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We introduce a semi-analytical framework to compute coherent pulses from extensive air showers
initiated by cosmic rays inspired in previous work on modeling Askaryan radiation in dense media
(ARVZ model). The predictions are benchmarked against detailed Monte Carlo simulations
performed with the ZHAireS package. Our method accurately reconstructs the vector potential in
the time domain and, consequently, the electric field in both the time and frequency domains for
arbitrary observer locations on the ground. We show that the semi-analytical approach reproduces
the expected radio signal with a precision better than 10 % in the frequency band 30 − 80 MHz.
The technique is computationally efficient, requiring only the longitudinal profiles of the total and
excess charge of the shower, along with a parameterized description of the vector potential at the
location at which shower maximum is seen in the Cherenkov angle. Both inputs can be obtained
from ZHAireS simulations. These results are directly applicable to the interpretation of data from
current radio-based air-shower experiments, as well as to the design and optimization of future
cosmic-ray and neutrino detection efforts.
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1. Introduction

An accurate and computationally effective calculation of radio emission in air showers is key
for the development of radio experiments. For this purpose, several methods have been developed,
including numerical approaches which are usually very accurate but quite time consuming, as well
as analytical calculations which are faster but may lose accuracy, see [1] for a review. In 2012, a
semianalytical method was introduced for Askaryan radiation in homogeneous ice, the ARZ model
[2]. This algorithm was mainly based on the assumption that the lateral distribution has a weak
dependance on shower age, so that it can be parameterized and used to predict radio emission at any
point in space. Parameterization of the Askaryan vector potential for a very distant observer in the
Cherenkov angle gives the needed modelization of the complex interference patterns of the shower
disk. This is then folded with the longitudinal profiles of both electrons and positrons to obtain
the pulse at any observer position. This method implies running the Monte Carlo for only one
observer, which reduces computation time enormously. The results of this method were compared
to full Monte Carlo simulations of the radio pulse, obtaining differences under 1%. The ARZ model
was implemented in packages such as NuRadioMC [3], a Monte Carlo framework for simulating
neutrino detectors including radio signal propagation and detector response. ARZ is also currently
used for predicting Askaryan emission from ice showers in multiple experiments, such as ARA and
RNO-G.

The success of the ARZ model in homogeneous ice motivated its extension to air showers. The
main challenges faced in doing so are accounting for the effects of a realistic atmosphere, including
both variable density and refractive index, as well as introducing the geomagnetic component of
the emission, which is known to be dominant in most experimental situations in air showers. The
latter required the introduction of a second parameterization, separating Askaryan and geomagnetic
vector potentials for the far-field Cherenkov observer. After that, estimations for both radio-
emission components can be developed in parallel ways and finally summed taking into account
their polarizations, giving full shower emission. In this work we introduce the extension or the
ARZ model, dubbed ARPZ, to air showers. We show that ARPZ reproduces Monte Carlo results to
better than 10%, a satisfactory level of agreement given its simplicity. Work is currently ongoing
to address the possible sources of discrepancy.

2. Model of radio emission in air showers

To arrive at a model of shower emission in air showers, we begin by looking at the Green’s
function solutions of Maxwell’s equations. In the Coulomb gauge the scalar potential only describes
near-field terms, which can be neglected in most experimental situations involving detection of air
showers, and in particular for inclined showers developing at km distances to the ground. The
Green’s function solution for the vector potential results:

A(x, 𝑡) = 𝜇

4𝜋

∫ ∞

−∞

J⊥(x′, 𝑡′)
|x − x′ | 𝛿 (𝑛|x − x′ | − (𝑡 − 𝑡′)) 𝑑3x′𝑑𝑡′ . (1)

Here, coordinates x′ refer to source position and x to observation point, as sketched in Fig. 1. The
argument of the delta function gives the observer’s time 𝑡 delayed from the source time 𝑡′ by the
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time the light takes to travel from emission point at x to observer at x’. The delta function involves
𝑛, the refractive index, which in a realistic model of the atmosphere will be variable. The effects of
that variability have been shown to be accurately reproduced by working with the mean value of 𝑛
alongside the line from point of emission to observer (the effective 𝑛 or 𝑛eff) [4], so all mentions of
𝑛 will refer to that value.

Source

Observer

Longitudinal view

Source velocity

Ground

Cherenkov ring

Shower axis z'

Lateral view

Plane perpendicular
to shower axis with
shower axis pointing
out

Figure 1: Sketch depicting the coordinates of the source and observer, the longitudinal and lateral distribu-
tions of the net and total charge in the shower distributions and the Cherenkov angle and ring.

Solving this equation requires modelling the current density vector, whose only relevant com-
ponent in the far field is the transverse one, J⊥ = −û × (û × J), where u is the direction from a
point in the shower to the observer. The current must account for both Askaryan and geomagnetic
emission components. To do so, we make the assumption that they can be treated as independent
from one another and that the full current density vector can be modeled as a superposition of two
parts:

J(x′, 𝑡′) = JAsk(x′, 𝑡′) + Jgeo(x′, 𝑡′) . (2)

The two components are modeled in similar ways and are parameterized as

Jgeo(x′, 𝑡′) = vdrift(𝑟 ′, 𝜙′, 𝑧′) 𝑓tot(𝑟 ′, 𝑧′)𝑄tot(𝑧′) 𝛿(𝑧′ − v𝑡′),
JAsk(x′, 𝑡′) = v(𝑟 ′, 𝜙′, 𝑧′) 𝑓exc(𝑟 ′, 𝑧′)𝑄exc(𝑧′) 𝛿(𝑧′ − v𝑡′) ,

(3)
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where v and vdrift are the velocity vectors, the 𝑓 (𝑟 ′, 𝑧′) functions refer to lateral distributions and
the 𝑄(𝑧′) functions are the lateral ones. The delta function term, 𝛿(𝑧′ − v𝑡′), approximates the
shower front as a flat disk moving at the speed of light. The charge distribution in the shower,
𝑄(𝑧′) 𝑓 (r′, 𝑧′), is factorized into a longitudinal and a lateral distribution as sketched in Fig. 1.
Askaryan emission is proportional to the net charge 𝑄exc (that is, to the amount of electrons minus
the amount of positrons in the shower), while geomagnetic emission is proportional to the total
charge 𝑄tot (or to the total amount of charged particles present); apart from that, the role of the
charge in both components of the current is equivalent.

Finally, the velocity of charge in the Askaryan current is assumed to be mostly directed
alongside shower axis v and to have a constant modulus close to the speed of light 𝑐. As for the
geomagnetic one, the current is assumed to be proportional to the drift velocity vdrift of the particles
in the magnetic field of the Earth. The drift velocity is perpendicular to both shower axis and
geomagnetic field. In practice, its magnitude varies along the shower axis, but is approximated by
an effective constant value for the calculation (see below).

Since the integral in Eq. (1) is linear with the sum, the full vector potential can also be split (in
this model) into an independent sum of Askaryan and geomagnetic vector potentials,

A(x, 𝑡) = AAsk + Ageo =

=
𝜇

4𝜋

∫ ∞

−∞

JAsk⊥ (x′, 𝑡′)
|x − x′ | 𝛿 (𝑛|x − x′ | − (𝑡 − 𝑡′)) 𝑑3x′𝑑𝑡′+

+ 𝜇

4𝜋

∫ ∞

−∞

Jgeo⊥ (x′, 𝑡′)
|x − x′ | 𝛿 (𝑛|x − x′ | − (𝑡 − 𝑡′)) 𝑑3x′𝑑𝑡′

(4)

where JAsk⊥ (x′, 𝑡′) = −û × (û × JAsk) and Jgeo⊥ (x′, 𝑡′) = −û × (û × Jgeo).

3. Introducing the form factor

For the sake of simplicity, we will work with a generic form of the current density (and
the vector potential, by extension) that can be applied to any of the two components. We begin
the calculations by looking at an observer in the Cherenkov angle1 and the far field. We use
the Fraunhofer approximation |x − x′ | ≈ 𝑅 − x

|x | · x′, where 𝑅 = |x|. In spherical coordinates,
assuming without loss of generality an observer at 𝜙 = 0, gives x/|x| = (sin 𝜃, 0, cos 𝜃), and
|x − x′ | ≈ 𝑅 − 𝑧′ cos 𝜃 − 𝑟 ′ sin 𝜃 cos 𝜙′. Note that we are assuming that for a given observer the
angle 𝜃 w.r.t. shower axis is the same along 𝑧′ i.e. the observer is in the Fraunhofer regime. This
assumption will be relaxed in Section 4. With those elements and the current density in Eqs. (2)
and (3), the vector potential can be cast as,

A(𝜃, 𝑡) = 𝜇

4𝜋𝑅

∫ ∞

−∞
𝑑𝑧′𝑄(𝑧′)

∫ ∞

0
𝑑𝑟 ′𝑟 ′ 𝑓 (𝑟 ′, 𝑧′)

∫ 2𝜋

0
𝑑𝜙′

v⊥(𝑟 ′, 𝜙′, 𝑧′)
v

𝛿

(
𝑧′

[
1
v
− 𝑛 cos 𝜃

𝑐

]
− 𝑛𝑟 ′ sin 𝜃 cos 𝜙′

𝑐
+ 𝑛𝑅

𝑐
− 𝑡

) (5)

1The Cherenkov angle 𝜃𝐶 is defined as cos 𝜃𝐶 = 1/𝑛 with 𝑛 the refractive index of the atmosphere at the position of
the depth of maximum development of the total charge in the shower, with the Cherenkov ring defined as the intersection
with ground of a cone with opening angle 𝜃𝐶 (see Fig. 1).

4



P
o

S
(

A
R

E
N

A
2

0
2

6
)

0
2

3
Efficient Time-Domain Modeling of Geomagnetic & Askaryan Radiation in EAS Carmen Pavon-Souto

where we have approximated |x − x′ | ≃ 𝑅 in the denominator.
The strongest assumption upon which both the ARZ and the ARPZ model rest is that the lateral

distributions of the total and net charge are weakly dependant on 𝑧′ i.e. 𝑓 (𝑟 ′, 𝑧′) ≃ 𝑓 (𝑟 ′). This
allows us to define a form factor that effectively includes all the radial and angular contributions
from each vector potential component:

F
(
𝑡 − 𝑛𝑅

𝑐
− 𝑧′

[
1
v
− 𝑛 cos 𝜃

𝑐

] )
=

∫ ∞

0
𝑑𝑟 ′𝑟 ′

∫ 2𝜋

0
𝑑𝜙′ 𝑓 (𝑟 ′) v⊥(𝑟 ′, 𝜙′)

v

𝛿

(
𝑧′

[
1
v
− 𝑛 cos 𝜃

𝑐

]
− 𝑛 𝑟 ′ sin 𝜃 cos 𝜙′

𝑐
+ 𝑛𝑅

𝑐
− 𝑡

) (6)

After this definition, the vector potential can be rewritten as

A(𝜃, 𝑡) = 𝜇

4𝜋𝑅

∫ ∞

−∞
𝑑𝑧′𝑄(𝑧′) F

(
𝑡 − 𝑛𝑅

𝑐
− 𝑧′

[
1
v
− 𝑛 cos 𝜃

𝑐

] )
(7)

For an observer at the Cherenkov angle, the dependence on 𝑧′ in the argument of the form factor
disappears. This allows the form factor to be taken outside the integral and expressed in terms
of the vector potential A(𝜃, 𝑡), which can be obtained from simulations for a single observer and
subsequently parameterized. The remaining integral over the longitudinal charge distribution𝑄(𝑧′)
can then be evaluated numerically using the simulated electron and positron longitudinal profiles.
Thus, all the required ingredients can be extracted from a single run of any Monte Carlo simulation.

The Askaryan and geomagnetic form factors must be parameterized separately. For that
purpose, the observer must be placed in a position such that the Askaryan and geomagnetic vector
potentials in Eq. (4) are orthogonal. This placement can always be found and it depends on shower
inclination and magnetic field orientation. Moreover, in a realistic atmosphere with a variable 𝑛(𝑧′)
the Cherenkov angle is not univocally defined; the parameterization will be done for an observer in
the local Cherenkov angle 𝜃𝐶 from shower maximum. Finally, far field conditions cannot always
be achieved in a realistic scenario where the shower front could be close to ground; however for
showers with inclinations above 𝜃sh ≃ 55◦, far field approximation w.r.t. shower maximum holds
up. Fig. 2 shows an example of both vector potential parameterizations for one particular shower.

4. Vector potential for arbitrary observers

The far-field condition can be relaxed by taking into account that the distance 𝑅 from observer to
different shower parts and the viewing angle 𝜃 can no longer be taken to be the same for all 𝑧′. Using
cylindrical coordinates for the observer position, x = (𝑟 cos 𝜙, 𝑟 sin 𝜙, 𝑧), assuming without loss of
generality that 𝜙 = 0 and maintaining the assumption that the observer is in the Fraunhofer regime
with respect to the lateral distribution, results in |x − x′ | =

√︁
𝑟2 + 𝑟 ′2 − 2𝑟𝑟 ′ cos 𝜙′ + (𝑧 − 𝑧′)2.

After some math [2, 5] the vector potential can be factorized introducing a form factor given
by

F

(
𝑡 − 𝑧′

v
−
𝑛(𝑧′)

√︁
𝑟2 + (𝑧 − 𝑧′)2

𝑐

)
=

∫ ∞

−∞
𝑑𝑟 ′𝑟 ′

∫ 2𝜋

0
𝑑𝜙′ 𝑓 (𝑟 ′) v⊥(𝑟 ′, 𝜙′, 𝑧′)

v

𝛿

(
𝑧′

v
+
𝑛(𝑧′)

√︁
𝑟2 + (𝑧 − 𝑧′)2

𝑐
− 𝑡 − 𝑛(𝑧′)𝑟 ′ sin 𝜃 (𝑧′) cos 𝜙′

𝑐

) (8)
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Figure 2: Modulus of the vector potentials for the geomagnetic and Askaryan components of the radiation
as obtained in ZHAireS simulations of a shower initiated by a proton of 𝐸 = 100 TeV with zenith angle
𝜃sh = 70◦. The parameterizations of the vector potentials used in this work [5] are also shown. The observer
is placed at the Cherenkov angle w.r.t. the depth of shower maximum in a position where the Askaryan and
geomagnetic vector potentials are orthogonal. Note the different scales in the y-axis in both panels.

where sin 𝜃 (𝑧′) = 𝑟/
√︁
𝑟2 + (𝑧 − 𝑧′)2.

Since the only difference with the far-field form factor is in the argument of the delta function,
we can conclude that the same parameterization for the far-field observer could be used to obtain
the vector potential here. The numerical integrals to solve the vector potential for each radiation
component in this case result in

Ageo(𝑟, 𝑧, 𝑡) =
𝜇

4𝜋

∫ ∞

−∞
𝑑𝑧′

𝑄𝑡𝑜𝑡 (𝑧′)√︁
𝑟2 + (𝑧 − 𝑧′)2

Fgeo

(
𝑡 − 𝑧′

v
−
𝑛(𝑧′)

√︁
𝑟2 + (𝑧 − 𝑧′)2

𝑐

)
AAsk(𝑟, 𝑧, 𝑡) =

𝜇

4𝜋

∫ ∞

−∞
𝑑𝑧′

𝑄𝑛𝑒𝑡 (𝑧′)√︁
𝑟2 + (𝑧 − 𝑧′)2

FAsk

(
𝑡 − 𝑧′

v
−
𝑛(𝑧′)

√︁
𝑟2 + (𝑧 − 𝑧′)2

𝑐

) (9)

and the full vector potential is simply the vector sum A(𝑟, 𝑧, 𝑡) = AAsk + Ageo.

5. Results

In Figs. 3, 4 and 5 we show the comparison between the ZHAireS simulation results and the
model for two showers with inclinations of 𝜃sh = 70◦ and 80◦, for observers on the ground who
see shower maximum at different angles w.r.t. the Cherenkov angle. We compare electric field
frequency spectra giving the relative difference between the full Monte Carlo simulation and the
ARPZ model in the bottom panel of each plot.

In general, the agreement between the full simulation and the model is better than 10% in
the 30 − 80 MHz frequency band used in many experiments. A persistent underestimation of the
electric field by the model exists quite independently of frequency, with a tendency to increase the
incoherent part of the spectrum, and remains approximately constant across observation angles for
a given shower inclination. The constancy of the discrepancy with frequency suggests that it may
arise from an identifiable source. Efforts to identify its origin and refine the model are ongoing.
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Figure 3: Comparison between the modulus of the electric field obtained in ZHAireS simulations of a proton
shower with 𝐸 = 100 TeV and 𝜃sh = 70◦ (left panel) and 𝜃sh = 80◦ (right panel) and the ARPZ model. The
observer on the ground sees shower maximum at an angle 𝜓obs = 𝜃𝐶ℎ𝑒𝑟 − 0.25◦. In the bottom panels we
show the relative difference between the full Monte Carlo simulation and the ARPZ model.

Figure 4: Same as Fig. 3 for 𝜓obs = 𝜃𝐶ℎ𝑒𝑟 + 0.25◦

6. Conclusions

We have extended the ARZ model for Askaryan emission in a dense homogenous medium to
describe shower emission in a variable density medium in the presence of magnetic field, allowing
for its use in a realistic atmosphere, and thus creating the ARPZ model. Despite the simplicity of
the assumptions, the current version of the model predicts the electric field for any observer with
a difference below 10% relative to simulations below 50 MHz frequency. The consistency of the
observed discrepancies suggests that they may be further reduced. Work is currently underway to
improve the model, with particular focus on incorporating shower-front curvature and assessing the
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impact of near-field effects and refractive-index variations.

Figure 5: Same as Fig. 3 for 𝜓obs = 𝜃𝐶ℎ𝑒𝑟 + 0.5◦
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