solution of the Schrodinger equations with respect to another
one in the pentaquark case. Quarkonium hybrid to quarkonium transitions have been computed
in [5, 46, 52] and the implications for the identification of some of the XYZ states with states
possessing a large quarkonium hybrid component have been discussed there in detail.

As we have done for tetraquarks and pentaquarks, the effect of open flavor thresholds can be
systematically embedded in the description of hybrids by accounting for the mixing with suitable
Born—Oppenheimer tetraquark potentials. Since an S-wave + S-wave meson-antimeson pair can
have kP€ = 07+, in the Born—Oppenheimer framework this threshold is embedded in the tetraquark
potential V- (r) (here Vs (r) to distinguish it from the hybrid potential), see table 2. The coupled
Schrédinger equations describing hybrids, 1//1(1]:) and l,//g:]), mixing with tetraquarks, ng), read

| (I+1)+2 =24I(I+1) 0

-— a,r2a,+m S| -2Vid+ D) i+ 0
Q Q 0 0 1(1+1)
N N
Vs (r) 0 Vo5 (r) ‘ﬁéﬁ) w(ZK/)
N ) Vi, (r) 0 ui ) [=en e |. (10)
Vegzg () 0 V() Jwg) vy

The potentials Vs (r) and Vi, (r) are the lowest hybrid potentials, while the mixing potential
between the hybrid X, and the tetraquark X’, Vs~ _s-(r), is so far unknown, i.e. not computed in
lattice QCD. Because hybrids of the multiplets H;, H3, Hy, ... are in part or completely excitations
of the X, potential, see table 6, they couple to the tetraquark X" and therefore are allowed to decay
into S-wave meson-meson pairs. The decay of quarkonium hybrids into two S-wave heavy-light
mesons is, therefore, unsuppressed [13—15].

6. Threshold effects in quarkonium

Thresholds effects in quarkonium are embedded in tetraquark potentials that have the same BO
quantum numbers as quarkonium, i.e. E;. Hence, threshold effects in the quarkonium wavefunc-
tion and spectrum are accounted for by solving, with respect to the quarkonium state, the coupled
Schrédinger equations involving the quarkonium Born—Oppenheimer potential with quantum num-
bers Z; and the tetraquark ones with quantum numbers 2;’ and Ilg, which overlap at short distance
with the 17~ adjoint meson mass and at large distance with the isospin I = 0 k¥€ = 17~ S-wave
plus S-wave meson-antimeson threshold. These coupled Schrodinger equations are those in (5).

The results obtained in [25] from solving eq. (5) with respect to the quarkonium state, after
having fixed the potentials and the mixing potential as discussed in section 3, are shown for the
bottomonium case in table 7. The tetraquark component turns out to be negligible for states well
below threshold, but amounts at about 20% for the Y (4S). It is clearly the dominant component for
the state that we have dubbed X}, which is the equivalent in the bottomonium spectrum of the spin
averaged y.1(3872) multiplet in the charmonium spectrum. In the Born—Oppenheimer framework,
but with somewhat different settings, similar studies have been performed in [53-55].
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| nl (bb) | % =f [ % =F [ % Mg [ AEw (MeV) |

1S 100 ~0 -0.1
28 99.9 0.1 -0.9
38 99.1 0.9 -3.5
45 77.8 | 22.2 -17.1
1P 99.9 0.1 ~0 -0.5
2P 99.6 0.4 ~0 -2.2
3P 95.7 4.2 0.1 =7.7
Xp 1.5 443 | 542

1D 99.8 0.2 ~0 -1.1
2D 98.7 1.3 ~0 -4.2

Table 7: Threshold effects on the bottomonium spin averaged states from [25]. AE,; is the mass shift due
to threshold effects, % Z;, % Zg/ and % II, provide the fractions of state that are in a X}, Zg/ and Tl
configuration, respectively.

7. Conclusions

The Born—Oppenheimer EFT is an EFT of QCD able to describe quarkonia, hybrids, doubly
heavy baryons, tetraquarks and pentaquarks in a complete and consistent manner at the soft scale
of bound-state formation. With respect to the scale hierarchy introduced at the beginning, the soft
scale corresponds to the scale mgv.

Most of the present limitations come from the rather incomplete knowledge of the potentials
entering the coupled Schrodinger equations. These should be provided by lattice QCD. The situation
is best for hybrids, although relevant tetraquark potentials are currently being computed by several
collaborations. The knowledge of the potentials is fundamental. It may help to discriminate between
different scenarios and explain on a dynamical basis why some bound states exist and some possible
others do not. We have seen explicitly how this works in the case of the lowest lying pentaquarks.
If only the lowest lying Born—Oppenheimer potentials are able to support bound states, this may
explain why we see less tetraquark and pentaquark states than we would naively expect just by
combining four or five quark states near the different thresholds.

It is worth remarking that in the Born—Oppenheimer framework one does not need to make a
priori assumptions on the dominant configuration that the quarks are going to assume in the bound
state (compact tetraquark, molecule, hadroquarkonium, ...). It is ultimately the solution of the
coupled Schrédinger equations that determines the content of the states, their binding energies and
radii. Notably, the BOEFT framework can account for an efficient inclusive production mechanism
of the y.1(3872) consistent with LHC data and at the same time describe the y.(3872) as a broad
bound state.

The Born—Oppenheimer EFT still needs to be completed at the ultrasoft scale, which is the
scale of order va2 or smaller. This is crucial to describe exclusive processes involving, for
instance, pions.
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