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Transport of magnetic turbulence in SNR
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Supernova remnants are known as sources of galactic cosmic rays for their non-thermal emission
of radio waves, X-rays, and gamma-rays. However, the observed soft broken power-law spec-
tra are hard to reproduce within standard acceleration theory based on the assumption of Bohm
diffusion. Here we model cosmic ray acceleration in a time-dependent and self-consistent way
by simultaneous solving the coupled transport equations for cosmic rays and isotropic scattering
turbulence. The transport equation for cosmic ray is solved in a test-particle approach while the
equation for scattering turbulence considers just Alfven waves. Their spectral energy density de-
termines the spatial diffusion coefficient of cosmic rays. Our co-moving expanding grid extends
upstream to several shock radii, so we are able to self-consistently study the escape of CRs from
their acceleration site. We demonstrate that the system is typically not in a steady state. In fact,
even after several thousand years of evolution, no equilibrium situation is reached. The resulting
time-dependent particle spectra obtained in this work strongly differ from those derived assuming
a steady state and Bohm diffusion. Our results indicate that the proper account for the evolution
of scattering turbulence and hence particle diffusion coefficient is crucial for the formation of the
observed soft spectra and spectral breaks.
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1. Introduction

Diffusive shock acceleration (DSA) at the forward shock of a Supernova remnant (SNR) is an
efficient process that relies on self-generated turbulence [1]. Streaming cosmic rays (CRs) in the
upstream region of the shock generate magnetic turbulence that enhances the acceleration process,
which in turn leads to further turbulence growth. This process is terminated by escape of CRs or
generally when the growth time of turbulence becomes longer than the evolutionary time scale of
the system. Conventionally, it is considered that turbulence growth is the fastest process in the sys-
tem, which is then followed by particle acceleration, and finally by global magneto-hydrodynamical
(MHD) evolution of the SNR. It is then often assumed that for the first two processes a quasi-
equilibrium develops which slowly changes on account of the MHD evolution. Under the assump-
tion of steady state for both turbulence and particle transport, the cosmic ray distribution at the
shock can be derived accounting for their feedback [2, 3]. It can then be imposed on global SNR
models [4], or, alternatively, one can solve the entire coupled system of turbulence, CRs, and SNR
fluid under steady-state conditions and in a very limited shock precursor region [5]. It has been
realized, however, that limited time is available as for turbulence growth so for particle accelera-
tion at SNR [6, 7, 8], and so the steady-state assumption for turbulence and CRs up to the highest
energies is questionable.

Here, we introduce a fully time-dependent calculation of the cosmic ray acceleration coupled
to the evolution of isotropic Alfvenic turbulence using the analytical self-similar description for
SNR parameters. Our model self-consistently describes and realistically accounts for competing
plasma processes. As a result we obtain magnetic turbulence energy density and particle spectra
that implicitly include escaping CRs.

2. Particle acceleration

To model cosmic ray acceleration we use a kinetic approach in test-particle approximation
[9, 10, 11]. We numerically solve the time-dependent transport equation for the differential number
density of cosmic rays in spherically-symmetric geometry [12]:

∂N
∂t

= ∇(Dr∇N −uN)−
∂

∂p

(
(N ṗ)−

∇u
3

N p
)
+ Q (2.1)

where N is the differential number density of cosmic rays, Dr is the spatial diffusion coefficient, u is
the advective velocity, ṗ are the energy losses, and Q is the source of thermal particles that is treated
according to the thermal-leakage injection model [13]. The equation is transformed to a frame co-
moving with the shock, (x− 1) = (x∗ − 1)3, where x = r/Rsh is the radial coordinate normalized to
the shock radius. As can be seen, for equidistant binning in x∗ this transformation guarantees a
very good resolution close to the shock while simultaneously extending out to several tens of shock
radii in the upstream region allowing for keeping all injected particles in the simulation domain.

One of the crucial parameters is the choice of the spatial diffusion coefficient [10]. It governs
the efficiency of cosmic-ray acceleration and thus the maximum energy reached by the cosmic
rays. It is also responsible for the spatial distribution of accelerated particles both upstream and
downstream of the shock, that in turn impacts the subsequent emission from the source and its
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vicinity. The diffusion coefficient is usually assumed to be Bohm-like, i.e., Dr = crg/3, rg being
the gyro-radius of the CR. The following arguments suggest that this approach is oversimplified.
The diffusion coefficient is directly connected to the magnetic field fluctuations. Let us assume that
CRs are being scattered by Alfven waves that satisfy the resonance condition

k =
qB0

pc
, (2.2)

where k is the wavenumber, q is the particle charge, and B0 is the background magnetic field.
The Bohm-diffusion approach is then equivalent to a featureless flat magnetic turbulence spectrum
[14, 1]

Dr =
4v
3π

rg
B2

0

Ew
(2.3)

where Ew denotes the energy density per unit logarithmic bandwidth of Alfven waves resonant with
particles of momentum p. If the turbulence is a result of the growth of Alfven waves (for instance
due to resonant amplification by streaming CRs) as well as their spatial transport, compression
at the shock, damping by various mechanisms, and spectral energy transfer due to cascading, it
is obviously very unlikely that the turbulence spectrum in the SNR and its vicinity is featureless.
Besides, from γ-ray observations of SNRs and their surroundings we now understand that i) it is
hard to accommodate Bohm diffusion for particles in an energy band as wide as we see in SNRs,
and ii) the diffusion around SNRs is much slower than the average Galactic one. Therefore, a more
sophisticated approach to calculation of the self-consistent diffusion coefficient is needed[15]. This
can be done via calculation of magnetic turbulence spectrum, including all the above processes.
This should result in a more realistic and self-consistent picture of cosmic ray acceleration in SNRs.

3. Magnetic turbulence

We consider Alfven waves as scattering centers for the CRs. Alfven waves can be considered
as a small contribution to the magnetic field at some position, so that Btot = B0 +δb, where δb is the
amplitude of all waves present at the given position. Averaging the energy density over sufficiently
large times gives B2

tot = B2
0 + 〈δb2〉. The total energy density in the waves can be represented as∫

Ew(k)d lnk = 〈δb2〉, where Ew is the magnetic turbulence spectrum in k-space. The diffusion co-
efficient can be then calculated using expression (2.3). It allows us to derive the diffusion coefficient
of a particle with momentum p moving in the background field B0 at any given position.

We consider 1-D spherical-symmetric geometry and treat the turbulence as isotropic. To inves-
tigate the growth, damping, cascading, and propagation of the Alfven waves along the background
magnetic field, we have to solve an equation for the transport of the magnetic turbulence along with
the transport equation (2.1) for cosmic rays. The transport of magnetic turbulence can be described
by the following advection-diffusion equation for the spectral energy density of the waves, Ew:

∂Ew

∂t
+ u · (∇rEw) + ccomp(∇r ·u)Ew + k

∂

∂k
Dk

∂

∂k
Ew

k3 = 2(Γg−Γd)Ew + Q . (3.1)

where ccomp=1.5 denotes the pre-factor for the wave compression at the shock, Dk is the diffusion
coefficient in wavenumber space representing cascading, Γg and Γd are the growth and the damping
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rates respectively, and Q is the injection source for the turbulence. Therefore, we consider growth,
damping, advection, compression of turbulence at the shock, as well as spectral energy transfer
through cascading in our approach. The magnetic turbulence transport equation (3.1) is trans-
formed to the shock co-moving frame as well as spatially in the same manner as the cosmic-ray
transport equation (2.1) leading to the system of two equations solved simultaneously.

Wave growth is at first only considered by resonant amplification of Alfven waves although
the possibility to handle any other growth mechanism exists. The growth rate due to resonant
amplification is given by [12, 14]

Γg =
vA p2v

3Ew

∣∣∣∣∣∂N
∂r

∣∣∣∣∣ , (3.2)

where the growth is driven by the cosmic-ray pressure gradient.
For wave damping we consider neutral-charged collisions and Ion-Cyclotron damping. The

damping rate due to neutral-charged collisions is Γd,nc = 1
2 nH〈vσ〉 [14, 16] , where nH is the num-

ber density of neutral hydrogen and 〈vσ〉 is the fractional rate of change of the velocity of protons
averaged over the velocity distribution. Normally, neutral-charged damping is relatively weak and
independent of the wavenumber of Alfven waves. This mechanism is mostly important in re-
gions of low temperatures and high densities, like in molecular clouds. Cosmic rays may penetrate
the clouds where as noted before [17] their spectrum may be strongly modified. Ion-Cyclotron
damping is due to interaction of Alfven waves with the thermal particles of the plasma and is the
strongest on small scales Γd,IC =

vAck2

2ωP
, where ωP is the ion plasma frequency [18]. This damping

should transfer energy to the plasma via heating, which is not yet considered in this work, though
we are aware that it might modify the spectrum around the particles injection scale.

Following [19], cascading is treated as a diffusion process in wavenumber space. Given as-
sumption of isotropic turbulence, the corresponding diffusion coefficient is Dk = k5vA

√
Ew
2B2

0
. If

cascading is the dominant process, this coefficient will result in Kolmogorov-like turbulence spec-
trum, Ew ∝ k−2/3.

One should note that in the absence of initial turbulence there is nothing to grow, so Eq. (3.1)
requires a seed. We therefore take as an initial condition an ISM turbulence derived with Eq. (2.3)
from the diffusion coefficient, Dr = 1027

(
pc

10GeV

)1/3 ( B0
3µG

)−1/3
. This value of Dr is a factor of 100

lower than that in the ISM. This choice saves computational time in the initial stages of our simu-
lations and at the same time does not affect the maximum level or strength of the turbulence energy
density that we obtain.

4. Evolution of the SNR

We consider the SNR in Sedov-Taylor stage of evolution applicable to the remnants where the
impact of the free expansion phase is small on account of its short duration (as in a typical type-Ia
SNR). We use analytic approximations to Sedov-Taylor solutions [20] to describe the evolution of
the plasma flow parameters. The self-similar solutions for the magnetic field profiles inside the
SNR in Sedov-Taylor stage are taken from [21].
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5. Results

Using the method described above we explored the evolution of the magnetic turbulence spec-
tra along with corresponding particle spectra in the SNRs up to the age of 12000 years. We com-
pare our results obtained from self-consistent calculations with the previously used approach that
assumes Bohm diffusion everywhere downstream of the shock with exponential transition to the
Galactic diffusion on the scale of one SNR radius ahead of the shock [10, 11]. To guarantee that
the cosmic-ray pressure does not violate the test-particle approximation, we tune the injection of
thermal particles so that the cosmic-ray pressure stays always below 10% of the ram pressure, and
we use the same injection parameters in both calculations.

5.1 Turbulence spectra

The evolution of magnetic turbulence spectra at the SNR shock is given at Fig. 1 (left). The
turbulence spectra at the shock exhibit a complicated shape. Namely, they have a very extended
region of efficient growth that spans several orders of magnitude in k-space. It is not surprising,
because at the position of the shock the turbulence is driven by particles of all energies, and since
rather low-energy particles dominate the particle spectrum, the growth of turbulence is fastest at
higher k. However, at some point cascading starts playing a crucial role, and dominates over the
growth. This is where a transition to the inertial range happens, and one can see a break in the
spectrum. Finally, at higher k, a classical Kolmogorov power-law turbulence spectrum is observed.
Note, an interesting result of such an interplay between growth and cascading is that in a rather
wide range of k-numbers the turbulence spectrum shape appears to be a plateau-like and similar to
that of Bohm-diffusion.

Figure 1: Left: Turbulence spectra, Ew, at the forward shock of the SNR at the age of 200 (black), 2000
(blue), 5000 (red) and 12000 (green) years. Right: Ew at the distance r = 1.15 ·Rshock for the same times.

This interpretation is well supported by the shape of the spectrum further upstream. As we
can see from the turbulence spectrum at the shock, particles in a wide energy band should be
rather well confined to the shock. However, at low k-numbers there is a cutoff in the turbulence
spectrum, and thus particles beyond some energy can freely escape the shock region. Therefore,
at some distance from the shock in the upstream region, one expects to see a particle distribution
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that is peaked at around the escape energy. This particle distribution should drive the turbulence
there and would correspond to a very narrow k-region in the turbulence spectrum. For instance, at
the position corresponding to 15% of the SNR radius ahead of the shock, there are too few low-
energy particles to substantially impact on the turbulence growth, whereas high-energy cosmic rays
can easily diffuse further away from the shock. So the turbulence spectrum looks like a classical
one (Fig. 1, right): we observe just two regions – the first is the injection region peaked at the
wavenumber of maximum growth corresponding to the peak in particle energy spectrum, and the
second is a cascading-dominated region at higher wavenumbers. The damping range, that would
be the third region of the classical turbulence spectrum, is not shown at Fig. 1 because it is in a
region of very high k-numbers, and is not important in this work.

Note, both plots show that there is no steady state reached during our simulation. The spectral
shape at both positions is changing over the whole simulation time, and so does the maximum level
of turbulence.

5.2 Particle spectra

We compare particle spectra obtained in the self-consistent coupled treatment of magnetic
turbulence and cosmic rays to our previous results based on assumption of Bohm diffusion. The
downstream volume-integrated spectra are shown at Fig. 2 (left).

Figure 2: Left: the volume-integrated downstream CR spectra for the SNR with the age of 1000 (black),
5000 (red) and 12000 (blue) years. Right: the volume-integrated spectra in a shell of 0.5pc in diameter at
r = 1.15 ·Rshock for the same times shows. Solid lines are the results for the self-consistent treatment and
dashed lines for the Bohm-like diffusion.

Both calculations show similar power-law spectra, however, with different cutoff regions. In
the case of Bohm diffusion, a classical exponential cutoff happens at very high (for the assumed
magnetic field) energies. On the other hand, the self-consistent calculation shows systematically
lower maximum energies and a less smooth cutoff that is softer than exponential. Moreover, there
is a trend of spectral softening in the cutoff region with time. This happens because the turbulence
amplitude changes with time. In particular, it drops and allows a more effective particle escape.
Escape becomes possible at lower particle energies than for a constant turbulence amplitude. On
account of decreasing turbulence, the maximum particle energy also drops faster with time than in
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the Bohm-diffusion approximation. The evolution of the CR maximum energy and particle escape
history is most prominent in the escaped particle distribution. In particular, it is interesting to con-
sider a particle population in a shell upstream at some distance from the shock. Ahead of the shock
it is expected that particle distribution is dominated by escaping particles. For Bohm diffusion this
is a log-parabola [22] centered around maxim energy, exactly what we observe at Fig. 2 (right).
Instead, our coupled calculation shows shapes evolving with time (Fig. 2, right). Only at the very
beginning when the turbulence is sufficiently high, the shape resembles a log-parabola. Later on,
as the turbulence amplitude drops, the escaped-particle distribution shifts to lower energies and be-
comes substantially broader. Exactly this results in a softening and broadening of the cutoff region
of the downstream particle distribution, which under certain conditions can be fitted with a broken
power-law and cutoff.

In general, the self-consistent treatment introduces a connection between the maximum energy
and the injection parameter. To reach higher energies more particles have to be injected because
the growth rate (3.2) is proportional to the gradient of the CR-distribution (at least for the resonant
instability). This gradient determines the maximum level of turbulence which defines the cutoff

energy. In fact, such a dependence to some extent eliminates the magnetic-field strength as the
parameter defining the cutoff energy. Furthermore, the injection parameter is no longer an arbitrary
parameter that simply scales the CR number density that is directly connected to the observed
photon fluxes, but may be constrained by both intensity and cutoff energy in observational data.

6. Conclusions

We developed a model for particle acceleration in SNR by solving the time-dependent trans-
port equations for magnetic turbulence and cosmic rays respectively. Our approach is 1-D and lim-
ited to the test-particle regime. We consider the cosmic rays being scattered by isotropic, Alfvenic
turbulence that is subject to compression, advection, cascading, damping and growth due to reso-
nant amplification of Alfven waves.

We found that even for old remnants there is no steady state reached. Even after more than
10000 years both turbulence and particle spectra are still evolving. Enhanced escape in the self-
consistent treatment gives rise to the formation of spectral breaks and softer spectra at late stages
of the SNR evolution similar to those observed in high-energy gamma-rays. The maximum energy
of cosmic rays tends to be lower than is estimated in earlier steady state models.

We acknowledge support by the Helmholtz Alliance for Astroparticle Physics HAP funded by
the Initiative and Networking Fund of the Helmholtz Association.
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