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The internal structure of the X (3872) is still a highly debated topic in heavy-quarkonium physics.
Here, we investigate its radiative transitions, specifically X (3872) — J/¢ y and X (3872) — ¢y,
assuming a compact tetraquark configuration. The decay amplitudes are evaluated within a non-
relativistic approach, relying on the initial tetraquark wave function. To model this state, we
apply the Born—Oppenheimer approximation, separating the dynamics of the slow heavy charm
quarks from the fast light quarks. By variationally determining the effective Born—-Oppenheimer
potential, we solve the Schrodinger equation for the cc¢ subsystem. Our theoretical prediction for
the ratio of the radiative branching fractions is Ry, = 1.4 +0.3, which nicely matches recent LHCb
data. More broadly, this technique successfully maps out the mass spectrum of compact ccqg
configurations, demonstrating the effectiveness of the Born—Oppenheimer method for exploring

exotic hadron structures.
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1. Introduction

The X(3872) has been a subject of intense interest in the heavy-quarkonium sector since its

observation in 2003. It is an exceptionally narrow JF€ = 1++

resonance located remarkably close
to the D°D** threshold [1]. Its primary decay channel into D°D%z® strongly hints at a loosely
bound D°D** molecule with a binding energy of O(keV) [2]. In low-energy scattering terms, this
corresponds to a shallow bound state [3].

However, this purely molecular picture clashes with the large prompt production cross section
of the X(3872) observed in pp collisions at high transverse momentum (pr = 15 GeV) [4, 5].
Consequently, the true internal structure of the X (3872) is still debated. Various models have
been proposed, such as conventional charmonia [6], compact tetraquarks [7, 8], or hidden-charm
molecules [9] (for a comprehensive review, see Ref. [10]).

Radiative decays like X — 'y and X — J /iy y offer valuable clues. Recently, the LHCb
collaboration measured the ratio [11]

Br(X — y'y)

B(X = 1/ )

which is highly sensitive to the internal dynamics of the state. Calculations relying solely on

Rexp = =1.67+0.21+0.12+0.04, 1)

the universal properties of shallow molecules generally predict R to be significantly smaller than
one [7].

In this proceeding, we summarize the non-relativistic approach used to evaluate R under the
compact tetraquark hypothesis, based on Refs. [7, 12]. This requires a precise determination of the
tetraquark wave function, which we model via the Born—Oppenheimer approximation for the ccqg
system.

2. Radiative decays of the X (3872)

Figure 1: Coordinate system adopted.

The leading contribution to X — ¢y comes from the ¢g pair annihilation. Placing this
annihilation at the origin, we define ¢ (r.z) as the final charmonium wave function depending on
the c¢ separation r.s (see notation in Fig. 1). The transition amplitude A in the X rest frame, for a
given photon momentum k, is'

AX>uy)=F e * e Y (Irec) Wecqq(rec Teq) @

reé,Teq

!Only the real part of the exponential factor contributes to the amplitude [7].
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The term ¥ includes common factors that drop out when computing the ratio R. We assume the X
wave function factorizes as

Tcéqq(rcés rcq) =Yee(lreel) qu}(lrcqu |rcq —reel). (3)

This relies on the scale separation between the heavy quark mass m¢o and the non-perturbative
energy scale of the light degrees of freedom (gluons and light quarks), Aqcp. The final value
of R depends on the squared amplitudes from Eq. (2), the phase space ratio ® = 0.26, and a
polarization factor £ = 0.98. These terms do not cancel out because they depend on the emitted
photon momentum £k,
M>2< -M lzp(’)
2M X '
The exponential factor in the integral originates from the c¢ pair recoiling against the photon with

k| = “)

a non-relativistic velocity V [10]. Combining these ingredients, we get

AX sy 0_25‘A<X ~u[

A(X - yy) A(X - yy)

To finalize the calculation and confront the LHCb measurement [11] in Eq. (1), we must find the

Rin = CDSD‘ . 5)

wave function W.z45. For a compact state, we achieve this using the Born—Oppenheimer (BO)
approximation.

3. Born-Oppenheimer approximation

The BO approximation allows us to factorize the tetraquark wave function ¥z, into a light-
quark component ¥, ; (representing the fast degrees of freedom) and a heavy-quark component
W,z (the slow degrees of freedom). Adopting the coordinates from Fig. 1, we write

lI’céqq(rcq, reg, ree) = Wee(ree) lch}("cqv regs rec). (6)
The light-quark dynamics are governed by the Schrodinger equation
Hyg¥qq(req:regiree) = AE(ree) Yaq(reg:regiree) - )
The Hamiltonian H,; incorporates all light-quark interactions:

Vo B et et o
_ _ g + VCOu + VCOH + prln , (8)
2meg  2meq

Hyg =

Here, m, is the reduced mass of the cg pair. The potential terms account for the Coulombic
and confining gluon interactions, alongside spin-dependent effects (see Ref. [12] for an in-depth
discussion). The c¢ separation r.z acts merely as a parameter. After determining the energy shift
AE(r.z), the heavy-quark wave function is found by solving:

[HCE + AE(FCE)] chE(rcE) =E lpcé(rcc_) . )

The Hamiltonian H ¢ dictates the kinetic energy and mutual interactions of the heavy quarks, while
the effective potential AE (r.z) captures the influence of the light-quark dynamics.
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Since Eq. (7) does not admit an exact analytical solution, we rely on a variational approach,
expanding the wave function as

Wyg(reg-regiree) = ar(ree) Wp(reg)¥p(reg) + ax(ree) Wp(reg)m (reg) - (10)

The trial functions ¥ ¢ (for C = D, M) assume a hydrogen-like profile

3
Ye(d) = \/%e‘“ : (11)

We determine the parameter C by minimizing the expectation value
V2 2

2meq

3k
+Aca; C+ =, (12)

+Ve(d) ey %

Ec = <¢c(§)‘— ¢C(§)> =

where the respective potentials are defined as

1 1 1 7 1 1
Vp({) = —gasz +k¢ Z/IDOZsZ +kd, Vm({) = —gasz +k¢ :/lMa/SZ +k&. (13)

The expansion coefficients a; are constrained by the variational condition
d
T YaalHgq|¥eq) = 0. (14)
L

This condition naturally leads to a generalized eigenvalue problem, which allows us to compute the
BO potential AE (r.¢)

Hp — AE(rcz) Hpum = Spp(ree) AE(ree) | [a1] [0 (15)
HDM_S%M(rcE)AE(rcc_) HM_AE(rCE) - 0"

where the overlap integral Spys(r.¢) is given by:
SDM(rcE):/ lﬁD("cq)l/’M("cq—"ce):/ Up(reg) Ym(reg —ree) - (16)
Teq rég

Explicit expressions for the matrix elements in Eq. (15) can be found in Ref. [12]. To ensure
non-trivial solutions (a, a; # 0), we require the matrix determinant to vanish. This yields the BO
potentials:

1

AE*(ree) = s———
2(1=8p,,)

[HD + Hyy —ZS%)MHDM

2
i\/(HD+HM—252DMHDM) —4(1 -8}, (HpHym — H3, )| (1)

This requirement also allows us to extract the a; coefficients. With ¥,; and AE(r.¢z) estab-
lished, we proceed to solve the heavy-quark equation (9). Specifically for the X (3872) state, this
becomes:

Vi1 o1 _
(_2 + -y — +AE1++(rcc') ‘Pcé(rcé) = EX lPCL_’(rCE)a (18)
mez 6 Ice
where m ¢ is the reduced mass of the c¢ subsystem. Here, we select AE~ (the lower energy solution
from Eq. (17)), and the 1** subscript specifies the spin-dependent quantum numbers. The resulting

radial wave function from Eq. (18) is compared with the findings of Ref. [7] in Fig. 2.
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Figure 2: Normalized reduced radial wave functions for the charmonia J /¢ and ¢’ and for the ¢¢ pair: ugo
is the wavefunction obtained in [7]. u_; .. is the solution of (18).

4. Conclusion

Finally, we evaluate the ratio in Eq. (5) and obtain
Rin=1.4+£03. (19)

This uncertainty comes from a +10% variation in the light-quark masses and the string tension,
which dictate the physical size of the tetraquark. The ratio R is highly sensitive to this size [7]. Our
estimate aligns nicely with the experimental value from LHCb [11].

Purely molecular models usually predict R < 1[11, 13]. A standard charmonium interpretation
can match the data [6], but struggles to explain the significant isospin breaking seen in X — J/y w
and X — J/y p° [14]. More generally, this BO approach offers a consistent framework for modeling
compact cCcqq states, yielding a spectrum consistent with current experimental candidates [8, 12].
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