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In this article, we discuss possibilities to constrain charged lepton flavour violating processes, such
as the decay of a muon to an electron and a photon, with the help of a residual symmetry present
among charged leptons [1].
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1. Introduction

Albeit the Standard Model (SM) is very successful, it cannot explain certain phenomena such
as the replication of fermion generations, the fermion mass hierarchies, the quark and lepton mixing
and the striking differences among them, the baryon asymmetry of the Universe (BAU), and Dark
Matter (DM). In the SM (without light neutrino masses), charged lepton flavour violation (cLFV) is
absent, e.g. processes like y — ey, T — 3 u and u — e conversion in nuclei are strictly forbidden.
Adding light neutrino masses induces these, however, with unobservable signal strength, e.g. the
branching ratio (BR) of 4 — e y is smaller than 1079, In contrast, in beyond SM (BSM) theories
cLFV processes are often generated at a sizeable rate, e.g. in SM extensions with new particles that
have masses of the order of a few TeV and not too small couplings. They need, thus, to be kept well
under control. Furthermore, it is interesting to consider the possibility that the signal strengths of
different processes are correlated.

Both the explanation of the existence of three generations of fermions and the observed fermion
mass and mixing patterns as well as the suppression of exotic processes and potential correlations
among their signal strengths can be addressed with the help of a flavour (and CP) symmetry.

2. Idea of residual symmetries

A particularly powerful approach in order to constrain lepton mixing is to impose a discrete
flavour symmetry G ¢, often in combination with CP, that is broken in a non-trivial way to residual
symmetries G, and G, among charged leptons and neutrinos, respectively, see e.g. [2]. The
mismatch of these residual groups, G, # G,, corresponds to lepton mixing. The group G, is
usually a cyclic group Zy with N being at least three, if the three generations of charged leptons
should be distinguished. Assuming that neutrinos are Majorana particles, the residual symmetry
G, is constrained to be a Klein group (for three generations that should be distinguished) or the
direct product of a Z, and CP. In this way, the lepton mixing angles and the Dirac phase can be
fixed (up to permutations of rows and columns of the lepton mixing matrix). If CP is also involved,
the Majorana phases can be predicted as well and all lepton mixing parameters only depend on one
free (real) angle. In the following, we are, however, solely interested in the residual symmetry G,
present among charged leptons, and its phenomenological consequences.

The smallest symmetry G, = Z3 is encountered (in combination with G, = Z; X Z, or
G, = Z; X CP) in prominent flavour models, e.g. A4 and S4 models that lead to tri-bimaximal
mixing, cf. [3-5]. This (residual) group has been coined lepton triality [6]. An example of Z3
charges for the charged leptons is

e —e , U bwu T > Wt , (D)

and correspondingly for charged anti-leptons e* — e*, u* — w?u*, ™ — w 7", with w being
the third root of unity, i.e. w = exp (%) We can formulate these transformation rules in terms of

charges, i.e.
QZ3 (6_) =0 ) QZ3 (/J_) =1 ) QZ3 (T_) =2 ) (2)

and opposite charges (modulo three) for the charged anti-leptons, i.e. Qz/(e*) =0, Qz (u*) =
2, Qz(t*) = 1. It is known, see e.g. [6-12], that lepton triality forbids cLFV processes
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such as u — ey, u — eeé and u — e conversion in nuclei N, since Qz, (u*) # Qz,(e*) as
well as Qz,(y) = 0, Qz,(quarks) = 0. Nevertheless, lepton triality allows for the tri-lepton
cLFV tau lepton decays T — eefgand 7 — ppueé, since Qz,(t7) = 20z, (e”) + Q7 (u*) and
07,(t7) =20z7,(17) +Qz(e").

Lepton triality, G, = Z3, as residual symmetry is, of course, not the only option. Other known
examples are: G, = Z4 which together with G, = Z; X Z, originating from Gy = 4, leads
to bimaximal mixing, G, = Zs that together with G, = Z, X Z, (Z, x CP), originating from
As (and CP), gives rise to golden ratio(-like) mixing, G, = Z; that can arise in scenarios with
Gy = PSL(2,7) and further examples for G, from X(n ¢), see e.g. [13-18].

In the following, we present the results of a systematic search of cyclic residual symmetries G,
and flavour charge assignments of the charged leptons and their effect on various cLFV processes [1].

3. Systematic search

We consider G, = Zy with N < 8, including also direct products of such symmetries. All G,
are a residual group of some discrete (non-abelian) symmetry that fits in U(3), potentially also in
SU(3). The latter depends on the flavour charge assignment of the charged leptons. We take into
account all possible flavour charge assignments («, 8, y) for the flavours e, u and 7, respectively.
To perform a comprehensive search we include combinations in which two flavours have the same
flavour charge, e.g. Oz, (¢7) =Qzy (1) =0and Oz, (t7) = 1.

We are interested in studying cLFV processes that conserve lepton number. We use SM
Effective Field Theory (SMEFT) operators and focus on their flavour structure first, e.g. we make
the following translation

1 - _
= ([Gante) (Gre) - eents 3)

with A being the New Physics (NP) scale and ¢,, the left-handed lepton doublet of flavour a.
We can derive the following conservation laws. First of all, all operators conserve the number
of charged leptons, i.e.

(ng —ng) + (n, —ny) + (ny —ny) = Ang + Any + Anp =0 . 4

For example, the flavour structure e e u’ 7' is characterised by the tuple {Ane,An,,,AnT} =
{2,-1,-1} and fulfils this equation. Secondly, all allowed operators are invariant under the
residual symmetry G, = Zy, i.e.

alAn,+BAn, +yAny; =0mod N . 5

We denote a particular flavour charge assignment as Zy (a, 8,y). This labelling can be reduced
with the help of the two mentioned equations to two parameters 6; = 8 — @ and 2 = y — 8 which
satisfy the constraint

61Anﬂ+(61+62)AnT=0m0dN. (6)

In this way, we arrive at the reduced notation N (81, §;). However, this notation does not uniquely
specify the flavour charge assignment, e.g. 3(0, 1) corresponds to Z3(0,0, 1), Z3(1, 1,2) as well as
7Z3(2,2,0). Furthermore, at this stage, the flavours e, u and 7 can be permuted.
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In order to reduce the number of different flavour charge assignments, we exploit several
equivalences among these that are due to common factors, permutations and complex conjugation;
for details see [1]. Similarly, for the flavour structures, we make use of the relation due to hermitian
conjugation, exclude trivial flavour structures (e.g. e e*) as well as combinations of flavour structures
that are separately invariant.

In our systematic search we scan over all possible Zy («, 8, y) by varying

0<a<p, 0<B<y, 0<y<N-1. @)
For the flavour structures {Ane, Any, An,} a comprehensive scan requires to consider
0<An,<N, -N<An, <N )

with An. being fixed by An; = —An, — An,,. In this way, we arrive at tables with allowed flavour
structures for each N and independent flavour charge assignment. For N < 8, they can be found
in [1]. Here, we only present the output for 2(0, 1) in terms of the reduced notation.! The allowed
flavour structures are e ,u"“ (at lepton mass dimension dy = 3) and three of these with d; = 6, namely
upt i epr i andeet’ 7.

4. Allowed cLFV processes

In the next step, we translate the found flavour structures of the SMEFT operators into allowed
cLFV processes. For example, the flavour structure e u' can be matched to the dipole SMEFT
operators # (Zﬂ afY ee) ¢ By, and ﬁ (Eﬂ lozad ee) ¢ W,,, where e, denotes the right-handed
charged lepton of flavour e, ¢ the SM Higgs doublet and B,,, as well as W,,, the field strength
tensors of the U(1)y and SU(2)r gauge group, respectively. After electroweak symmetry breaking,
these contribute to the dipole operator ﬁ (ELﬂ oPv ee) F,, with ey, being the left-handed
component of the muon and F,, the electromagnetic field strength tensor. This operator gives rise
to the cLFV process u — ey. We restrict ourselves to SMEFT operators up to dimension six, since
only such operators are experimentally well constrained. Given that we are interested in concrete
cLFV processes, we now also take permutations of the flavours into account.

The results of this analysis are illustrated in fig. 1. In general, we only display flavour charge
assignments that allow for at least two different flavour structures for d, < 6. In particular, we show
the ones with the smallest N. The coloured segments indicate the allowed flavour structures, e.g. for
the flavour charge assignment 4(1, 1) the flavour structures e u' u 7 and e e ¥ 77 are permitted.
We remind that e.g. 2(0,1) has to be read in terms of residual symmetry and flavour charges as
G. = Z, with the transformation rules of the charged lepton flavours e* — e*, u* — u* and
7 — —1*. We note that for each flavour structure a typical cLFV process is displayed, e.g. for
e u' it is the radiative decay u — ey, while for e e 77 77 it is the scattering ee — 77. As we
can see, up to five different types of cLFV processes can be allowed for 2(0, 1), 2(1,0) as well
as 2(1,1). In fig. 1 we also find the flavour charge assignment corresponding to lepton triality,
i.e. 3(1,1) with e.g. transformation rules e~ — ¢~, u~ — wu~ and 7~ — w? 7~ for the different

11t is displayed in boldface, since it can correspond to a flavour charge assignment with @ + 8+ = 0 mod N. It s,
thus, associated with a residual symmetry G, embeddable in SU(3).
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Figure 1: Allowed flavour structures for different (minimal) flavour charge assignments. We display
the ones that lead to at least two different permitted flavour structures. A coloured segment indicates that the
flavour structure is allowed. Furthermore, for all flavour structures an example of a cLFV process is shown.

flavours. As has already been noted, lepton triality permits the tri-lepton cLFV tau lepton decays
T — eefiand T — ppe. In addition, it allows the scattering process e g — 7 7 associated with
the flavour structure e u 7' 7. From fig. 1, we can also learn how to distinguish two different
flavour charge assignments from each other, e.g. 2(1,1) and 4(1, 1) could be distinguished from
each other with the help of the radiative cLFV decay T — ey that is permitted by the former, but
not by the latter. Finally, we see that also more “exotic” processes such as the mentioned tri-lepton
cLFV tau lepton decays and muonium to antimuonium conversion M — M as well as the scattering
processes ee — 7T, e u — 77 and uu — 71 appear. These are, in particular, relevant for testing
the hypothesis that 4(1, 1), 4(2, 3) and 4(3, 2) are (approximately) realised in Nature.

5. Experimental constraints and prospects

In the final step, we put limits on the NP scale A using both current experimental constraints
as well as prospects for various cLFV processes. In doing so, we distinguish between low-energy
cLFV experiments and possible cLFV searches at high-energy colliders. In order to derive limits
on A, we make (theory-inspired) assumptions on the origin of the Wilson coefficients (WCs) C,
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Figure 2: Limit on NP scale A for different (minimal) flavour charge assignments. We take into account
both current and prospective limits for the different cLFV processes. Furthermore, we suppose three possible
scenarios for the involved WCs, for details see text.

e.g.
5 (furte) (Gre) ©)

We consider up to three scenarios — inspired by typical ultra-violet (UV) completions. Scenario 1

assumes tree-level NP contributions, meaning that all allowed WCs are set to one, Cy = 1, apart

e

from the ones of the dipole operators, Cy = ~ 0.002. Limits associated with this scenario are

16 2
indicated in the colour blue in fig. 2. In scenario 2, it is assumed that there are only one-loop NP
contributions, i.e. all WCs are set to Cy, = # ~ 0.006 with C4 being still C; = # ~ 0.002.

Bounds corresponding to scenario 2 are given in the colour orange in fig. 2. Lastly, for scenario 3
we take into account that the dipole operators are suppressed by an insertion of the Yukawa coupling
such that C; = Vamge

16 72 v
the limit on A due to this suppression is signalled with a black line in fig. 2, where relevant. For

with m, being the mass of the relevant charged lepton. The reduction of

formulae we refer to e.g. [19]. The summary of all the limits (current and future ones and for
each scenario of the WCs) is displayed in fig. 2. The corresponding numerical values can be found
in [1]. Note that we do neither take renormalisation group (RG) running effects into account nor the
matching of SMEFT to Low-energy EFT (LEFT), since we are interested in the orders of magnitude
of the limits on A. Clearly, if the u — e transitions are allowed, such as for the flavour charge
assignment 2(0, 1), the limits on A are already very strong. However, for 2(1, 0) and 2(1,1) such
processes are forbidden and various cLFV decay modes of the tau lepton as well as muonium to
antimuonium conversion become relevant and the limits on A are, consequently, weaker. As we
see by looking at 3(1,1), the current limits on A for lepton triality can be as strong as 16 TeV
already and will be improved by Belle II by a factor of about three. For flavour charge assignments
requiring at least Z, as residual symmetry, i.e. 4(1,1), 4(2,3) and 4(3,2), only one such cLFV
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process is permitted, while other cLFV processes should be forbidden (or strongly suppressed in
case the residual symmetry is not exact).

The three scattering processes e¢ — 77, ey — 77 and uu — 77 could, in principle, be
searched for at high-energy colliders. A peculiar feature is that the corresponding SMEFT operators
contain two same sign tau leptons. Scattering processes with two tau leptons in the final state could
be tested with the proposed experiment uTRISTAN [20] which plans to collide u*. An estimate of
the cross section is

+ o+ + o+ _ilcxlz~ Vs \2( 10TeV \4
oWy —-1rr") —25fb(2TeV) (A/\/@) .

27 A4
For v/s = 2 TeV and C, = 1 we can derive as bound on the NP scale A ~ 30 TeV, see e.g. [21], which
is of similar order as the limits obtained from low-energy searches for cLFV processes, compare
fig. 2. Other possible probes are four-body Z boson decays like Z — 77 ¢é¢é. Constraints on A
coming from these are currently (very) weak and would also in the (near) future only reach roughly

(10)

the electroweak scale, see e.g. [22].

6. Beyond this study

Points which have not been included in the study are breaking effects of the residual symmetry
G, due to shifts in the flavon vacuum expectation values, cross-talk between different symmetry
breaking sectors, etc.. They are in general highly model-dependent and have to be evaluated in each
model. Since they can potentially induce cLFV processes forbidden by G., we expect our findings
to approximately hold in concrete models, i.e. forbidden processes will be (highly) suppressed
compared to those allowed by G.. For example, in the case of lepton triality 7 — p u g could
become allowed, but its BR should be (much) more suppressed than BR(7 — u u €). Furthermore,
in concrete model realisations cLFV processes allowed by G, may not have BRs of similar order
of magnitude, e.g. for lepton triality BR(t — u u &) could be (much) larger than BR(t — e e ).
This happens, for example, in a supersymmetric version of a well-known A4 model, compare [23].
This conclusion depends on whether certain flavon components mix or not, see e.g. [10].

7. Summary and outlook

We have derived selection rules for cLFV processes arising from residual symmetries G, = Zy
with N < 8. In doing so, we have focussed on SMEFT operators with dimension six or less, since
they can be constrained well experimentally. In this case, all possible flavour charge assignments
turn out to be equivalent to one with G, = Zy and N < 4. If the flavour charges of e and u are
different, u — e transitions are forbidden, meaning that the currently strongest constraints on the
NP scale A are avoided. If so, experimental restrictions on cLFV tau lepton decays and muonium
to antimuonium conversion, M — M, are crucial, as happens for the residual symmetries G, = Z3
and G, = Z4.

Further directions to be explored are the consideration of concrete models with the studied G,
the analysis of SMEFT operators with lepton number violation, the application of the same logic
to the quark sector and the discussion of quark flavour violation. For the latter, one can think of
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using G also for up and down quarks — potentially with the same flavour charge assignment for the
three flavours. Or one could assume different residual symmetries for up and down quarks that, in
general, also differ from G..
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